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Reduced-Order-Model Approach for Aeroelastic Analysis
Involving Aerodynamic and Structural Nonlinearities
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A reduced-order model (ROM) for solving an aeroelasticity problem including structural and aerodynamic
nonlinearities is introduced. The aerodynamic system is identified using a Volterra-based ROM. The appropriate
procedures needed for the identification of the aerodynamic linearized kernel are presented, and a procedure to
identify the first- and second-order Volterra kernels and a linearized ROM kernel from aerodynamic step response
is detailed. A coupled framework for addressing the nonlinear aeroelasticity problem using a typical wing section
model is introduced for the validation of the procedure. Nonlinear unsteady aerodynamic forces in both subsonic
and transonic regimes are evaluated using a conventional approach using the CFL3D (version 6.1) code capable of
integrating Navier–Stokes and the structural equations. The computational-fluid-dynamics (CFD) solver is used
to compute the aerodynamic response to step or impulse inputs. Aerodynamic responses to arbitrary inputs are
predicted using ROM kernels. The Gaussian pulse response obtained using ROM was validated by comparison
with the response obtained from CFD solver. Aeroelastic analysis was conducted using the ROM with aerodynamic
and structural nonlinearities. The results show that the reduced-order model can estimate accurately flutter speed
as well as the limit-cycle oscillations (LCO). Also the ROM approach is found to be computationally efficient.

I. Introduction

A IRCRAFT structures suffer aeroelastic problems as a result
of strong interactions between the flexible aircraft structures

and the surrounding flow.1 These interactions are nonlinear and
need analysis tools that are capable of addressing such nonlinear
phenomena for proper understanding. Development of aeroelastic
analyses for nonlinear fluid dynamic phenomena is still an evolv-
ing field.2,3 Closed-form solutions are available only for aeroelas-
tic problems when flow characteristics are linear. Beckert4 used a
computational-fluid-dynamics (CFD) code in conjunction with a
computational-structural-dynamics (CSD) code to predict aeroelas-
tic deformations under specified flight conditions. Chattopadhyay
et al.5,6 integrated CFD and CSD codes for the analysis and de-
sign optimization of high-speed civil transport and turbomachinery
blades. The coupling of high-fidelity CFD and CSD tools to ad-
dress aeroelastic problems has received considerable interest in the
recent years.7,8 Uncoupled and coupled methods for solving these
nonlinear problems exist.

Two main formulations have emerged in the efforts to address
nonlinear aeroelastic problems. They are the monolithic and the
coupled field formulations.4 The monolithic formulation involves
strongly coupled single-domain solutions using the CFD and CSD
equations simultaneously. This requires the reformulation of the
equations for each discipline. Recently, there have been renewed
attempts to solve both the fluids and structures problems in a single
computational domain. However, these efforts have been limited to
simple two-dimensional problems and have not proven to be better
than the loosely coupled approach.8 In the coupled field formula-
tion, the coupled problem is solved using existing well-established
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numerical solvers. The interaction between the fluid and structural
phenomena is limited to the exchange of surface loads and surface
deformation information.3,7

Although the area of nonlinear aeroelasticity has received sig-
nificant attention from the research community, most of the meth-
ods developed address only aerodynamic nonlinearities.9,10 A CFD
time-marching analysis using the CFL3D solver11 was conducted to
investigate the transonic limit-cycle oscillation (LCO) of a typical
section model.12 The development of efficient nonlinear structural
analysis procedures is a critical element in the integrated CFD/CSD
system. In most existing studies, the structural analysis has been
linearized to simplify the complexity of the integrated system. The
presence of the structural nonlinearities in an aeroelastic system
makes the response associated with the LCO and chaotic motion
nonlinear. Ko et al.13 derived an adaptive nonlinear feedback con-
trol methodology for a structurally nonlinear typical wing section
model. For this model, which includes a pitch-hardening spring, the
linear control methodologies proved not to be consistently stable in
the presence of LCO, and an adaptive nonlinear feedback control
methodology is used. The free play and the geometric structural non-
linearities are two main causes of structural nonlinearities.14 Flutter-
induced LCOs can be experienced as a result of control surface free
play. Ignoring the nonlinear behavior of the structure usually leads
to overestimation of the structural stiffness by underpredicting the
structural deformation, underestimation of the ultimate strength and
load-carrying capacity of the structure, and missprediction of the dy-
namic response. All of these can lead to inaccurate predictions of
aeroelastic response.

Incorporation of a CFD code into a fluid-structure interface solver
will typically result in high computational cost. The efficiency and
utility of superposition of scaled and shifted fundamental responses
have been recognized as a powerful tool for improving the com-
putational efficiency of the methods for modeling the unsteady
aerodynamic responses. Classical models of airfoils in incompress-
ible flows include Wagner’s function or Theodorsen’s function. For
the case where geometry or flow-induced nonlinearities are signifi-
cant in the aerodynamic response, time integration of the nonlinear
equations is necessary (as in CFD codes) for aeroelastic analysis.
One approach to this problem is the development of CFD-based
reduced-order models (ROMs), which capture the essence of the
dynamical system under investigation while reducing the complex-
ity of the computational model.15 Thomas et al. used proper or-
thogonal decomposition (POD) to compute a linear basis from a
series of flow solutions in order to reduce the computational cost
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MUNTEANU ET AL. 561

of integrating Euler equations for arbitrary geometry. The devel-
opment of a frequency-domain form of the POD technique using
flow solutions at a number of discrete frequencies for pitching and
plunging airfoil motions is presented in Ref. 16. Using ROMs based
on the Volterra theory is one of several options currently available.17

These ROMs are based on the creation of unsteady impulse or step
responses. The pulse or step responses are used in a convolution
scheme to provide the response of the system to arbitrary inputs.
The Volterra-based ROM approach has been applied extensively
for solving fluid-structure interaction phenomena using nonlinear
CFD solvers and linear structural dynamic solvers including a modal
analysis.18 The step or pulse response was identified for each mode
of the aeroelastic system using an aeroelastic CFD code. Silva18 used
the pulse response to identify the first- and second-order Volterra
kernels and predict the aerodynamic response to an arbitrary input.
Silva and Raveh19 used convolution of the step response with the
derivative of the displacement to predict the aerodynamic forces. Al-
though the step-response identification involves reduced numerical
complexities caused by lower gradients, the prediction of nonlin-
ear aerodynamic response cannot be identified using the Duhamel
integral procedure because this procedure is based on a superpo-
sition integral valid only for linear systems and can provide rea-
sonable linearized predictions only for weakly nonlinear systems.
Silva’s approach17 provides insightful information about the aero-
dynamic nonlinearities via the second-order Volterra kernels. These
approaches do not fully address the nonlinear interactions because
the aeroelastic analysis did not include structural nonlinear phe-
nomena. A treatment of linearized, CFD-based pulse responses as
Markov parameters for implementing an identification/realization
system algorithm was used in Refs. 20 and 21.

The focus of the present paper is the application of the ROM
methodology for the aeroelastic analysis of wing structures with
structural nonlinearities. A primary task was to develop an inter-
face model for the fluid/structure-interaction problem for a coupled
nonlinear aeroelastic model.22 A computational framework based
on ROM kernels is developed. A quasi-linear formulation of non-
linear mode shapes is developed in order to address the structural
nonlinearities. For defining the nonlinear transient mode shapes, it
is assumed that for a small time step, space variables can be sepa-
rated and the motion can be expressed in terms of a finite number of
modes. The goal is to compute the unsteady aeroelastic responses of
the nonlinear structural system coupled with nonlinear aerodynam-
ics. For the ROM approach, the unsteady aerodynamic response is
identified using the CFD solver, CLF3D version 6.1. A procedure
for identifying and building the first- and second-order ROM kernels
from the aerodynamic step or impulse response is developed. Aeroe-
lastic analysis is conducted, and the results are compared with those
obtained using the conventional analysis approach.

II. Mathematical Formulation
A. Aeroelastic Analysis

Two different approaches are used to integrate the aeroelastic
equations of motion in the work described here. In the conventional
approach, the aeroelastic module in the CFL3D solver is used. In
the ROM-based approach, CFL3D is used to obtain aerodynamic
responses caused by impulse or step inputs and then to generate
the ROM kernels. The ROM kernels are then convolved with the
arbitrary inputs to predict the aerodynamic response.

There are some differences between the two approaches. CFL3D
integrates the aeroelastic equation for the flow computation (Navier–
Stokes equations) and structural responses at each time step. The
ROM approach uses two steps: a compilation time step where
the solver “learns” the aerodynamic response of the flow caused
by a pulse or step input and a run-time step where the aerody-
namic response is convolved to integrate the aeroelastic equation of
motion.

Another difference between the two approaches is related to the
grid-deformation algorithm. In the conventional CFD approach, the
grid has to be deformed in accordance with the wing deformations
at each time step increasing computational cost. In the ROM ap-
proach, the grid-deformation algorithm has to be used only twice

for each mode when building the aerodynamic response for each
structural mode. Thus, the number of grid deformations in the
CFD approach is proportional to the number of iterations used in
transient computations, whereas in the ROM approach the num-
ber of grid deformations is proportional to the number of structural
modes.

Because the ROM approach uses just the modal shapes to decom-
pose the aerodynamic response, results of previous runs can be used
for structures using the initial modal shapes, which also results in
computational efficiency. The ROM approach is based on the as-
sumption that 1) the aerodynamic pulse or step response is not a
function of dynamic pressure or Reynolds number and 2) the aero-
dynamic response is nonlinear but the first-order kernel extracted is
linearized, which might be restrictive.

B. CFD-Based Unsteady Aerodynamics
1. Nonlinear Structural Analysis

The structural nonlinearities are addressed using a piecewise lin-
ear approach over each time step. The z-direction displacements of
the wing over a time step are expressed in the modal coordinates as

z(x, y, tn + 1) = z(x, y, tn) +
∑

γi,n(t) hi,n(x, y) (1)

where hi is the mode shape and γ i is the generalized modal coor-
dinate. The equations of motion can be obtained from Lagrange’s
equation as
∑

j

γ̈ j

∫

S

∫
mhi h j dS+

∫

S

∫
F(x, y, zn)hi dS

+
∑

j

γ j

∫

S

∫
σhi h j dS = Qi (2)

where σ (x,y) represents the effective stiffness of the wing elastic
restoring force, F is the strain force, and m is the mass per unit area.
The second term constitutes a nonlinear correction force, which is
equal to the projection of the initial restoring elastic force on the i th
mode shape. The generalized aerodynamic force Qi is expressed as

Qi = ρU 2

2
c2

∫

S

∫
hi

�p

c2ρU 2/2
dS (3)

where c is the chord, ρ is the density, U is the freestream speed,
�p is the pressure variation, and hi (x, y) are the mode shapes. A
correction force caused by the strain energy has to be added in the
equation at the beginning of each time step. This correction force is
as a result of the geometric nonlinearities. The mode shapes hi are
functions of time because of the changes in the effective stiffness.
The initial condition for each time step has to be computed using
the values of z at the previous time step and the continuity of the
displacement at each time step. Then, the aeroelastic equation can
be written as

Mn γ̈n + Knγn = Q −
∫

S

∫
F(x, y, z)h dS (4)

where Mn is the generalized mass matrix, Kn is the stiffness matrix,
and Q is the generalized aerodynamic force vector. By defining qi,n

as

qi,n(t) = q0,i,n(tn) + γi,n(t) (5)

where q0,i,n(tn) is the modal coefficient at the previous time step,
the equations of motion at the nth step are written as

Mnq̈n + Knqn = Qnl (6)

where

Qnl,i = Qi −
∫

S

∫
F(x, y, z)hi,n(x, y) dS +

n∑

j = 1

Ki, j,nq0, j,n (7)
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562 MUNTEANU ET AL.

Equations (6) and (7) are the quasi-linear equations of motion and the
initial conditions for the time domain [tn, tn + 1]. After incorporating
the nonlinear corrections in mass, stiffness, and force, the aeroelastic
equation can be expressed in first-order state-space form23 as

ẋi = Ai xi + Bi ui (8)

The state vector is xi = �qi q̇i�T . The general solution of the state
equation can be written as

xi (t) = �i (t)xi (0) +
∫ t

0

eAi (t − τ) Bi ui (τ ) dτ (9)

Numerically, the solution is advanced from any time step n to next
step n + 1 by

xi [tn + 1] = �i (�t)xi [tn] +
∫ �t

0

�i (�t − τ)Bui (τ ) dτ (10)

where �t is the step size. After computing the flowfield, the estima-
tion of ui over the time step can be refined, and the algorithm can
be repeated until convergence is reached. A complete description of
the technique is presented in Ref. 22.

2. Conventional Aeroelastic Approach
Three sets of calculations are carried out in the conventional ap-

proach (using CFL3D). The first is the integration of the Navier–
Stokes equations for the steady flow and then the updating of the
flow at each time step. The second set involves the grid-deformation
process, and the third one is the vibration equation solver. During the
transient computations, all three calculations are carried out at each
time step. The grid used in this approach is the CFD grid used for
flow computations. At each time step, the initial grid is deformed by
adding the modal deformations using the generalized coordinates
and the mode shapes to obtain the new surface grid. This is then
used as the input to the grid deformation solver to compute the full
CFD grid.

The equations of motion are given by

Mi q̈i + Ci q̇i + Ki qi =
∫ ∫

�p(q1, ..qn, x, y)hi (x, y) dS

−
∫

S

∫
F(x, y, z)hi (x, y) dS + Ki q0,i (11)

where Mi , Ci , and Ki are the diagonalized mass, damping, and
stiffness matrices, respectively. Solution of the equation involves the
use of subiterations for convergence. In the conventional approach
(CFD), every subiteration implies the integration of the Navier–
Stokes equations, leading to high computational cost. The use of
a reduced-order model helps to reduce the estimation of the new
generalized forces to a simple vector multiplication, thus resulting
in computational efficiency.

3. ROM Approach
Volterra theory is a generalization of the convolution integral

approach often applied to linear, time-invariant systems. The theory
states that any time-invariant, nonlinear system can be modeled as an
infinite sum of multidimensional convolution integrals of increasing
order. This is represented symbolically by the series of integrals
(Volterra series) as

y(t) = h0 +
∫ ∞

0

h1(τ1)u(t − τ1) dτ1

+
∫ ∞

0

∫ ∞

0

h2(τ1, τ2)u(t − τ1)u(t − τ2) dτ1 dτ2 + · · · (12)

Here, u(t) represents the system input while y(t) represents the sys-
tem response. Each of the convolution integrals contains a kernel,
which represents the behavior of the system. Knowledge of these

kernels allows the prediction of a system’s response to an arbitrary
input. The first-order term represents the mean of the system re-
sponse. The weakly nonlinear system is usually well represented
by the first two or three terms of a Volterra series. All higher-order
kernels (higher than second order) are generally negligible in the
system representation. Originally, the method of Volterra series and
kernel identification was developed to address the nonlinear be-
havior in electrical circuits. In the aerospace field, the fundamental
contributions were from Silva,9 who has shown that the method
is also applicable to aeroelastic systems. The nonlinear Navier–
Stokes equations can be considered weakly nonlinear and can be
accurately represented by a truncated second-order Volterra series.
Linear response models have often been assumed sufficient for the
representation of nonlinear aerodynamic systems when excited by
small perturbations. This assumption is based on the fact that highly
nonlinear phenomena have a negligible impact on the net effect of
various responses under conditions of small perturbation excita-
tions. Time is discretized with a set of equal time steps. Discrete
time increments are indexed from 0 (time 0) to n (time t), and the
evaluation of y at time n, y(n) is given by

y(n) = h0 +
N∑

i = 1

h1(n − i + 1)u(i)

+
N∑

i = 1

N∑

j = 1

h2(n − i + 1, n − j + 1)u(i)u( j) (13)

Silva9 developed a procedure to identify the first- and second-order
kernels by applying appropriate impulse inputs to the aerodynamic
system. The first two kernels are

h1(t) = 2y0(t) − 1
2 y2(t) (14)

h2(t, t + T ) = 1
2 [y1(t) − y0(t) − y0(t + T )] (15)

where y0(t) is the response of the system to a Dirac delta function
u0(t) = δ(t), y1(t) is the response of the system to a sum of two Dirac
delta functions u1(t) = δ(t) + δ(t + T ), and y2(t) is the response of
the system to u2(t) = 2δ(t).

Silva and Raveh19 assumed that the response could be evaluated
with only the first term in Volterra kernel. The response of the system
to an arbitrary input is computed by the convolution of step response
s(n) with the derivative of input signal u(n), according to Duhamel’s
integral, as

y(n) = u(0)s(n) +
n∑

i = 1

s(n − k)[u(k) − u(k − 1)]

= u(0)s(n) +
n∑

i = 1

s(n − k)u̇(k)�t (16)

In the present work, the step excitation approach was used for kernel
identification because of the instability of the aerodynamic response
when using impulse excitation. The response is postprocessed to
obtain the ROM kernels. An example of the kernel identification
procedure based on the first three terms of ROM (h0, h1, and h2) is
described next.

The first kernel h0 is the steady-state response of the system when
no input is applied, and it can be subtracted from the system re-
sponse. Hence, one can assume h0 = 0 without loss of generality.
Another assumption of this derivation is that the response of the sys-
tem is influenced only by the last n iterations (n = T/�t , where T is
the time after which the system “forgets” the old inputs). The proce-
dure to determine T is to excite the system fully and then identify the
moment when the effect of the old inputs disappears. Another way is
to excite the system with a step impulse and wait until the response
converges to a steady state. The impulse response contains only the
diagonal terms of the second-order kernel when the input is applied
simultaneously [Eq. (17)], whereas the step response contains all of
the second-order kernel terms.
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MUNTEANU ET AL. 563

h2(n − i + 1, n − j + 1)uk(i)uk( j) = 0

for i �= 1, j �= 1 (17)

Because the first-order kernel defined the length of the kernels, esti-
mation of n should provide similar results for both step and impulse
inputs:

yk(n) =
n∑

i = 1

h1(n − i + 1)uk(i)

+
n∑

i = 1

n∑

j = 1

h2(n − i + 1, n − j + 1)uk(i)uk( j) (18)

The goal of the ROM is to predict, by using convolution of ROM
kernels, the response of the system for an arbitrary input. For lin-
ear problems, identification of the first kernel h1 is sufficient to
identify the system response. Because Navier–Stokes equations can
be considered to be weakly nonlinear, the system response can be
accurately predicted by using only a first-order ROM kernel that
includes the linearized nonlinear effect. The approach to the iden-
tification of the kernel is to excite the system with a set of in-
puts uk (using the CFD solver) and generate the responses yk (k
is the index of excitation vector). Assuming weak nonlinearity, h1

and h2 can accurately predict the response for any input uk . One
can write n linear equations for the n(n + 1) unknowns. Assum-
ing symmetry in h2, the number of unknowns can be reduced to
n(n + 3)/2 by

h2(n − i + 1, n − j + 1) = h2(n − j + 1, n − i + 1) (19)

That is, in order to solve the ROM kernel identification problem
n(n + 3)/2 linear equations should be generated. This means that
(n + 3)/2 different cases should be considered to generate the co-
efficients for a linear system with n(n + 3)/2 unknowns.

The number of unknowns can be reduced further. The length of
the second-order kernel can be considerably smaller than the square
of the length of the first-order kernel. To minimize the time needed
for generating the equations, the following formulation is used:

yk(n) =
n∑

i = n − n1 + 1

h1(n − i + 1)uk(i) +
n∑

i = n − n2 + 1

n∑

j = n − n2 + 1

× h2(n − i + 1, n − j + 1)uk(i)uk( j) (20)

where n1 is the length of the first-order kernel and n2 is the
length of the second-order kernel. Now the number of unknowns is
n1 + n2(n2 + 1)/2. Although it is easy to find the maximum of the
kernel lengths, there is no easy way to estimate the length of each ker-
nel after recording the system response once. Analysis of the prob-
lem suggests that the first-order kernel length is higher than the
square root of second-order kernel. So, measuring the time after the
effect of the excitation on the system disappears gives an accurate
measure for the length of first-order ROM kernel.

A procedure to generate the minimum set of computations needed
to obtain a linear system of equations for the components of ROM
kernels is outlined next. Each equation will be of the form

yk(n) =
n∑

i = n − n1 + 1

h1(n − i + 1)uk(i) +
n∑

i = n − n2 + 1

n∑

j = n − n2 + 1

× h2(n − i + 1, n − j + 1)uk(i)uk( j) (21)

where k is the case index and the vector yk is the response of the
system caused by excitation uk . The system of equations can be
written in matrix notation as

AMx N xN = bN (22)

where N = n1 + n2(n2 + 1)/2. The index M is the number of ex-
citations applied, N is the number of unknowns, x is the vector

containing the ROM kernels unknowns and bN is the free term and
contains the responses of the system.

The coefficients of the kernels parameters are of the form uk(i)
anduk(i)uk( j). The matrix A is very large, and there is no symmetry
for arbitrary inputs. Certain special types of inputs can generate easy
to handle coefficient matrices. Silva’s9 strategy on generating the
matrix A was to choose each input as a sum of one or two Dirac
delta functions. The matrix A generated by those inputs is a sparse
matrix that contains, after nondimensionalization, only 0s, 1s, and
2s, which makes the Gaussian-elimination-like procedures exact.
Even though the impulse excitation technique is accurate, it is very
difficult to implement in the CFD code. To obtain good results, large
amplitudes for the impulse have to be applied, and the CFD code
might not be able to handle them.

Silva and Raveh19 mentioned that the step input approach is more
robust than the pulse response, while being computationally ex-
pensive. In this approach, all of the excitations of the systems will
be of amplitude either ū0 or 2ū0. After a simple nondimension-
alization process, the matrix A will contain only 1s, 2s, and 4s,
which will make all of the Gaussian-elimination-like operations ex-
act even though the matrix is fully loaded. This approach (1-2-4
strategy), although computationally more expensive than the im-
pulse input approach (0-1-2 strategy),9 provides a way to generate
the equations for solvers that are robust to strong step excitations
but can became unstable to strong impulse excitations. The goal
is to identify the first-order ROM kernel by applying a step in-
put until the system response reaches steady state and then com-
pute the length of the first-order kernel. The response recorded will
contain all of the terms of the second-order kernel. Because the
number of unknowns will be higher than the number of equations,
additional excitations will be needed to identify the kernels. Only
one excitation is needed to eliminate the nonlinear components and
to obtain a set of 2n1 linear independent equations and 2n1 un-
knowns (all of which are components of first-order ROM kernel).
Once the first-order kernel is identified, the linear component of the
response can be computed and removed from the already gener-
ated response. At this step, the first-order ROM kernel, at least one
response of the system to step input that fully excited the second-
order kernel, and the nonlinear component of that response have
been computed. The number of iterations after which the nonlinear
component of the response converges is the length of second-order
kernel.

III. ROM Kernel Identification
A. First-Order Kernel Identification

Two step inputs (k = 1, 2) are applied for first-order kernel iden-
tification. These two vectors will generate the system of equations
needed to obtain the linear kernel. Superscript l is used to iden-
tify the excitation and response corresponding to the linear kernel
here:

ul
k(i) = kū0 for i = 1, 2, . . . n1, k = 1, 2 (23)

Although the length of the first-order kernel n1 is not clearly identi-
fied at the beginning of the computation, once the response reaches
a steady state n1 will be the number of iterations. The response of
the system to first step input is

yl
k(n) = kū0

n∑

i = 1

h1(n − i + 1)

+ k2ū2
0

n∑

i = 1

n∑

j = 1

h2(n − i + 1, n − j + 1)

n = 1, 2, . . . n1, k = 1, 2 (24)

Simple manipulation of these equations leads to the solution for
one term of the second-order kernel and all terms of first-order
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564 MUNTEANU ET AL.

kernel:

h2(1, 1) = [
yl

1(1) − ū0h1(1)
]/

ū2
0 = [

yl
2(1) − 2yl

1(1)
]/(

2ū2
0

)

(25)

h1(n) = {
4
[

yl
1(n) − yl

1(n − 1)
] − [

yl
2(n) − yl

2(n − i)
]}/

(2ū0)

i = 1, 2 · · · n1

yl
1(0) = 0, yl

2(0) = 0 (26)

B. Second-Order Kernel Identification
For arbitrary inputs uk, the nonlinear component of the response

Pk can be defined as

Pk(n) = yk(n) −
n∑

i = 1

h1(n − i + 1)uk(i) (27)

Pk can be computed for any arbitrary input uk, provided that the
linear kernel h1 was identified and the input uk and outputyk are
known using Eq. (27). Once the first-order kernel is known, the
system of equations for h2 is simplified and becomes a system of
linear equations for the second-order kernel:

n∑

i = 1

n∑

j = 1

h2(n − i + 1, n − j + 1)uk(i)uk( j) = Pk(n) (28)

An induction method is used to solve the equation for h2(i, j)
(28), by solving step by step the equations for the unknown vector
h2(n, i) i = 1 · · · n. For n = 1, the unknown vector is h2(1, 1), com-
puted while identifying the first-order kernel. A procedure for com-
puting h2(n, i) i = 1, 2, . . . , n, when all of the components of first-
order kernel and the components h2(i, j) i = 1, 2, . . . , n − 1; j =
1, 2, . . . , n − 1 are known, is outlined next.

The excitation input vectors are defined as

unl
k (i) = ū0 for i ≤ k

unl
k (i) = 2ū0 for i > k (29)

Define the Q terms containing only the nonlinear components of
the response that are excited by the nth unknown vector as

Qk(n) = Pk(n)

ū2
0

− 4
n − k∑

i = 1

n − 1∑

j = 1

h2(i, j) −
n − 1∑

i = n − k + 1

n − 1∑

j = n − k + 1

h2(i, j)

(30)
where

Qk(n) = f [Pk(n), h2(i, j)], i, j = 1 · · · n − 1 (31)

The equations for excitation uk
nl become

2
n − k∑

i = 1

h2(n, i) + 2
n − 1∑

i = 1

h2(n, i) + h2(n, n) = Qk(n)

k = 1 · · · n (32)

The solution of the linear system of Eqs. (32) can be obtained as

h2(n, n) = 2Qn(n) − Q1(n) (33)

h2(n, i) = [Qn − i (n) − Qn − i + 1(n)]/2

for i = 1, 2, . . . , n − 1 (34)

C. Approximate Convolution Procedures
Because the cost of identifying the second-order ROM kernels

is high and the nonlinearity is weak, assuming that a reasonable
prediction of the response can be obtained by executing only the
first convolution is an option. This is an approximation to a more
detailed solution. The predicted yp and real responses are

yp(n) =
n∑

i = 1

h(n − i + 1)u(i) (35)

y(n) =
n∑

i = 1

h1(n − i + 1)u(i) +
n∑

i = 1

n∑

j = 1

× h2(n − i + 1, n − j + 1)u(i)u( j) (36)

One option for computing h is to set h = h1, where h1 is the first-
order Volterra kernel. This will provide a linearized response for a
nonlinear system. The choice of the vector h has to provide exact
predictions for linear systems and reasonable predictions for weakly
nonlinear systems.

1. Convolution of First-Order ROM Kernel

The predicted response is

yp(n) =
n∑

i = 1

h1(n − i + 1)u(i) (37)

For a linear system (h2 = 0) the predicted response yp is identical
to the real response of the system. The associated error is

�yh2 = 0(n) = yh2 = 0(n) − yp(n)

=
[ n∑

i = 1

n∑

j = 1

h2(n − i + 1, n − j + 1)u(i)u( j)

]

h2 = 0

= 0 (38)

Thus, the approximate kernel h provides a good prediction of the
response of the linearized system. However, for quadratic nonlinear
systems (h2 �= 0) the error is

�y(n) = y(n) − yp(n) =
n∑

i = 1

n∑

j = 1

h2(n − i + 1, n − j + 1)u(i)u( j)

(39)

which is not equal to zero as a rule for an arbitrary excitation u(i).
The use of the preceding approximate kernel to predict the response
of different quadratic nonlinear systems with different second-order
ROM kernels is examined next.

Define the Jacobian of the function y(h1,h2) as

J (i, j, k) = ∂y(i)

∂h2( j, k)
(40)

For the real response, J (third-order tensor) is

J (i, j, k) = [2 − δ( j, k)]u(n − j + 1)u(n − k + 1) (41)

where δ( j, k) is the Kronecker delta function. If u(n − j + 1) is not
zero, then the Jacobian for the i th value of the predicted response is
a full nonzero matrix. For the just-mentioned ROM kernel approx-
imation,

J (i, j, k) = ∂yp(i)

∂h2( j, k)
= 0 (42)

for any type of excitation. This means that the predicted response is
the same for all systems with the same linear characteristics even if
there are different quadratic kernels.
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MUNTEANU ET AL. 565

2. Basic Constraints
Three basic constraints are imposed on the computations of the

kernels:
1) The predicted response has to be sensitive to nonlinear pertur-

bations. That is, the Jacobian matrix of the predicted response as a
function of the second-order kernel should not be zero and should
contain a reasonable number of nonzero terms for nonzero inputs.
(The optimal value for an n-size kernel is n2.) J [i]nxn [Eq. (42)]
should contain a reasonable number of nonzero terms for a quadratic
nonlinear system.

2) The predicted response has to be accurate for linear systems.
The linearized ROM kernel should be equal to the linear Volterra
kernel for linear systems [h2(i, j) = 0 for any i , j]:

[yp(i)]h2 = 0 = [y(i)]h2 = 0 (43)

3) The predicted response must be exact for the inputs that gen-
erated the kernels. This means that the difference between the real
response and the predicted response should be zero for all exci-
tations that generated the equations. This constraint provides the
mathematical basis for generating the equations:

�yh2 �= 0(i) = yh2 �= 0(i) − yph2 �= 0
(i) = 0 (44)

Choosing an approximate kernel equal to the first-order ROM ker-
nel violates the last constraint. However, the error term, as shown
in the next two sections, is a function of the ratio between the cur-
rent value of arbitrary input and the amplitude of the excitation.
For higher ratios the predicted response underestimates the real re-
sponse, and for lower ratios the solution is overestimated. Silva9

proved that accurate solutions could be obtained by convolving the
first-order Volterra kernel. By enforcing this constraint, the system
of equations for h can be easily defined by assembling the excitation
vectors and the output vectors. Although the first linear kernel for
linear systems provides accurate predictions, the predicted response
will be insensitive to strong nonlinear changes in the system.

Two options for the candidate excitations are investigated: excit-
ing the system with pulse input and exciting the system with step
input.

3. Convolution of the Pulse Response
For a pulse input given as

u(1) = ū0, u(i) = 0 f or i = 1 · · · n (45)

only the term h2(n2, n2) will have a nonzero coefficient and it will
be excited. The response of the system is

p(n) = ū0h1(n) + ū2
0h2(n, n) (46)

Enforcing the preceding third constraint gives

p(n) = ū0h(n) (47)

Solving the preceding equation leads to the vector to be convolved
as

h(n) = p(n)/ū0 (48)

This vector is proportional to the pulse response of the system and
is dependent on the amplitude of the pulse input. Expressing h in
terms of h1 and h2,

h(i) = h1(i) + ū0h2(i, i) (49)

The response predicted using the quasi-linear kernels would be

yp(n) =
n∑

i = 1

h1(n − i + 1)u(i)

+
n∑

i = 1

h2(n − i + 1, n − i + 1)ū0u(i) (50)

For a linear system (h2 = 0) this kernel will lead to an exact pre-
diction of the response, thus satisfying the second constraint. The
Jacobian can be expressed as

Jp(i, j, k) = ū0u(i)δ( j, k) (51)

4. Convolution of the Derivative of the Step Response
To improve the excitation of the quadratic kernel in the identifi-

cation of the approximate kernel, u(i)u( j) should be nonzero for
any i and j , and the whole quadratic kernel would be excited. A
step response excitation is proposed. It is

u(i) = ū0 for i = 1 · · · n

y(n) = ū0

n∑

i = 1

h1(n − i + 1) + ū2
0

n∑

i = 1

n∑

j = 1

h2(n − i + 1, n − j + 1)

(52)

The y(n) response contains all quadratic terms h(i, j). Imposing
the third constraint leads to

ys(n) = ū0

n∑

i = 1

h(n − i + 1) (53)

Defining the variation of the step response as

�ys(1) = ys(1), �ys(i) = ys(i) − ys(i − 1)

for i > 1 (54)

the solution for the kernel is

h(n) = �ys(n)/ū0 (55)

The ROM kernel is proportional to the derivative of the step response
of the system and is dependent on the amplitude of the pulse input.
Expressing h in terms of h1 and h2 gives

h(i) = h1(i) + 2ū0

n∑

k = 1

h2(i, n − k + 1) + ū0h2(i, i) (56)

The predicted response using the convolution of the derivative of
the step response will be, for an arbitrary input u(i),

ys(n) =
n∑

i = 1

h1(n − i + 1)u(i) +
n∑

i = 1

h2(n − i, n − i)ū0u(i)

+ 2
n∑

i = 1

n − 1∑

k = 1

h2(n − i + 1, n − k + 1)ū0u(i) (57)

The Jacobian of the predicted response is now a fully nonzero ma-
trix, leading to a better response using a kernel computed with this
algorithm:

Js(i, j, k) = [4 − δ( j, k)]ū0u(i) (58)

The response computed using the ROM kernel obtained from the
step response contains all of the terms for the second-order kernel
in an averaged way.

IV. Results and Discussion
A. ROM Results
1. First- and Second-Order Kernels for Ricatti Equation

The Ricatti equation was used in order to validate the identifi-
cation algorithm for the first- and second-order ROM kernels. The
first-order ROM kernel was computed by solving both the equations
generated from step responses and pulse responses. The predicted
response using the first three ROM kernels was compared with the
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566 MUNTEANU ET AL.

exact solution for a sinusoidal excitation. The equation integrated
was

dy

dt
+ αy + εy2 = x(t), α = 0.01, ε = 0.0001 (59)

The amplitude of step and pulse excitations was 1.0 × 10,−15 and the
time step used for the solution was �t = 1. The solution obtained
by convolving the first-order ROM kernel (Fig. 1) was accurate
enough to justify the use of approximate convolution procedures
(convolution of impulse response and the convolution of derivative
of step response).

The identified first-order ROM kernels (Fig. 1) are the same, when
computed from the step response as well as the pulse response. The
averaged per time step L2 norm is 1.55 × 10−15. The computational
effort was almost the same as well between the two cases.

Figure 2 shows the second-order ROM kernel for the Ricatti equa-
tion. The kernel is diagonally dominant. This structure of the kernel
explains the accurate results obtained using the convolution of the
impulse response method, where only the diagonal terms of the
second-order ROM kernel are included in the linearized kernel.

Figure 3 shows a comparison between the exact solution of Ricatti
equation and the linear and quadratic ROM convolutions. The aver-
aged per time step L2 norm is 0.026 for the linear convolution and
0.013 for the quadratic convolution. Both ROM models predicted
responses approximate well the exact response, justifying the linear
approximation of the model.

2. Generalized Responses Using Reduced-Order-Modeling Approach
To investigate the results obtained using approximate convolution

procedures, the ROM kernels were identified for following three dif-
ferent methods: 1) convolution of the derivative of the step response
(method 1); 2) convolution of the impulse response (method 2);
and 3) convolution of the derivative of displacement with the step
response (method 3). A NACA0012 typical section model is consid-
ered as an example. The CFD transient response is obtained by using
the conventional approach (integrating the nonlinear Navier–Stokes
equations). This response is used for the validation of the solutions
predicted using the linearized ROM kernels with the procedures just
described.

Fig. 1 First-order kernels for Ricatti equation.

Fig. 2 Second-order ROM kernel computed from step excitation.

Figure 4 shows the ROM kernels for methods 1 and 2. The kernels
(the derivative of the step response for method 1 and the impulse
response for method 2) have almost equal values, indicating the
weakly nonlinear behavior of the aerodynamic system.

The aerodynamic responses caused by a Gaussian pulse applied
on both modes (pitch and plunge) are determined using the preceding
ROM methods and compared with the results obtained from con-
ventional approach. For this comparison, a freestream Mach num-
ber of 0.62 and a dynamic pressure of 120 psf are used. A small
nondimensional time step of 0.002 (4.25 × 10−6 s) was used for
the integration of the Navier–Stokes equations. The equation of the
simultaneously applied Gaussian pulse is h = α = 0.05e−0.95(τ − 3)2

.
The inputs applied on both modes are shown in Fig. 5.

Fig. 3 Comparison of solutions of Ricatti equation for sinusoidal
excitation.

Fig. 4 Step/impulse responses of typical section model: M = 0.62 and
q = 120 psf.
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MUNTEANU ET AL. 567

Fig. 5 Gaussian pulse inputs for typical section model.

Fig. 6 Generalized forces caused by Gaussian pulse input: M = 0.62
and q = 120 psf.

Fig. 7 Generalized force caused by a Gaussian pulse: q = 120 psf.

Figure 6 shows the accurate results for methods 1 and 2, and
approximate solution for method 3. The two more accurate methods
are based on step response, whereas the least accurate identifies the
linearized kernels using the impulse response of the aerodynamic
system. The averaged per time step L2 norm of the prediction error
for the plunge mode is 0.069 and 0.094 for method 1 and method 3,
respectively, and 3.212 for method 2. The same trend is present on
the values of the average L2 norm for the pitch mode where the
averaged per time step L2 norm for method 2 is 0.954 and at least
one order of magnitude for the method 1 and method 3, 0.003 and
0.035, respectively.

The difference between method 1 (convolution of the derivative
of the step response) and method 2 (convolution of the impulse re-
sponse) can be explained in two ways. One of them is related to
the proper identification of the impulse response. The CFD solver
is expected to provide more accurate responses when excited with
a step input rather than the pulse input because of the lower gradi-
ents. The second reason is related to the way the two ROM methods
include the aerodynamic nonlinearities. A measure of how well the
nonlinear effect is included in the transient response is the Jacobian
[Eq. (40)]. The Jacobian of the method 1 response approximates
that of the real response better than the Jacobian of method 2. Al-
though the Jacobian of the real response is a full nonzero matrix, the
Jacobian of the impulse response is only a diagonal matrix. Based
on these results, further investigations for ROM will be developed
using the convolution of the derivative of the step response.

To validate the use of the ROM kernel for a wide range of Mach
numbers, a set of CFD and method 1 computations were carried out
(Fig. 7). The ROM kernel was convolved to predict the aerodynamic
response for the Gaussian pulse.

The prediction of the Gaussian pulse response using the con-
volution of the derivative of the step response is very accurate. A
comparison of the predicted transient response (using method 1,
the derivative of the step response) with the transient response ob-
tained using the conventional approach at different Mach numbers
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568 MUNTEANU ET AL.

is presented in Fig. 7. The average per time step L2 norms of the
prediction error are 0.089 for the plunge mode and 0.028 for the
pitch mode at M = 0.5. The same accuracy is obtained for the tran-
sonic regime: at M = 0.82 the averaged per time step L2 norms are
0.042 and 0.016 on the plunge and pitch mode, respectively.

To investigate the appropriate time step to be used for the identifi-
cation of the ROM kernel, a set of CFD and method 1 computations
was also done using a relatively coarse time step (dt = 0.1). The pre-
dicted responses obtained using the large time step were compared
with the ones computed using the conventional approach, and they
were the same (Fig. 8). This shows that the step response provides
robust ROM kernels for a large range of time steps.

The predicted response obtained by using the convolution of the
derivative of the step response (method 1) has the same accuracy as
the predicted responses using the small time step. The averaged per
time step L2 norms of the prediction error are 0.065 for the plunge
mode and 0.031 for the plunge mode.

B. Nonlinear Aeroelastic Analysis Results
1. Structural and Aerodynamic Models

A two-degree-of-freedom typical section model is used to investi-
gate structural nonlinear effects on aeroelastic responses along with
existing aerodynamic nonlinearity.22 To see the structural nonlin-
earity effects, the following three different models were considered.

1) Linear model:

σα = σαl , σh = σhl

2) Nonlinear model that has a higher-order term in pitch direction:

σα = σαl + σαnlα
2, σh = σhl

Fig. 8 Generalized forces for a Gaussian pulse for M = 0.50, q = 120 psf, and ∆t = 0.1.

Fig. 9 Aerodynamic grid of NACA 0012 airfoil.

3) Free-play model in both plunge and pith directions:

σα = σαlδ(α0) − σαlδ(−α0), σh = σhlδ(h0) − σhlδ(−h0)

where σαl is the effective stiffness on the pitch mode in the linear
model, σαnl is the quadratic term in the pitch-hardening effective
stiffness, and δ is the step function. These models are solved with
the algorithm just presented.

Figure 9 shows the aerodynamic grid (177/65) of the NACA 0012
airfoil used for flowfield evaluations here. The Spalart–Almaras tur-
bulence model used was for the computations. The sea level density
of the fluid is is 81.84 lb/ft3(R-12 gas). A schematic of the structural
model is shown in Fig. 10. Some of the important parameters of the
wing are presented in Table 1.

Table 1 Structural parameters

Parameter Value

Mass 6.08 slug
Chord 16 in.
Pitch inertia 2.8 slug · ft2

Pitch stiffness 3000 lb-ft
Plunge stiffness 2686 lb/ft
Plunge frequency 21.01 rad/s
Pitch frequency 32.72 rad/s
Damping ratio: plunge 0.0014
Damping ratio: pitch 0.001
Plunge free play/chord 3.2 × 10−4

Pitch free play 1.8 × 10−3 deg
Plunge free play/chord 4.8 × 10−4

Pitch free play 2.7 × 10−3 deg
initial perturbation

Nonlinear pitch stiffness σαnl 8.74 × 106 lb-ft

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
SA

SK
A

T
C

H
E

W
A

N
 o

n 
Ju

ly
 1

0,
 2

01
9 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.1
09

71
 



MUNTEANU ET AL. 569

2. Transient Response Comparison
The generalized responses of the aeroelastic system were com-

puted for a range of Mach numbers between M = 0.52 and 0.82. The
aeroelastic responses computed using the convolution of the deriva-
tive of the step response were compared with the results obtained
from the CFL3D computations for the linear, quadratic nonlinear,
and a free-play structural model. The convolution of the derivative of
the step response provided accurate predictions of the aerodynamic

Fig. 10 Schematic of the two-dimensional typical section model.

Fig. 11 Transient results for CFL3D and method 1 for M = 0.50 and ∆t = 0.1: linear model.

Fig. 12 Transient results for M = 0.5 and ∆t = 0.1: free-play model.

Fig. 13 Transient results for M = 0.62 and ∆t = 0.1: linear model.

Fig. 14 Transient results for M = 0.62 and ∆t = 0.1: free-play model.

response to an arbitrary input. Although the identification of the ker-
nels is less efficient computationally, it is robust and provides accu-
rate results for a wide range of step amplitudes and time steps. For
smaller time steps, the results are extremely accurate (below 1%),
whereas for large time steps (dt = 0.1) the flutter dynamic pressures
are predicted with an accuracy of about 2%. The ROM kernel for
the convolution of the derivative of the step response provides a full
average of the second-order kernel, including all nonlinear terms.
The nonlinear approximation is accurate for arbitrary inputs with
amplitudes in the range of the step input amplitudes that generated
the ROM kernel. The Jacobian of the predicted response is a full
nonzero matrix and better approximates the Jacobian of the real re-
sponse when the step excitations and arbitrary input have the same
order of magnitude. Figures 11–14 show representative results of
the computations.

The transient response predicted using the ROM approach ap-
proximates very well the responses obtained using the conventional
approach. Figure 11 shows a comparison of the flutter prediction
using the ROM and conventional approach. The flutter dynamic
pressure was approximated with an error of 1.2%. At M = 0.62
accurate responses where obtained for transient responses having
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570 MUNTEANU ET AL.

Fig. 15 Comparison of the cost using the conventional and the ROM approach.

Table 2 Computational time comparison

Conventional approach ROM approach

Steady-state solution: ROM kernel identification:
total 6000 subiterations total 240,000 subiterations.

(=2 modes × 3,000 iterations
× 40 subiterations/iteration)

Dynamic solution: total 60,000 Integration of aeroelastic equation:
subiterations (=30,000 iterations 30 equivalent CFL3D
× 2 subiterations/iteration) subiterations/case

Total cost: 66,000 × N cases Total cost: 240,000 + 30 × N cases

different order of magnitude (Figs. 13 and 14). The transient re-
sponse has larger errors after the initial perturbation (Fig. 12), but
the responses from ROM approach can predict frequency and am-
plitude of the conventional approach response. The results suggest
that the method is suitable to be used for the flutter and limit-cycle
oscillations analysis.

3. Computational (CPU) Time Comparison
To estimate the increase in speed using the ROM approach, the

computation cost in equivalent CFL3D subiterations was estimated.
The computational effort to integrate one ROM iteration (integration
of one time step) is about 0.1% of the cost to integrate one CFL3D
subiteration. The estimation is made for a set of runs needed for
computing the flutter dynamic pressure for a specific Mach number.
For the CFL3D approach, the cost is proportional to the number of
runs, whereas for the ROM approach there is an initial cost of the
kernel identification for all of the runs, which is added to a small
computational cost per each run. A coarse time step (dt = 0.1) was
used for building the ROM kernel, and the results were compared
with full CFD computations. The number of subiterations used in
CFL3D computations is detailed on Table 2. Figure 15 shows the
computational cost comparison between the two approaches.

The ROM approach is suited for flutter dynamic pressure inves-
tigations, where several computations have to be made to find the
flutter envelope and the lower and upper bound of dynamic pres-
sures where the limit-cycle oscillations occur. In the conventional
approach the integration of Eq. (18) contains two integration steps
for estimation of generalized coordinates and only one for the flow-
field, whereas in the ROM approach because of the inexpensive cost
of prediction of the next step generalized force three estimations of
the generalized aerodynamic force are computed per time step.

An explanation for the computational efficiency of the ROM com-
pared to the conventional approach is that the aerodynamic ROM
generates only the flowfield information relevant to the aeroelas-
tic problem unlike the conventional approach, which generates the

Fig. 16 Phase diagram for plunge and pitch modes at M = 0.62 and
q = 120 psf.

complete the flowfield every time, thus using a large amount of
computational resources. The identification procedure for the ROM
model is input output based on the aeroelastic interface defined
by the generalized aerodynamic forces and generalized displace-
ments. The nature of the identification produces ROM that do not
include the states that are unobservable or uncontrollable through the
aeroelastic interface, thus reducing significantly the required com-
putational memory and increasing the computational speed. The
ROM contains only the states that are affected through the aeroelas-
tic interface, thus providing accurate nonlinear aeroelastic response.
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MUNTEANU ET AL. 571

Fig. 17 Flutter dynamic pressure vs Mach number, method 1,∆t = 0.1.

4. LCO and Flutter Speed vs Mach Number

LCO analysis was conducted for the free-play nonlinear structural
model using method 1 (Fig. 16).

The phase diagrams shown in Fig. 16 show accurate prediction of
generalized forces while the chaotic motion is present. The results
suggest that the ROM approach can be used for structural models
with different types of nonlinearities without loss of accuracy.

Figure 17 shows the flutter envelope computed using the convolu-
tion of the derivative of the step response. The ROM model is able to
capture the limited-cycle oscillations range, as well as the transonic
dip at about Mach 0.77, in the transonic region. The presence of
structural nonlinearities generated higher flutter dynamic pressures
and a region of LCO in the transient response. The impact of struc-
tural nonlinearities is more significant in the subsonic region where
the aerodynamic nonlinearities are not dominant. The preceding re-
sults indicate that the ROM approach is able to accurately estimate
the LCO phenomenon.

V. Conclusions
The development of a methodology for using the reduced-order-

model (ROM) technology for the nonlinear aeroelastic analysis has
been presented along with representative results obtained using the
method. A procedure for identifying the first- and second-order
ROM kernels was presented. The method was applied first to a non-
linear problem described by the Ricatti equation, where the first- and
second-order Volterra kernels were identified. Three different ROM
approaches (convolution of the impulse response, convolution of the
step response, and convolution of the derivative of the step response)
were presented and compared. Gaussian pulse responses were cal-
culated based on the proposed three methods and compared with the
full computational-fluid-dynamics (CFD) (conventional approach)
results for validation. The results show that the approach using con-
volution of the derivative of the step response gives better accuracy
because the approximated response averages the effect of the full
second-order Volterra kernel. The nature of the structural nonlin-
earities (free-play and pitch hardening) do not affect the linearized
modal shapes during the time integration. The flutter envelope was
built using the ROM approach, and the transonic dip was identified.
The limit-cycle oscillations generated by the structural nonlineari-
ties are accurately identified the ROM. The ROM approach is com-
putationally efficient compared with the conventional approach and
is well suited for addressing the aeroelastic problem in a computa-
tionally efficient manner. The increase in the computational speed
using the ROMs was of about 1000 times compared to the conven-
tional CFD approach. The convolution of the derivative of the step
response method captures in an averaged way the nonlinear nature of
the aerodynamic system, providing more accurate response than the
convolution of the impulse response. Efforts are underway on devel-
oping procedures to identify higher-order ROM models including
stronger nonlinearities for three-dimensional aeroelastic problems
including the issue of nonlinear structural modal shapes.
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