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A B S T R A C T

A high-fidelity multiscale modeling framework that integrates information from atomistic simulations pertaining
to polymer chain sliding and bond dissociation is utilized to study damage evolution and failure in carbon
nanotube (CNT)-reinforced nanocomposites. The nanocomposite constituents (microfiber, polymer, and CNTs)
are explicitly modeled at the microscale using representative unit cells (RUCs). The modeled constituents are
subsequently employed in a multiscale framework to describe damage initiation and propagation in these sys-
tems under transverse loading. Two CNT architectures, randomly dispersed and radially grown, are investigated.
Damage initiation sites and damage evolution trends are studied, with results indicating that the presence of
CNTs causes a unique stress state at the sub-microscale. This can lead to accelerated damage progression, which
can be mitigated by architectural reconfiguration of the CNTs. Additionally, the Schapery potential theory is
extended to develop an orthotropic nonlinear damage model that captures global behavior of the nanocomposite
RUCs in a computationally efficient manner, and can be utilized as a numerical surrogate for structural scale
nanocomposite analysis.

1. Introduction

Structural nanocomposites in the recent literature have shown to
offer many potential and promising applications for aerospace and civil
technologies [1,2]. For instance, nanocomposites that use carbon na-
notubes (CNTs) for nanoscale reinforcement in a polymer matrix, have
exhibited significant improvements in mechanical properties over
conventional polymer based material systems [3,4]. In particular,
carbon fiber composites reinforced with a polymer matrix containing
randomly dispersed CNTs have shown to provide marked improve-
ments in mechanical strength, interlaminar fracture resistance, energy
absorption, and thermomechanical properties [5–7] compared to tra-
ditional carbon fiber reinforced polymer (CFRP) composites. However,
it has also been observed that the nanocomposite characteristics do not
scale linearly with size, and there exist large disparities in microscale
and structural scale properties, such as stiffness and failure strengths
[8]. Similarly, macroscale systems with CNTs embedded in their matrix,
display only a marginal increase in fracture properties [9,10] with some
studies indicating also reduced strength and fatigue life when compared
to predicted values [11]. Such discrepancies are largely attributed to
microscale architectural irregularities in the randomly dispersed

nanofillers, such as misalignment, agglomerations, and poor dispersion
of the CNTs [12,13]. To mitigate these drawbacks, recent advances in
nanotechnology techniques have been exploited to engineer novel CNT
architectures, including nanoforests [14–16], which utilize appropriate
substrates for the growth of highly aligned dense mats of CNTs, fuzzy
fibers [17], which contain CNTs radially grown on the microfibers, and
CNT ropes [18], which harness the ultra-long strands of CNTs as a re-
placement for microfibers. Fuzzy fiber architecture, in particular, has
shown to provide increased in-plane strength, interlaminar shear
strength, and fracture properties [19]]. However, the observed im-
provements in properties due to the addition of CNTs is generally lower
than the predicted theoretical values [20].

Possible causes for discrepancies between experimental results and
theoretical predictions of the CNT nanocomposite properties may be the
modeling approaches used for predicting material properties and be-
havior. These approaches are often not appropriate for a complex het-
erogeneous material system, such as the CNT/CFRP. Conventional
methodologies predict structural scale properties using one of two ap-
proaches: a top-down approach based on a bulk material analysis such
as smeared material techniques [21,22], or a bottom-up approach that
uses mean field techniques, such as the Mori-Tanaka or the composite
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cylinder assemblage techniques [23,24]. In the top-down approach, the
macroscale bulk material analysis that is used cannot successfully
capture the unique stress states at the sub-microscale, particularly
where the CNT has a dominant load transfer effect, and can thus lead to
unreliable failure predictions. Additionally, such approaches require
large-scale experimental data to produce meaningful results. Mean field
micromechanical techniques, on the other hand, tend to overestimate
mechanical properties due to the assumption of overly simplistic re-
peating unit cells (RUCs), which in turn fail to account for the sto-
chasticity in the microscale constituent properties and arrangement. In
either case, the interaction of the CNTs and the polymer molecules at
the nanoscale is entirely ignored.

In the case of CNT nanocomposites, recent studies suggest that the
unique stress state at the nanoscale may lead to a divergence in ob-
served and predicted response at the higher length scales [25]. Sub-
ramanian et al. developed a linear and post-linear multiscale approach
for CNT-enhanced epoxy polymers by combining molecular dynamics
(MD) simulations and the continuum mechanics approach [26]. In their
study, the stress-strain response at the nano- and the sub-microscale
was seen to be significantly different from the average bulk stress-strain
response of the nanocomposite, indicating local stress concentrations,
which can then lead to accelerated local damage initiation as demon-
strated in [27]. Recent atomistic scale studies also show that bond
formation and bond breakage phenomena of the polymer molecules
may have significant impact on the macroscale elastic and damage
behavior of CFRPs [25,26,28,29], a phenomenon not typically ac-
counted for in conventional continuum modeling techniques.

Based on the above discussion, it is clear that a necessary first step
to achieve a systematic understanding of the behavior of nanocompo-
site materials at the higher length scales requires comprehensive un-
derstanding of the mechanics of load transfer between the nanofiller,
the matrix, and the microfiber. One approach for such an investigation
could be through extensive experimental characterization as seen in
[30]; however, the large number of physical variables and their com-
plex interactions involved in the process makes for a daunting task. An
alternative would be to develop new computational tools, which in-
clude nanoscale mechanics to resolve atomistic interactions used in the
investigation of the physical phenomena associated with the load
transfer and damage mechanisms in CNT/CFRPs.

Numerous CFRP analyses with atomistic integration have been
performed in the past. They include using a combination of molecular
mechanics (MM) or molecular dynamics (MD) simulations and aver-
aging techniques, such as elastic homogenization based micro-
mechanics [20,31], statistical techniques such as Monte Carlo methods
[32], or adopting a fully continuum mechanics finite element (FE) ap-
proach [33]. While homogenization provides reasonably accurate re-
sults for elastic analysis, it can also result in imprecise outcomes for
inelastic and damage analyses due to the loss of spatial variability in
stress and strain fields [34]. Similarly, statistical techniques may re-
quire an inordinately large number of simulations to achieve an accu-
rate characterization of the complete nonlinear behavior spectrum. For
example Monte Carlo simulations of amorphous polymer deformation
have to be severely limited in the spatial and temporal domain to obtain
practical results [32]. It has also been shown that investigating sto-
chastic properties of composite materials with m uncertain variables
may lead to a N m increase in computation time which can only be
decreased slightly using improved sampling schemes such as the Latin
Hypercube Sampling [35]. Finally, FE methods often fail to capture the
fidelity at atomic scales due to the breakdown of the assumptions in
continuum mechanics. Zeng et al., provide a thorough comparison of
the various methodologies along with the advantages and dis-
advantages of each method [36].

In the literature there is considerable emphasis on deriving rigorous
mathematical theories for describing the stress state of heterogeneous
media, wherein the nanoscale mechanics is integrated using various
forms of homogenization, such as the variational asymptotic

homogenized micromechanics models [37,38]], eigen-deformation
based reduced order models [39,40], mathematical homogenized mi-
cromechanics coupled with diffused damage models [41], and ad hoc
mathematical functions such as the boundary condition free micro-
mechanics theory [42]. Recent studies have also used concurrent and
semi-concurrent coupled FE and MD simulations to capture nanoscale
mechanics explicitly [43]. However, the nanoscale mechanics used in
these works utilize empirical force fields that are inadequate for cap-
turing fundamental nonlinearities at the nanoscale, e.g., bond breakage
of polymer chains [26]. Moreover, when reactive bond order force
fields are used in these methods, the implementation becomes com-
putationally infeasible. It has also been shown that there are certain
localized phenomena, e.g., stress recovery proceeding initial softening
and damage saturation, which can only be observed explicitly, by
modeling the nanoscale substructures using reactive bond order force
fields [27].

In this paper, a novel multiscale methodology is presented, which
includes nanoscale mechanics to resolve atomistic interactions, to in-
vestigate the physical phenomena associated with the load transfer and
damage mechanisms in CNT/CFRPs. Each constituent of the CNT/CFRP
material system is explicitly modeled and assembled into a realistic
microscale representative unit cells (RUCs) using the finite element (FE)
method. The matrix constituent is modeled using a physical damage
evolution law that uses the fundamental covalent bond dissociation
information obtained from MD simulations of the polymer molecules
and chains, implemented using the reactive force field (ReaxFF) [44].
Since the CNTs are modeled explicitly, a thorough post-linear in-
vestigation of the interaction between the CNTs and the matrix con-
stituent is also performed. This study provides insights into the load
transfer mechanism, and the damage initiation and propagation phe-
nomenon, in randomly dispersed CNT nanocomposites and radially
grown fuzzy fiber nanocomposites, at the sub-micro and micro length
scales. Additionally, a surrogate orthotropic material model based on
the Schapery potential theory [45], which reproduces the nanopolymer
behavior, is also developed. The material model is calibrated with the
response obtained from the high-fidelity nanocomposite model, and
applied to a microscale 3D subcell-based sectional micromechanics
framework [46], to replicate the global behavior of the high-fidelity
RUC. The calibrated Schapery/Subcell equations can be easily applied
as a user defined material model within laminated plate theories in
most finite element software packages for rapid damage and failure
analysis of CNT enhanced composite components such as skis, golf
shafts, baseball bats, tennis rackets etc. The models presented in this
paper may also allow these material systems to be used in critical
structural and multifunctional roles which is currently avoided due to
the uncertainty in material behavior predictions. This paper also sets
the procedure and workflow for similar investigations with different
epoxy matrix, carbon fiber, or CNTs and thus help composite designers
in making optimum use of these material systems.

2. Constituent and model generation

This section details the methodology used to generate the explicit
RUC of the CNT/CFRP material system. The three constituents of the
nanocomposite, (i) microfiber (ii) polymer (iii) CNTs, are generated
individually and then combined in a single model within the FE fra-
mework using the commercial FE software, ABAQUS, thereby permit-
ting the inclusion of deterministic or stochastic geometric and material
properties. The algorithms and the methods for introducing stochasti-
city for all three constituents are also briefly described.

MD simulations of DGEBF (Di-Glycidyl Ether of Bisphenol F) epoxy
and DETA (Di-Ethylene Tri-Amine) hardener simulating the curing
process are performed to yield a distribution of the most likely cross-
linking degree for this system. Additionally, MD simulations are used to
determine the relationship between the cross-linking degree and ma-
terial properties by recording the response of the MD unit cells under
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uniaxial loading. Hence, a most likely distribution of the polymer ma-
trix properties can be obtained from these simulations. This information
is used in the FE model of the polymer constituent to simulate spatially
varying physically consistent matrix properties. As shown in Fig. 1a, the
generation of the matrix model is scripted in such a way that it is di-
vided spatially into multiple sections. Each section is then stochastically
assigned a cross-linking degree along with its associated material
properties, which is randomly sampled from the normal distributions
obtained from the MD simulations. The sampling is weighted according
to the normal distribution; hence cross-linking values around the
average are represented to a greater extent. Note that some colors may
look similar in Fig. 1a but this is only due to graphical limitations of the
visualizing software. This algorithm ensures material properties with
stochastic spatial variations are applied to the polymer unit cells to
represent non-uniform curing at the microscale [25]. The details of the
MD simulations can be found in Subramanian et al. [25].

The continuum damage mechanics (CDM) [47,48] based damage
formulations, recently developed by the authors [27,44], are used to
compute the damage in the polymer matrix. The goal is to propagate
the fundamental molecular scale phenomenon such as the disassocia-
tion of polymer chain covalent bonds and polymer chain sliding, cap-
tured using MD simulations, to the continuum scale. The details of the
CDM formulations for the polymer system can be found in Rai et al.
[44,49] A brief description is presented here for completeness.

According to these formulations, Hooke’s law is derived to form a
coherent constitutive equation that can be used to calculate the stress in
the damaged polymer system:

∼ = − − ∼≈
σ LD D(1 )(1 ) :v

e∊∊ (1)

where ∼σ is the stress in the system, Dv is the volumetric damage term
[48] that quantifies the difference in density between the damaged and
pristine material generally associated with the effects of void growth,
such that = −

≈
LD1 ,ρ

ρ v
0

is the polymer stiffness matrix, ∼
e∊∊ is the elastic

strain and D is the damage in the polymer. The damage evolution
equation, which describes the temporal evolution of the damage term
D, is formulated as a functional form of MD simulation results of the
bond disassociation energy density variation under applied strain. A
recently developed hybrid MD simulation framework utilizing ReaxFF
was used to characterize the energy variations due to successive bond
breakages at the nanoscale for thermoset polymers under isothermal
conditions and at operating temperatures below the glass transition
temperature [25,26]. The continuum equation for the damage evolu-
tion, shown in Eq. (2), reproduces this atomistic damage process and is
developed with parameters that vary according to the cross-linking
degree, η.

= ⎡
⎣⎢

− − −
− − + − −

+ ⎤
⎦⎥

D λ χ
η χ χ

η χ η
̇

̇
2

· sgn( )·
(1 )| | | |

2(1 )| | (1 ) 1
1

(2)

where λ is the viscoplastic multiplier, sgn() is the signum function and
χ is defined as:
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Fig. 1. Microstructure constituents.
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where Y is the elastic energy of the system and Y0 is a material para-
meter associated with the maximum energy required to begin damaging
the material. Fig. 2 shows the variation of nominal rate of damage

=D λ̇ ( ̇ 1) versus normalized elastic energy Y
Y0
.

The microfibers are generated using the hard-core model developed
in [34] to recreate experimentally observed carbon fiber composite
microstructures. Fiber positions are perturbed using a Monte Carlo
approach until statistical measures indicate that the generated micro-
structure can be classified as hard core. The detailed algorithm for the
perturbation of the fiber positions to simulate realistic microstructures
is presented by Borkowski and Chattopadhyay [34]. Additionally, the
material properties that are assigned to each fiber are sampled from a
Gaussian distribution to represent variation in fiber material. An ex-
ample of a simulated microstructure can be seen in Fig. 1b.

Two separate CNT architectures are generated, (i) randomly dis-
persed and (ii) radially grown. The CNT vertices are calculated using a
transformation formula [27]. The randomly dispersed architecture is
created by generating the vertex of the CNTs randomly between the
microfibers using the equations:

= −

= −
=

x L ϕ θ

y L ϕ θ
z L ϕ

1 cos( )

1 sin( )
CNT

2

CNT
2

CNT (4)

where x y z, , are the coordinates of the vertices of the CNT in the global
coordinate system of the FE model, = = −θ πα ϕ α2 , 2 1, and α is ran-
domly generated with a value between 0 and 1. LCNT is the length of a
segment of the CNT generated. Fig. 3 shows a schematic of the CNT
generation algorithm. The schematic contains three segments and four
vertices for illustrative purposes; however, the generated CNT geome-
tries contain seven segments with eight vertices per CNT, along with 3D
waviness. Using Eq. (4), coordinates of each vertex of the CNT geo-
metry, x y z, ,i i i, in the global FE coordinate system is obtained. To
generate consistent CNT architectures, the CNT vertices must be ex-
amined for viability, e.g., in the case of the randomly dispersed archi-
tecture, vertex x y z, ,i i i is rejected if it is occupied by a microfiber, or if

it is outside the bounds of the RUC. In the case of the radially grown
architecture, vertex x y z, ,1 1 1 for each CNT is constrained to remain on
the circumference of the microfiber while the other vertices are re-
stricted by the same constraints as the randomly dispersed architecture.
Fig. 1c and d show an example of the simulated randomly dispersed
CNT architecture and the fuzzy fiber CNT architecture. The material
properties and dimensions of the CNTs employed in this work have
been obtained from Romanov et al. [50] and are reported in Table 1.
Three-dimensional truss elements with 8 nodes per CNT are chosen to
model the nanotubes since the CNTs provide structural reinforcement in
the matrix only and the stress variation through the CNTs is not of
interest in this study.

Since traditional meshing methodologies generate highly complex
meshes for these models, the embedded mesh technique [50] is used
here to embed the microfiber and CNT meshes within the polymer mesh
along with periodic boundary conditions. The embedded element
technique allows the constraining of the nodal translational degrees of
freedom of a group of elements that lie embedded in a group of host
elements. In this technique, the embedded nodal degrees of freedom are
appropriately interpolated from the values of the nodal degrees of
freedom of the host elements. Usage details of the embedded method
for CNT matrix models can be found in Rai et al. [44]. The CNT/CFRP
model generation process is completely automated using Python scripts
that construct the corresponding finite element (FE) models in
ABAQUS, with the continuum damage model for the matrix included as
a user material subroutine. The final meshed RUC is shown in Fig. 4.

3. Low-fidelity micromechanical model

The high-fidelity model of the CNT/CFRP material system described
in the previous section provides a direct numerical simulation (DNS) of
the nanocomposite and hence allows for a thorough study of local in-
teractions between the three main constituents at the micro and sub-

Fig. 2. Damage evolution for different cross-linking degrees [44].

Fig. 3. Schematic of the CNT generation algorithm.

Table 1
Table of CNT Properties [50].

CNT Length 0.5μm
CNT Diameter 9 nm

Type Single Walled
Elastic Modulus 475 GPa
Poisson’s ratio 0.35

Fig. 4. Final assembled model.
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microscale. Such studies are important to realize microstructure kine-
matics, which assists in material development studies and fundamental
understanding of the mechanics of heterogeneous media. However,
performing multiscale studies that involve macroscale elements, con-
currently with high-fidelity models of the microscale at each finite

element integration point, can be computationally prohibitive. Since an
efficient multiscale structural analysis would require only the RUC re-
sponse at the microscale, without the local sub-microscale information,
it is advantageous to reproduce the global microscale RUC behavior
without running the high-fidelity DNS. Hence, a low-fidelity ortho-
tropic damage model based on the Schapery potential theory is devel-
oped in this section, which can be calibrated with the DNS of the
polymer or the CNT-polymer mixture applied in a conventional 3D
subcell micromechanical model to rapidly evaluate the microscale RUC
response of the composite or nanocomposite material. Fig. 5 shows the
difference between the high fidelity and low-fidelity models schemati-
cally. It can be seen that the low-fidelity model approximates the ma-
terial behavior using a significantly reduced computational spatial do-
main and the corresponding analytical equations permit the
employment of faster numerical tools. However, this comes with the
disadvantage of a lowered understanding of spatial variation in the
stress and strain fields along the material constituents.

The progressive damage theory based on the work potential model
[45] considers the total strain energy U to be the sum of the elastic
strain energy density We and the dissipated strain energy density Wd
such that:

= +U W We d (5)

The dissipated strain energy Wd describes the material or geometric
irreversible processes occurring at the micro or nanoscale that causes

Fig. 5. Schematic comparison of the high fidelity and low-fidelity models.

Fig. 6. Unitcell discretization in the subcell method [53].

Fig. 7. Comparison of stress-strain response.
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nonlinearity in the material response. Wd can be described using a set of
internal state variables Si, which account for all the irreversible pro-
cesses occurring within the system. For isotropic materials, accounting
for a single damage source such as polymer matrix microdamage, the
dissipated strain energy can be represented using a single internal state
variable S [51]. However, damage in orthotropic material systems can
be directionally dependent and hence, will require a separate internal

state variable for each strain element, ∊ ∊ ∊ ∊ ∊ ∊, , , , ,11 22 33 12 23 31. The
dissipated strain energy can then be expressed as:

∑=
=

=

W Sd
i

i

i
1

6

(6)

=S δ si i i (7)

Fig. 8. Randomly dispersed CNT architecture under loading.
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where si is a state variable that will be defined explicitly and δi is an
activation function used to activate the appropriate internal state
variable at the existence of strain in that direction. This can be ex-
pressed as:

= ⎧
⎨⎩

∊ >
∊ =

δ
1 when | | 0 and
0 when | | 01

11

11 (8)

⋮

=⎧
⎨⎩

∊ >
∊ =

δ
1 when | | 0 and
0 when | | 06

12

12

It has been shown that the total strain energy density is stationary
with respect to the changes in internal state variables associated with
damage and structural processes [45,52], such that:

∂
∂

=U
S

0
i (9)

Substituting Eq. (5) and (6), in Eq. (9), the following expression can

be obtained:

∂
∂

= −W
S

1e

i (10)

Using the chain rule, Eq. (10) can be written as:

∂
∂

= ∂
∂

∂
∂

W
S

W
s

s
S

·e

i

e

i

i

i (11)

The second term in Eq. (11) can be obtained by differentiating Eq.
(7) with respect to Si, which is found to be:

∂
∂

=s
S δ

1i

i i (12)

which can be substituted in Eq. (11) and the result of which can be
substituted in Eq. (10) to obtain:

∂
∂

= −W
s

δe

i
i (13)

Fig. 9. Magnified images of the CNTs in the randomly dispersed CNT architecture.
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Eq. (13) represents a system of equations that describes the evolu-
tion of the state variables on the application of any form of strain en-
ergy. The elastic strain energy as a function of strain for a general or-
thotropic system is:

= ∊ + ∊ + ∊ + ∊ + ∊

+ ∊ + ∊ ∊ + ∊ ∊ + ∊ ∊
+ ∊ ∊ + ∊ ∊ + ∊ ∊

W C C C C C

C C C C
C C C

(

)

e
1
2 11 11

2
22 22

2
33 33

2
44 23

2
55 13

2

66 12
2

12 11 22 13 11 33 21 22 11

23 22 33 31 33 11 32 33 22 (14)

where = − = −Ci j1 6, 1 6 are elements of the stiffness matrix of the material
system. These system of equations can be reduced to a single equation
for isotropic materials, where = ⋯= =S S S S

1 2 6 6 such that =W Sd , and δ

Fig. 10. Radially grown CNT architecture under loading.
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is always 1 to avoid triviality. Such a case leads to the original equa-
tions for isotropic materials as derived in previous works [35]. Since Cij
is dictated by the state variables si, it can be functionally expressed as

= ⋯C f s s( , , )ij 1 6 . These functions can be chosen appropriately to model
the selected material system, for example, Pineda et al. [51] used a
polynomial function to describe the dependence of the elastic constants
with the state variables. In this work, a second order polynomial
function is used such that:

= + + + + + + + +

+ + + +

C C C s C s C s C s C s C s C s C s

C s C s C s C s

ij ij ij ij ij ij ij ij ij ij

ij ij ij ij

1̇ 2̇
1

3̇
2

4̇
3

5̇
4

6̇
5

7̇
6

8̇
1
2 9̇

2
2

10̇
3
2 11̇

4
2 12̇

5
2 13̇

6
2

(15)

where Cij
k ̇ are constants. The independent constants can be selectively

calibrated depending on the application of the model and can also be
dramatically reduced using symmetry conditions if they exist. As can be
seen from Eq. (15), any strain in a certain direction may produce
changes in the material properties in the non-dominant directions, the
amount of which is governed by Eq. (13). For example, application of

any loading in the transverse (22) direction will activate the state
variable s2, which then produces a change in all the material constants.
This methodology simulates the reduced ability of the material to resist
loads in non-dominant directions as a consequence of damage in the
dominant direction.

In this work, the low-fidelity Schapery damage model is used to
replicate the CNT-epoxy matrix response, which is calibrated using the
high-fidelity explicit model of the CNT-epoxy system, and applied as the
matrix phase in a subcell based micromechanical framework [46]. Such
a methodology allows the investigation of the effects of the matrix
phase as well as the fiber phase, and permits the application of classical
macroscale failure theories to perform a coherent computationally ef-
ficient multiscale study that may involve the structural scale. It is to be
noted that since the matrix phase response is calibrated with the high-
fidelity atomistically informed model, the nanoscale influences are
implicitly accounted for in the surrogate low-fidelity Schapery model of
the CNT-epoxy system. However, the local sub-microscale information
from the high-fidelity model is lost and only the global RUC response of

Fig. 11. Magnified images of the CNTs in the radially grown CNT architecture.

A. Rai, A. Chattopadhyay Composite Structures 200 (2018) 204–216

212



the CNT-epoxy system is bridged. The micromechanics framework used
in this work is the 3D sectional micromechanical model developed by
Zhu et al. [53,54], which is based on the method of cells approach [55]
and can be used to compute the effective nonlinear deformation re-
sponse of CFRP composites based on the individual constituent re-
sponse. The sectional model accounts for in-plane deformations, out of

plane normal deformations and transverse shear deformations, allowing
for 3D characterization and analysis. In this model, a quarter of the
repeating fiber-matrix unit cell, which utilizes a square fiber packing
arrangement, perfect fiber-matrix interfacial bonding (assumed), and
periodic boundary conditions, is divided into eight rectangular sub
cells. Symmetry of the unit cells permits the use of a quarter section.
The discretization of the unit cell is shown in Fig. 6. Appropriate con-
tinuity conditions are applied between the subcells, and volume aver-
aging of the appropriate quantities in all the subcells provide the ef-
fective stress and strain increments for the unit cell. Using such an
analysis, an accurate study of the microscale and macroscale behavior
can be performed since the constituent response is computed in-
dependently.

4. Results and discussion

4.1. Microstructure analysis

As a case study for microstructure analysis, the microscale RUCs
with random and radially grown CNT architectures and 0.1% weight
fraction of CNTs are generated using the high-fidelity model generation
algorithm detailed in Section 2. These RUCs are loaded transverse to the
fiber, corresponding to the positive x-axis in Fig. 4, and under quasi-
static conditions up to complete failure or until the end of the simula-
tion.

Fig. 12. Calibration of Schapery model with experimental polymer response.

Table 2
Calibration parameters for the polymer Schapery model.

C11
1̇ 2.383E9 C12

1̇ 1.021E9 C66
1̇ 1.362E9

C11
2̇ 10151 C12

2̇ 101025 C66
2̇ 634

C11
3̇ 91632 C12

3̇ 101025 C66
3̇ 634

C11
4̇ 91632 C12

4̇ 245 C66
4̇ 1249

C11
5̇ 1 C12

5̇ 1 C66
5̇ 1

C11
6̇ 1 C12

6̇ 1 C66
6̇ 1

C11
7̇ 1 C12

7̇ 1 C66
7̇ 1

C11
8̇ 1.05 C12

8̇ 0.012 C66
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Fig. 13. Comparison of experimental CFRP response under transverse loading
[57] and polymer subcell/Schapery model.

Fig. 14. Comparison of nanocomposite CFRP response from direct numerical
simulation and nanopolymer subcell/Schapery model.

Fig. 15. Stochastic nanocomposite CFRP response under transverse loading.
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Fig. 7 compares the stress-strain response of the CNT/CFRP models
with radially grown and randomly dispersed CNT architectures, re-
spectively. It is seen that the randomly dispersed CNT architecture
displays slightly higher stiffness compared to the radially grown ar-
chitecture. However, the radially grown architecture shows delayed
damage initiation and slower propagation of damage compared to the
randomly dispersed configuration. This observation is consistent with
existing experimental literature [56], where radially grown CNTs dis-
played better fracture properties than randomly dispersed CNT nano-
composites and traditional composites. An attempt to understand this
phenomenon is undertaken by investigating the damage trends, local
stress hot spots, and the sub-microscale stress state at the interacting
region between the CNT and the matrix.

Fig. 8 depicts the progression of damage in the polymer and the
state of stress in the nanotubes in a nanocomposite model with ran-
domly dispersed CNTs at various stages of loading. Fig. 8b, d, and f
illustrate the axial stress state of the CNTs, where the blue end of the
spectrum shows zero stress conditions and red colors of the spectrum
shows tension. All negative stresses are visualized in black color; hence
all CNTs visualized as black are in compression. Since the maximum
compression stresses are significantly lower than maximum tensile
stresses, all negative stresses are chosen to be visualized as black for
clarity. The stress state is measured along the axial direction of the tube
in the corresponding CNT local coordinate system, which allows the
visualization of the local stress state of each CNT under a global
transverse load. Additionally, Fig. 9a–c show a magnified region of the
CNTs where critical damage is observed. The CNT system is slightly
rotated out-of-plane to emphasize the depth effect. Fig. 8b shows that at
strains below the elastic limit, local regions that are relatively matrix
rich display higher local stresses corresponding to stress concentration
zones. Furthermore, since they are randomly oriented, the CNTs that
are most favorably oriented in the loading direction carry the highest
load; yet, note that the majority of the CNTs are loaded and activated,
leading to an almost uniform stress distribution among the CNTs with
stress gradients occurring in matrix rich zones. Additionally, some CNTs
are also noted to be in compression due to the Poisson’s effect during
extension.

The contours displayed in Fig. 8a, c and e, depict the damage state
in the matrix, with blue representing zero damage and red indicating
completely damaged/failed elements. Fig. 8c describes the beginning of
damage in the structure, initiating at the local stress concentration
zones. The authors have previously demonstrated that local volume
concentration difference between the CNTs and surrounding matrix in
nanopolymer can lead to local stress concentration zones, which ac-
celerates damage progression due to the stiffness difference between
the CNT and the polymer matrix [44]. A similar phenomenon is ob-
served in the current model of the nanocomposite, with stress con-
centration regions occurring at matrix rich zones that contain relatively
large volume concentration gradients of CNTs. Fig. 8e shows the final
damage state of the nanocomposite wherein failure is caused due to
matrix cracks. It can be inferred from Fig. 8f that the matrix cracks lead
to CNT pullout in the cracked region. Additionally, the stress state in
the CNTs around the crack zone is reduced due to energy dissipation.
The CNT pullout also leads to further increase in volume concentration
gradients of CNTs, which subsequently leads to further acceleration of
the rate of damage. Hence, the randomly dispersed CNT architecture
does not take advantage of the unique mechanical properties of the
CNTs, thereby leading to a rapid decay of the material after damage
saturation.

Fig. 10 illustrates the progression of damage in the polymer and the
state of stress in the CNTs in a nanocomposite model with radially
grown CNTs at various stages of loading. Fig. 11a–c show a magnified
region of the CNTs where critical damage is observed. The CNT system
is slightly rotated out-of-plane to emphasize the depth effect. Fig. 10b
depicts the state of stress in the CNTs within the elastic limit. It is ob-
served that fewer CNTs are activated due to the directionality effects;

however, the activated CNTs are under higher stresses than in the
randomly dispersed architecture. The CNTs transverse to the loading
direction are under high compression stresses due to the Poisson’s ef-
fect. The high stresses on the activated CNTs may lead to failure or
buckling of the CNTs. In contrast, the CNTs in the randomly dispersed
architecture are relatively less susceptible to failure, since more CNTs
contribute to the load sharing process and thus, the average stress on
each CNT is lower. Hence, the quality of CNTs play a significantly larger
role in the radially grown architecture. It is also observed that regions
that display the largest changes in volume concentration of CNTs lead
to stress concentration zones. Regions with thin volumes of matrix
between the microfibers, surrounded by CNTs, show significant stress
concentrations. Fig. 10c demonstrates that the damage initiates and
propagates around these stress concentration zones. However, Fig. 10d
shows that the CNTs surrounding the damage path continue to be
loaded even after significant polymer damage. This is indicative of CNT
bridging, which is possible due to the directionality of the CNTs in the
radially grown architecture. CNT bridging slows the crack growth rate
in the nanocomposite, thus changing the damage profile compared to
the randomly dispersed architecture.

Fig. 10e shows the damage state of the nanocomposite near failure.
Like the randomly dispersed architecture, the nanocomposite fails due
to matrix cracks; however, it is observed that the damaged regions are
strictly contained around the CNTs corresponding to the stress con-
centration zones. Unlike the radially grown architecture, the randomly
dispersed architecture displayed significant volumetric damage. The
radially grown architecture displayed a concentrated damage area
around the circumference of the microfibers. This damage mechanism
leads to the conclusion that the cracks originate around the CNT matrix
interphase zones, which is supported by previous research [26,27,44].
Hence, the architecture of the CNTs can be used to control the direc-
tionality of originating damage and its progression. Fig. 10f also shows
that the CNTs around the crack path are deactivated and in a stress-free
condition, indicating CNT pullout.

4.2. Micromechanical analysis

To perform the low-fidelity equivalent of the DNS model, the matrix
phase is represented using the equations derived in Section 3. Both the
polymer matrix as well as the nanopolymer matrix can be approxi-
mated. As mentioned in Section 3, this model can be calibrated with
experimental or simulated response of standard characterization tests.
Fig. 12 shows the calibration of the Schapery model with the response
of a uniaxial quasi-static tensile test of a flat dogbone specimen made
from Epon E863 Resin and Epi-Cure 3290 hardener (100/27 weight
ratio). Table 2 lists the constants for the calibrated Schapery model. The
number of constants is reduced due to the isotropic nature of the
polymer as well as the intended application of this model, which is the
uniaxial transverse loading of the CFRP composite. The calibrated
model can be used to represent the matrix constitutive equations in the
subcell micromechanics to simulate global fiber-matrix response. A
comparison of the subcell CFRP unit cell response with the calibrated
damage model, and quasistatic CFRP tests under transverse loading
[57] can be seen in Fig. 13. The Schapery model determines the damage
state in the matrix phase and the overall unit cell failure is determined
by the modified Hashin’s criteria [35]. It can be seen that with the
combination of an independently calibrated Schapery model and the
subcell micromechanics theory, the global response of the CFRP can be
predicted.

For the analysis of the CNT/CFRP system, the Schapery model must
be re-calibrated to the nanopolymer response. High-fidelity nanopo-
lymer models can be generated using the framework described in
Section 2, without the incorporation of the microfibers. Details of the
generation of such high-fidelity models of the nanopolymer system and
its response can be found in Reference [44]. The Schapery model can
then be used to represent the CNT-Epoxy system and applied as the
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matrix phase in the subcell micromechanics. It should be noted that the
computation of the low-fidelity Schapery/subcell model was carried out
using a FORTRAN77 program that ran on a desktop computer running
Linux with 4 GB RAM and an Intel E6600 dual-core processor. Each
simulation took less than 2 seconds of computational time for comple-
tion. Contrarily, the high-fidelity FE simulations were carried out using
the High Performance Computing resources at Arizona State University,
specifically the Ocotillo cluster. The simulations were run on a partial
node which contains an Intel Xeon E5-2660 Processor with up to 64 GB
of RAM. With the available hardware and 2 CPU ABAQUS tokens, the
simulations required about 6–8 hours of computing. Fig. 14 displays the
comparison of the high-fidelity dispersed CNT/CFRP model response
and the subcell/Schapery model response under uniaxial transverse
loading. The subcell/Schapery model captures all the essential char-
acteristics of the unit cell response as obtained from the high-fidelity
model, while utilizing significantly decreased computational time.
However, the local sub-microscale information, which can be computed
using the high-fidelity models is lost using the low-fidelity subcell/
Schapery methodology but the significant computational efficiency al-
lows parametric studies of the CNT/CFRP system while considering the
various causes of uncertainties, such as variation in volume fraction and
polymer curing.

For a composite system manufactured with IM7 fiber and Di-
Glycidyl Ether of Bisphenol F (DGEBF)-based resin system using stan-
dard manufacturing processes, it is found that the fiber volume fraction
shows a Gaussian distribution with an average of 63.9% and a standard
deviation of 2.21% [35]. Additionally, fundamental variation in cross-
linking in the polymer can be calculated from MD simulations for the
DGEBF resin system and is found to be distributed normally. The
average and standard deviation of the cross-linking variation is calcu-
lated to be 56.02% and 4.11%, respectively [25]. These two random
variables, approximated using normal distributions, can be randomly
sampled and applied as input to the subcell model to compute the
distribution of nanocomposite CFRP response under uncertainty.
Fig. 15 exhibits the result of 1000 simulations of the subcell model with
randomly sampled cross-linking and volume fraction information. The
CNT-epoxy matrix is represented using the previously calibrated
Schapery model and computes the degradation of the matrix phase. The
figure shows a spectrum of response for the dispersed CNT/CFRP
system and it can be observed that although the elastic response of the
material does not present large variabilities, the damage and failure
response is associated with significant stochasticity.

5. Conclusions

In this paper, a methodology for direct numerical simulations and
low-fidelity surrogate nanocomposite modeling and analysis were de-
tailed. These tools were used to generate nanocomposites with CNTs as
nanofillers for deterministic and stochastic studies with various levels
of detail. For microstructural analysis, the high-fidelity direct numerical
simulation is used to understand the phenomenon of damage in dis-
persed and radially grown CNT/CFRP systems. Since the high-fidelity
model is coupled with a previously developed multiscale damage for-
mulation that utilizes atomistic information of the polymer chain mo-
tion and covalent bond dissociation, an accurate investigation at the
sub microscale could be performed. As a case study, the elastic and
damage state of nanocomposites with 0.1% weight fraction CNTs in
randomly dispersed and radially grown configurations were studied
under quasi-static loading and under loading transverse to the fiber
axis. The study provided the following critical insights: (i) due to the
randomness of the orientation of the CNTs in the randomly dispersed
architecture, the load sharing between CNTs is less efficient, resulting
in more CNTs being activated. However, in the radially grown archi-
tecture, fewer CNTs were activated, but load sharing was more efficient
leading to higher stresses on the activated CNTs; (ii) the higher stresses
on the activated CNTs in the radially grown architecture can lead to

failure of the CNTs and hence, the quality of CNTs plays an important
role in this architecture; (iii) the damage zones occurred at regions with
large local volume concentration gradients of the CNTs. Thus, the CNT
architectures may be engineered to direct damage for greater nano-
composite mechanical performance. Furthermore, the work potential
theory was further extended to account for orthotropy and damage
history, and was applied as a surrogate constitutive model for the
polymer and CNT-epoxy matrix that was calibrated with the high-fi-
delity models. By using the Schapery model as a surrogate in combi-
nation with 3D subcell-based micromechanics techniques, the CNT/
CFRP unit cell response under uniaxial transverse loading could be
reproduced with significantly increased computational efficiency. It
was shown that such models can be easily adapted for probabilistic and
parametric studies.
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