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Optimal Wing Planform Design for Aeroelastic Control
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An integrated aeroservoelastic design synthesis for � utter suppression and gust load reduction using multiple
control surfaces is presented. For this multidisciplinary optimization procedure, structural design variables, con-
trol system, and aerodynamic design variables, such as wing planform, ply orientation of the composite layer, and
control surface size and location, are considered simultaneously. The analysis for a composite wing with control
surfaces is conducted by the � nite element method. Unsteady aerodynamic forces calculated by the doublet lattice
method are approximated as transfer functions of the Laplace variable by Roger’s method. The output feedback
control scheme is applied to design the active control system. Using a swept wing model, the performance of the
control system is investigated.The geometry of wing planform and control surface size and locationare determined
by using the genetic algorithm.Design objectives are to minimize the control performance index and the root mean
square of the gust responses for various airspeeds. Numerical results showed substantial improvements in perfor-
mance index value as well as the root-mean-square values of the gust responses compared with the baseline wing
model.

Introduction

W ITH the development of lightweight, high-performanceair-
craft, it has become increasingly important to account for

the aeroelastic responses, such as � utter and gust response. An ac-
tive control system is necessary to suppress � utter or to alleviate
the gust loads of a � exible wing. The study of aeroservoelastic
tailoring to exploit the interaction of aerodynamics, elastic struc-
tures, and controls was reported by many authors.1,2 During the
past few decades, a number of analytical and experimental studies
on aeroservoelasticcontrolproblems havebeenperformedby utiliz-
ing a varietyof synthesistechniques.The interactionsof lightweight
composite wing structures, steady and unsteady aerodynamics,and
active control technology led to considerable multidisciplinaryde-
sign challenges.3 To overcomethecomplexityof thedesignproblem
and the associatedhigh computationalcost, proceduressuch as mul-
tilevel decomposition technique and analytical sensitivity analysis
have been suggested.4,5

The goal of this study is to conduct an aeroservoelastic wing
planformdesign by using the control surfaces to suppress� utter and
to reduce the gust response of the wing. An optimization technique
is used to � nd the best wing planformgeometryand control surfaces
geometry. The wing taper ratio, sweep angle, and control surfaces
locationsand sizes are included as design variables.The intent is to
investigate the effects of the control surface locations on aeroelastic
control.The output state feedbackcontrol law is used for aeroelastic
control. The study compares the control performance index value
as well as the gust response root-mean-square(rms) for the baseline
and the optimized models.

Mathematical Aeroservoelastic Model
The equationsof motion for aeroservoelasticanalysiscan be writ-

ten as
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[Ms ]{q̈} + [Cs]{ Çq} + [Ks]{q} + [Mc]{¨d c}

= [Qa]{q} + [Qc]{d c} + [QG ](WG / V )

= qd (([Aa]{q} + [Ac]{d c} + [AG ](WG / V ))) (1)

where {q} are the generalized modal coordinates and qd is the dy-
namic pressure. The matrices [Qa], [Qc], and [QG ] are the gener-
alized aerodynamic forces due to � exible modes, control surfaces
de� ection, and gust, respectively. A wing with control surfaces is
modeled as a composite box beam (Fig. 1).

The structural analysis is conducted by using a � nite element
method.6 After vibration analysis, a modal reduction is performed
using the � rst six elastic modes. A doublet lattice method is used
to compute the unsteady aerodynamic forces and the unsteady gust
forces. The aerodynamic forces are approximated as the transfer
functionsof the Laplace variable by a least-squarecurve � t approx-
imation in order to de� ne the aeroservoelastic equations of motion
in a linear time invariantstate-spaceform. Roger’s method7 approx-
imates the unsteady aerodynamic forces in the following form:

[Aap] = [A n Ac Ag ] = [P̄0] + [P̄1]s 0 + [P̄2]s 0 2

+
NX

j =3

[P̄ j ]s 0

s 0 + c j ¡ 2

(2)

where P̄ =[Pn Pc Pg ], s 0 =ik =i x b / V =sb/ V , s is the Laplace
variable,k is the reduced frequency,b is the semichord,and V is the
airspeed.The subscripts n , c, and g indicate elastic, control surface,
and gust modes, respectively, and c j ¡ 2 are the aerodynamic poles,
which are usually preselected in the range of reduced frequencies
of interest. In this study, four terms of the aerodynamic poles are
included for the rational functions approximation. The augmented
aerodynamic state is de� ned as follows:

{xja} =
s 0

s 0 + c j ¡ 2
[Pj n Pjc Pjg ]

8
<

:

n

d c

wg

;
=

; , j = 3, 4, 5, 6

(3)
It has to be noted that P2g is set to be zero to avoid ẅg term in the
state equation. Therefore,

[Ag] = [P0g] + [P1g ]s 0 +
NX

j =3

[Pjg ]s 0

s 0 + c j ¡ 2

(4)
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Fig. 1 Composite wing model with control surfaces.

Using the rational function approximation, the system equation of
motion is written in the following form:

{ Çxs} = [As]{xs} + [Bs]{us} + [BG ]{WG} (5)

where

{xs} =
¥
n T Çn T x T

a

¦T
(6a)

{us} = b d c1 Çd c1
¨d c1 d c2 Çd c2

¨d c2 c T (6b)

{wG } = b wg , Çwg c T (6c)

In these equations, xa denotes the aerodynamic states and d c is the
control surface de� ection. The control surfaces actuator transfer
functions can be expressed in a state-space form as follows:

{ Çxc} = [Ac]{xc} + {Bc}{d aileron}, {us} = [Cc]{xc} (7)

The actuator transfer function for each of the control surfaces is
preassigned as follows:

{d c}

{d ailtron }
=

20
s + 20

1.6 £ 105

s2 + 400s + 1.6 £ 105
(8)

The gust state-space model is included for random gust response
calculations.The verticalgust is modeled by a second-orderDryden
model:

wg

w
= r wg

p
3V / L

£
s +

¡
V / L

p
3
¢¤

[s + (V / L)]2
(9)

where r wg is the rms value of the gust velocity, L is the character-
istic gust length, and V is the airspeed. When the low-pass � lter is
included,the state-spaceequationof thegust is expressedas follows:

{ Çxg} = [Ag ]{xg} + {Bg}w , {wG } = [Cg]{xg} (10)

By including the gust dynamics system and the actuator system for
the controlsurface,the followingstate-spaceaeroservoelasticmodel
is obtained:

{ Çx} = [A]{x} + [B]{u} + {Bw }w , {y} = [C]{x} (11)

where {x}T = b x T
s x T

c xT
g c . The resultingstate-spacemodel is 45th

order including 6 elastic modes, 24 aerodynamic states, 6 actuator
states, and 3 gust states.

Controller Design
Pole Placement Technique

For a given design airspeed, a controller for active � utter sup-
pression is designed. The performance index value (control effort)
is used as a measure of control performance. The following output
feedback control law is introduced:

{u} = ¡ [KG]{y} (12)

where [KG] denotes output feedback gain and {y} includes only
structural information. The eigenvalue problem of the closed-loop
system can be written as

([A] ¡ [B][KG ][C]){u c}i = k c
i {u

c}i (13)

where{u c}i is theeigenvectorof theclosed-loopsystemcorrespond-
ing to the eigenvalue k c

i . The eigenvaluesof the structuralmodes can
be assigned to desired values by using a pole placement technique.

The problem can be stated as a nonlinear parameter optimization
problem in which it is necessary to impose speci� ed eigenspace
equalityconstraintsand the elementsof output feedbackgain matrix
are the parameters to be determined. De� ning {p} as the parameter
vector that consists of the elements of output feedback gain [KG ],
the nonlinear programming problem can be formulated as follows:

Determine output feedback gain parameter {p} subject to

fi ({p}) = k d
i ¡ k i ({p}) = 0, i = 1, 2, . . . , Ns (14)

where fi ({p}) is the equalityconstraintequationthat is related to the
closed-loop eigenvalue assignment, Ns is the number of structural
modes, and k d

i denotes the desired eigenvalues of these modes.
This problem can be solved by using any gradient-based non-

linear programming algorithm. In this study, homotopic nonlinear
programming with minimum norm correction algorithm is used.8,9

To enhance convergence, the linear homotopy map is generated.
The original eigenvalueassignmentproblem is replaced by the one-
parameter a family as follows:

fi ({p}) = a k d
i + (1 ¡ a ) k i ({pstart}) ¡ k i ({p})

= 0, 0 · a · 1 (15)

where {pstart} is the initial starting value of the parameter vector.
Sweeping a using a suitably small increment generates a sequence
of neighboring problems. These sequences of problems are solved
using the neighboringconverged solutions to generate starting iter-
ative for each subsequentproblem. The desired solution is reached
once solution for a =1 is obtained.

The local design correctionsfor each a are performedby lineariz-
ing the neighboringproblem (nonlinear constraintequations) about
the local solution and computing the minimum norm differential
correctionthat satis� es the linearizedconstraintequation.10 This al-
gorithm is a generalized Newton procedure for solving a system of
underdetermined nonlinear equations. On each iteration, the norm
of the correctionvector is minimized while the following linearized
constraint equation is satis� ed:

»
@f

@p

¼
ê
ê
ê
ê {p}

{D p} = ¡ f ({p}) (16)

where f {p}T ={ f1{p}, f1{p}, . . . , f2Ns{p}} is a constraint vector.
The solution of this equation can be obtained by the pseudoinverse
of matrix {@f / @p}j {p}, utilizingsingularvaluedecomposition.11 The
eigenvalue sensitivities required in this equation for iterative di-
rection search can be evaluated by using the following analytical
formulation12:

@k c
i

@p1
= {} c}T

i

³
@([A] ¡ [B][KG][C])

@p1

´
{u c}i (17)

where {} c}i and {u c}i are normalized right and left eigenvectors of
the closed-loopsystem correspondingto the eigenvalue k c

i , respec-
tively. Figure 2 shows the � owchart of this algorithm.
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Fig. 2 Flowchart for control system design scheme.

Control Objective Function
A quadratic-typeenergy function is selected to represent the con-

trol objective function13:

J =

Z 1

0

{{y}T [Q]{y} + {u}T [R]{u}}dt (18)

where the positive de� nite weight matrices [Q] and [R] should
be related to make the integrands correspond to physical energy
measures. Note that the � rst term in J is related to the error energy
of the structural modes and the second term is related to the control
energy. This objective function is obtained as follows14:

J = tr([P][X0]) (19)

where [X0] is an initial autocorrelation of the state and [P] is the
solution of the following Lyapunov equation:

[P][Ac] + [Ac]T [P] + [C ]T
¡
[Q] + [KG]T [R][KG]

¢
[C] = 0

(20)

where

[Ac] = [A] ¡ [B][KG ][C] (21)

The solution of the Lyapunov equation can be obtained by solving
eigenvalueproblemof theclosed-loopsystemmatrix [Ac].However,
it is unstable when the eigensystem is ill-conditioned.Because the
aeroservoelasticsystem dealt with in this study is ill-conditioned,a
Lyapunov solver, utilizing Schur decomposition,15 is used. This al-
gorithm transforms the closed-loopsystem matrix [Ac] to the Schur
formbyorthogonalsimilarity transformation,computesthe solution
of the resulting triangularsystem, and transformsthis solutionback.

Another purpose of the control system is to prevent performance
degradation due to external disturbances such as gust. For the gust
load alleviation system, the rms values of gust response for the
different modes are used as objective functions for performance
comparison. The state covariance matrix [X ] of the closed-loop
system is the solution of a Lyapunov equation in the form16

[Ac][X ] + [X ][Ac]T + {Bw }[Qw ]{Bw }T = 0 (22)

where [Qw ] is the intensitymatrix of the white noise. The square of
the rms of the system outputs (the modes of the system) is computed
as follows:

r 2
i = [[C][X][C]T ]ii , i = 1, 2, . . . , Ns (23)

Optimization Formulation
The formulation of this optimization problem may be stated as

follows:

Find X to minimize F (X) subject to

g j (X) · 0, j = 1, 2, . . . , m, X1 · X · Xu

where F(X) is the objective function, X is the design variables
vector, the subscripts l and u represent lower and upper limits on
design variables, respectively, and g j is the inequality constraint.
The objective function is de� ned as a linear summation of 25 index
values, which are the performance index of the control system at
the design airspeed, rms values of the � rst three displacements,and
rate modes due to gust at the given airspeeds of 500, 1000, 1500,
and 2000 ft/s. A total of eight design variablesare used in this study.
These areply orientationof the compositelayer h , wing sweep angle
K , taper ratio k , aspectratio AR, andspanwiselocationYi and size L i

of the control surfaces, as shown in Fig. 1. A total of 102 constraints
are imposed: 10 constraints on the open-loop natural frequencies,
45 constraints on the stability of the open loop system at 1500 ft/s,
45 constraintson the stabilityof the closed loop system at 2000 ft/s,
and 2 constraintson the inboard/outboard control surfaces to avoid
overlapping.

Side constraints are also imposed on the design variables to re-
main within a speci� ed boundary. These are as follows:

15 · K · 30, 0.5 · k · 0.9, 2.0 · AR · 4.0

5% · Yi · 25% of the span

50% · Yo · 70% of the span

20% · L i · 25% of the span

20% · Lo · 30% of the span

The genetic algorithm (GA) is used to solve this optimization
problem.17 Gradient-based optimization techniques have been ap-
plied successfully to many optimization problems. However, these
methods tend to get trappedwithin localextrema.GAs have recently
been applied to various structural problems and have demonstrated
the potential of overcoming many of the problems associated with
gradient-based methods. An exterior penalty function formulation
can be adoptedto transforma constrainedoptimizationprobleminto
an unconstrainedoptimizationproblem. In mathematical terms, the
problem formulation becomes

u (X) =
25X

i = 1

Fi (X)
Fi (X0)

+ R
mX

j = 1

{max[0, g j (X)]}2 (24)

where X0 is the initial values of the design variables and R is the
penalty parameter. To maximize a � tness function in GA, the pseu-
doobjective function is transformed as follows:

U (X) = u max ¡ u (X) (25)

where u max is chosen to be greater than the largest value of pseudo-
objective function.
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1468 NAM, CHATTOPADHYAY, AND KIM

Fig. 3 Flowchart for the integrated structures/aerodynamics/control
design process.

The GA is based on the principles of natural genetics and natural
selection. The design variables are represented as strings on binary
variables that correspond to the chromosomes in natural genetics.
The objectivefunctionvaluecorrespondingto designvariablesplays
the role of � tness in natural genetics. A GA approach requires a
population of chromosomes representinga combination of features
from the set of features and a cost function (� tness function). The
algorithmcreatesan initial populationof size, which is created from
a random selectionof the parameters.Each parameterset represents
the individual’s chromosomes.Each of the individualsis assigned a
� tness based on how well each individual’s chromosomes allow it
to perform in its environment. There are then three operations that
occur in GAs to create the next generation: reproduction,crossover,
and mutation. The process of mating and child creation is continued
until an entirely new population of size is generated, with the hope
that strongparentswill create a � tter generationof children.Succes-
sive generations are created until very � t individuals are obtained.
The � owchart of this optimization process is shown in Fig. 3.

Numerical Examples and Results
A composite wing model with inboard/outboard control surfaces

is used as a base model for aeroelastic control system design. The
baseline model has 25 deg of sweep angle, aspect ratio of 2.48,
and taper ratio of 1. The wing area is set to be 1800 in.2 and is held
� xed during the optimization process. The wing skin is com-
posed of 14 symmetric composite layers, which are [ ¡ 90/ +45/
¡ 45/ h / +45/ ¡ 45/ ¡ 90]s . Each layer has uniform thickness,0.008,
0.01, 0.01, 0.104, 0.01, 0.01, and 0.008 in. The inboard control sur-
face is located at 20% of span. The spanwise size of the control
surface is 25% of span (i.e., Yi =20%, L i =25% of the span). The
outboard control surface is located at 60% of span. The spanwise
size of the control surface is 30% of span (i.e., Yo =60%, Lo =30%
of the span). The chordwise size of each control surface is set to be
25% of chord.

For the baseline wing model with h =40 deg, open-loop � utter
analysis is conducted. Flutter occurs at 1850 ft/s (fps) and is due to
the second mode. Figure 4 shows the control system design results,
the root loci for the open loop and the closed loop when the control
system is designed with a design velocity of 2000 fps. The closed-

Fig. 4 Open-loop and closed-loop root loci of the baseline wing plan-
form.

Fig. 5 RMS values of the displacement (Di) and rate (Ri) modes due to
a gust for the baseline model: - - - -, open-loop system; and ——, closed-
loop system.

loop system � utters at 2250 fps. The second mode is shifted to the
left to make the system be more stable. Figure 5 shows the rms plots
of the displacement and velocity states due to a gust over a range
of airspeed for closed-loop system. For comparison, the rms values
of the open-loop system are also plotted as dashed lines. It can be
seen that � utter does not occur over the entire airspeed range for the
closed-loop system. As the airspeed is increased, the closed-loop
rms values of the modes, especially the second mode, are decreased
compared to the open-loop case.

Using this baseline model, the optimization technique is applied
for both � utter suppression and gust load reductions. For this op-
timal design problem, the following parameters are used in GA:
multiplication factor =2, mutation probability =0.0333, crossover
probability =0.6, population size =100, and string length of each
variable =10. Figure 6 shows the iteration history of the optimal
design. The optimized performance index value J is 1.595 £ 106,
which is only 46% of the initial value, 3.461 £ 106. The optimized
geometry of the wing planform is shown in Fig. 7. The optimal ply
angle is also shown. The optimal ply orientation is ¡ 65 deg. The
optimal sweep angle, aspect ratio, and taper ratio are, respectively,
23 deg, 2.76, and 0.70. The location and spanwise size of the in-
board and outboard control surfaces are Yi =16.7%, L i =22.2%,
Yo =58.8%, Lo =24.8% of span.

Figure 8 plots the changes in the eigenvaluesof the open, and the
closed-loop systems for both the initial and the optimized con� g-
urations, respectively. It can be seen that the second mode of the
closed loop for the optimized model becomes more stable than the
initial case. Table 1 lists the rms values of the elastic modes due to
a gust for the baseline and optimized models.

As shown in Table 1, all of the rms values for the optimizedmodel
are reduced. Especially, the rms values of second mode, which is
unstable in the open-loop system, are reduced. This is due to the
fact that a larger weight is imposed on the second mode when the
� utter suppression system is designed.
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Table 1 RMS values due to a gust for the baseline
and optimized models at the design airspeed

Baseline RMS value
Mode model optimized model

Displacement
1 339.86 213.66(62%)
2 95.34 9.22(10%)
3 16.46 5.08(31%)

Rate
1 21,903.97 10,653.54(49%)
2 8,536.39 538.96(6%)
3 1,818.07 702.77(39%)

Fig. 6 Evaluationhistories of the pseudo-objective function in the GA.

Fig. 7 Optimized geometry of the wing with control surfaces.

Fig. 8 Eigenvaluechanges due to the � utter suppression system for the
optimized and baseline wing models at design airspeed.

Fig.9 RMS valuesof the modesdue to disturbances for the base model.

Fig. 10 RMS valuesof the modes due to disturbances for the optimized
wing model.

Figures9 and 10 plot the rms valuesof the � rst threedisplacement
and rate modes of the closed-loop system due to a gust for the
baseline and the optimized models, respectively. It can be seen that
optimizedwing geometryyieldsbetter controlperformancefor both
gust load reduction and � utter suppression. It also must be noted
that the rms values of the second mode are signi� cantly reduced
compared to the baseline model because larger weight is imposed
on the second mode.

Summary
The main purpose of this study is to conduct an integrated simul-

taneous aeroservoelastic design of a composite wing, incorporat-
ing control design parameters as well as aerodynamic parameters.
The inboard and outboard control surfaces are used in suppressing
� utter and in reducing the gust load of the wing. For a control de-
sign, the output state feedback control law is used for this study.
The rms value of the gust response for the � exible modes and the
control performance index are used as a metric to compare the con-
trol performance.Optimization technique is applied to � nd the best
geometry of the wing planformwith control surfaces for � utter sup-
pression. The results show that the performance index is decreased
about 54% compared to the baseline model. RMS values of the
gust response due to a gust are also decreased. Future studies will
take into account the static aeroelastic criteria, such as lift effective-
ness, roll effectiveness, and induced drag as a part of the objective
functions.
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