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ABSTRACT: In wave-based approach, the presence of damage is visualized in terms of the
changes in the signature of the resultant wave that propagates through the structure.
In structural health monitoring, the fundamental goal is to detect, localize, and quantify these
damage signatures. The current approach uses matching pursuit decomposition (MPD) to
compare signals from healthy and damaged structures. However, the major drawback of the
MPD is that, in the decomposition process, it performs an exhaustive search over a large
dictionary of elementary functions. Therefore, this method of decomposition is associated with
a large computational expense. In this research, the Monte Carlo matching pursuit decompo-
sition (MCMPD) is proposed, that adapts a smaller dictionary to the signal structure, thus
avoiding the exhaustive search over the time-frequency plane. The proposed algorithm, seque-
ntially estimates a dictionary that contains only those components that match the waveform
structure, uses thematching pursuits for the decomposition of the signal and if necessary, adapts
the dictionary to the structure of the residues for further decomposition. Finally, we
demonstrate using real life data that the MCMPD retains the ability of the matching pursuit
to decompose waveforms and quantify them accurately while reducing computational expense.

Key Words: wave propagation, structural health monitoring, fiber-reinforced composite,
matching pursuit decomposition, particle filtering, monte carlo.

INTRODUCTION

H
IGH-PERFORMANCE, light-weight composites are
increasingly being used in applications ranging

from aerospace, automobile, weapons, and mechanical
systems. Composite laminates offer superior strength and
stiffness over conventional materials for a given mass but
exhibit various failure modes such as delaminations,
transverse matrix cracking, fiber fracture, matrix
cracking, etc. Either one or combinations of these
forms of damage may nucleate when the composite is
subjected to fatigue, over-loading, low-velocity impact or
under various test cases of drilled holes, notches, saw-cut,
and laminate stacking sequence mismatch. The assurance
of structural reliability is a critical issue because a damage
event will compromise the integrity of composite
structures and lead to ultimate failure. There is a growing

need for composites that not only have good struc-
tural characteristics, but also good damage resistance.
A comprehensive literature review of structural health
monitoring (SHM) techniques can be found in a Los
Alamos National Report (2003).1 An important aspect
in achieving reliable systems is a strong capability of
inspecting and assessing the physical condition of critical
damage components. Significantly improved techniques
for inspection, analysis, and interpretation are urgently
required to facilitate the assessment of the health of a
structure and to promote the design, fabrication, and
reliable operation of current and future systems. Hence, it
is equally important to obtain a thorough understanding
of the effects of these damages on composite structures
and develop suitable techniques to detect them.

Among many non-destructive evaluation techniques,
damage detection using wave propagation and scatter-
ing is of considerable interest. However, in the
case of fiber-reinforced composites, the wave propa-
gation is more complicated than in the isotropic
medium due to the discontinuity in material properties.
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In the wave-based approach, the presence of damage is
visualized in terms of the changes in the signature of the
resultant wave that propagates through the structure.
In the present research, surface mounted piezoelectric
transducers are used for monitoring and damage
characterization. A methodology is developed to auto-
matically analyze the time domain signals from delami-
nated structures and predict the location and size of
damage in composite laminates. This has been accom-
plished by decomposing the signal in terms of its
components and also the time-of-flight information
of these individual components are used to determine
the location and size of the damage. The assessment of
damage size and location is based on the mutual
information shared by the neighboring transducer sets.
A distinct feature of nonlinear systems is a frequency

component from the generated harmonic response that
is different from the harmonic excitation frequency.
When a localized damage is induced in the structure,
these distinct feature components are sensed by the
neighboring transducers. Extracting the featured compo-
nents with suitable signal processing techniques is a
major task in SHM. The obtained sensor signal can be
represented in many different ways. In order to extract
useful information, the popular way of characterizing
a signal is to represent it either in the time domain or in
the frequency domain. The time domain representation
of a signal provides the variations of the signal energy
distribution across different time instances. Often, a
signal from one domain is transformed to another
domain to obtain more information about the signal
that is otherwise inaccessible. In order to obtain the
frequency content of a signal, the time domain signal
is transformed to the frequency domain using the
Fourier transform. However, the frequency domain
representation of a signal does not provide us with the
time-localized frequency content of the signal. Hence, for
time-varying signals (i.e., signals whose frequency varies
with time), the Fourier transform will not provide this
time-varying frequency information. Moreover, in real
applications, the presence of relatively high background
vibration (low frequency noise) may not yield satisfactory
information when only frequency domain analysis is
used. Extensive research has been conducted and various
techniques (Dyer and Stewart, 1978; Harting, 1978;
Braun and Datner, 1979; McFadden and Smith, 1984;
Prasad et al., 1985; Barkov et al., 1995) have been
proposed by several others to achieve more sensitive
damage detection techniques. The most popular methods
include cepstrum analysis, envelope detection and high-
frequency resonance, time-domain averaging, kurtosis,
and crest factor analysis. Most of these analysis
techniques yield good results in some applications but
implementation of these techniques in SHM may be
limited as they require the use of specific frequency bands
and assume that the signal is not time varying.

Time-varying signals are best represented in the
time-frequency (TF) domain to obtain time-varying
frequency information. In order to analyze the time-
varying sensor response effectively, the time and
frequency domain characteristics must be considered
jointly. These joint time-frequency representations
(TFRs) (Cohen, 1995; Papandreou-Suppappola, 2002)
characterize a given signal over the TF plane by
combining the time and frequency domain information
to yield more revealing information about the temporal
localization of a signal’s spectral components. Linear
TFRs such as the wavelet transform, short-time Fourier
transform and bilinear TF distributions such as the
Wigner distribution and the spectrogram have been
shown to provide the time-dependent frequency compo-
sition of a signal over the entire spectrum, and are
particularly useful to detect localized changes in a signal.
A comprehensive literature review of damage detection
and health monitoring methods for a structural and
mechanical system was provided by Doebling et al.
(1996) and Chang (1997, 1999). A brief summary of the
application of wavelet analysis for SHM and damage
detection is referred by Hou and Noori (2004). Wang
and Harrap (1993) compared the performance of the
Fourier transform, short-time Fourier transform,
pseudo-Wigner distribution, and cone kernel distribu-
tions. Review of previous studies indicated that the
Wigner distribution suffers from the presence of cross
terms whereas the spectrogram suffers from poor time
and frequency resolution. However, a good concentra-
tion of signal components without cross terms is
necessary to correctly interpret the TF representation
outcome for damage detection analysis. The matching
pursuit (Mallat and Zhang, 1993) is a TF based
technique that decomposes a signal into highly localized
TF atoms and can provide a highly concentrated TFR.
These atoms are the dilated, translated, and modulated
versions of a single basic function, for example Gaussian
function. The matching pursuit decomposition (MPD)
algorithm iteratively selects the best atoms for the
decomposition of the waveform based on their ortho-
gonal projections on the waveform (Mallat and Zhang,
1993). This is done by performing an exhaustive search
over all the atoms in the dictionary. Recently, the
matching pursuit decomposition has received consider-
able attention in multi-disciplinary areas (Vetterli and
Kalker, 1994; Neff and Zakhor, 1995; Zhang et al.,
1998). Liu et al. (2002) investigated the bearing failure
detection using MPD and analyzed the bearing vibra-
tion to extract signature components related to bearing
failure. Ebenezer et al. (2004) used modified MPD for
classification of acoustic emissions in order to detect
faults in structures. In Das et al. (2005), the authors
demonstrated the use of MPD as a suitable signal
processing tool to characterize wave-based attributes in
composite laminates and exemplified an indicator based
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on the ‘multiple-harmonic’ components those present
in the piezoelectric sensor responses. More recently, the
current authors Kovvali et al. (2007) presented
the modified MPD algorithm for the classification of
wave-based signatures under realistic failure conditions,
such as changes in fastener loading in aluminum plate.
The article describes modified MPD technique that
can detect changes in structural responses in terms
of frequency shifts and damping and thus able to
categorize various levels of fastener looseness which
have been visualized as different failure states.
This research is motivated to demonstrate the efficient

way of using MPD technique as a detection and
quantification tool in structural applications. However,
if the waveform structure is not well known, there is a
need for the MPD to use a comprehensive dictionary to
guarantee an accurate decomposition of the waveform.
This results in a large computational burden that for real
applications causes delays and the need for processing
power. The proposed Monte Carlo matching pursuit
decomposition (MCMPD) method reduces the size of
the dictionary to be used by the MPD by adapting it to
the characteristics of the waveform to be decomposed.
The particle filter (Arulampalam et al., 2002) has the
ability to estimate parameters that characterize the
waveform structure and its use enables the creation of
a dynamic dictionary that adapts to this structure.
Moreover, if necessary, the dictionary adapts to the
residues resulting from the matching pursuit iterations,
if components of the original signal have not been
included in the initial dictionary. In this article, the
particle filtering method has been adapted to create an
agile dictionary by estimating the time shifts, frequency
shifts and scaling factors of the atoms that match the
characteristics of the waveform that is to be decom-
posed. Particle filtering, a sequential Monte Carlo
(SMC) method that uses Bayesian inference, has been
successfully used in the estimation of components of
multidimensional nonlinear systems, utilizing different
kinds of information. An example of such state space
estimation is multiple target tracking (Orton and
Fitzgerald, 2002). In the application of Monte Carlo
sampling in this article, the objective is to estimate the
parameters of atoms that form the MPD dictionary
given a signal to be decomposed and its resulting
residues from the MPD iterations. This results in a
compact dynamically changing dictionary that adapts to
the signal and its residues and enables the MPD to
accurately and rapidly decompose a given waveform.

MPD ALGORITHM

The MPD is a greedy method that iteratively decom-
poses any waveform into a linear expansion of elemen-
tary functions that belong to a redundant dictionary

(Mallat and Zhang, 1993; Cohen, 1995; Papandreou-
Suppappola and Suppappola, 2000; Papandreou-
Suppappola, 2002). This is done by projecting each
elementary function on the waveform and finding the
bestmatch at each iteration step. Themethod preserves the
signal energy due to its use of orthogonal expansions and
thus guaranties convergence (Mallat and Zhang, 1993).

The dictionary consists of TF atoms which are the
dilated (time-scaled), translated (time-shifted), and
modulated (frequency-shifted) versions of basic atoms.
The basic atom is often chosen to be a Gaussian signal
as Gaussian signals are the most concentrated signals
in both time and frequency. The basic TF atom, is
denoted by d(t) and the n-th dictionary element dn(t),
n¼ 1, . . . ,N, is a TF shifted and scaled version of the
basic atom. Here �, �, � denote the time-shift,
frequency-shift, and scale parameters, respectively.
The resulting dictionary element is formed as:

dnðtÞ ¼
1ffiffiffiffiffi
�n
p d

t� �n
�n

� �
e j 2��nt ð1Þ

where N is the total number of dictionary elements.
Examples of atoms undergoing the above mentioned
transformations are shown in Figure 1. At iteration
k¼ 1 each of the atoms in the dictionary is projected on
the waveform x(t) and the best match atom d1bmðtÞ is
chosen. The best match atom is the one producing the
largest inner product jhx, d1bmij ¼ max

n
j x, dnh ij, where

hx, d1bmi ¼
R
xðtÞd1bmðtÞdt. Thus, the waveform is initially

decomposed as xðtÞ ¼ a1d1bmðtÞ þ r1ðtÞ, where r1(t) is the
residual signal of the first decomposition. At the k-th
iteration, rkðtÞ ¼ �kdkbmðtÞ þ rk�1ðtÞ,

�k ¼ rk, dkbm
� �

: ð2Þ
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Figure 1. Basic time-frequency dictionary elements with varying
time-shift, frequency-shift, and scale parameters (refer Equation (1)).
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Here, dkbmðtÞ is the chosen dictionary element that best
matches the residual rk(t), rkðtÞ ¼ rk�1ðtÞ � �k�1dk�1bm ðtÞ.
The iterations stop after a maximum number of
iterations has been reached or small residue energy
is reached. At the K-th iteration, the decomposed signal
is given by:

xðtÞ ¼
XK
k¼1

�kdkbmðtÞ þ rkðtÞ: ð3Þ

MONTE CARLO SAMPLING AND SMC

METHODS

Monte Carlo methods make use of random numbers
to solve complex problems. Such problems can be the
estimation of an unobserved system state using observa-
tions that are related to the state in a nonlinear non-
Gaussian manner. Moreover, Monte Carlo methods can
be used to solve problems of deterministic nature, such
as the evaluation of an integral or to find the maximum
of a function. For example, an integral that is hard to
evaluate in closed form can be approximated by a
discrete set points with weights that are obtained based
on the value of the function at each discrete point.
Solutions for different kinds of problems are based on
this sampling approach.
The main concept of Monte Carlo sampling is the

importance distribution, which is a distribution that we
can easily sample points from. Moreover, weighting is
the part in which the validity of the samples is evaluated
by being assigned weights that depend on the function or
probability density to be approximated and the impor-
tance density. Details for these processes are given in
this section.
SMC methods are used to solve estimation problems

by sequentially updating knowledge about the estimates,
based on sequentially arriving data. An example of an
SMC method is the sequential importance sampling
(Doucet et al., 2000; Doucet et al., 2001); this is also
known as particle filtering (Carpenter et al., 1999),
bootstrap filtering (Gordon et al., 1993), the condensa-
tion algorithm (MacCormick and Blake, 1999), inter-
acting particle approximations (Crisan et al., 1999;
Del Moral), and survival of the fittest (Kanazawa et al.,
1995). We next describe the particle filtering, method, an
increasingly popular SMC method.

PARTICLE FILTERING

The particle filtering method (Arulampalam et al.,
2002) is a SMC method that is used to approximate a
distribution p(y) using discrete weighted samples, called
particles. The particles are sampled from a distribution

q(y) called the importance density, that is easy to sample
from and the samples are weighted as:

wn /
pðynÞ

qðynÞ
: ð4Þ

The approximation is given by:

pðxÞ /
XN
n¼1

wn�ðy� ynÞ: ð5Þ

Particle filtering has been successfully used in the
estimation of the dynamic state of nonlinear systems
found in problems such as target tracking. In this
problem, the posterior of yi given measurements zi at
time i is approximated as:

qðyijziÞ /
XN
n¼1

w n
i �ðyi � yni Þ: ð6Þ

Here, w n
i is the weight assigned to particle yni , n is the

particle index, n¼ 1, . . . ,N and N is the number of
particles used. An importance density q(yi|yi�1, zi)
(Doucet et al., 2001) needs to be used to sample particles
as the posterior itself is usually hard to sample from. The
weights of the particles are calculated at each time step as:

w n
i / w n

i�1

qðzijy
n
i Þqðy

n
i

��yni�1Þ
qðyni

��yni�1, ziÞ : ð7Þ

The above equation uses the measurement likelihood,
pðzijy

n
i Þ, the kinematic prior, pðyni

��yni�1Þ, and the impor-
tance density qðyni

��yni�1, ziÞ.
The estimate of the state yi is thus given by:

Z
yi

yipðyi
��ziÞdyi �XN

n¼1

w n
i y

n
i
: ð8Þ

The particle filtering framework can be adapted to the
problem of identifying the transformation parameters of
the atoms that are useful for the MPD. The transformed
atoms form a dictionary that can be used by the MPD to
decompose a waveform accurately. This dictionary is in
this case significantly smaller than the redundant
dictionary that needs to be used by the MPD without
any prior knowledge of the signal structure.

The adjustments that need to be made in the case of
signal decomposition are that the posterior density
p(yi|zi) is replaced by the inner product between the
proposed particle and the waveform. Furthermore,
the importance density qðyni jy

n
i�1, ziÞ will be defined by

the proposal steps of the MCMPD. The modified
particle filtering framework will be used to initially
generate a dictionary to be used by the MPD and also to
update the dictionary or to reinitialize it based on the
residue at certain iterations of the MPD.
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INDEPENDENT PARTITIONS METHOD

The single partition particle filter (Arulampalam et al.,
2002) extends directly to the multipartition particle filter
(Kastella, 1997). The partitions in a particle, however,
are proposed simultaneously and placed into particles
without any additional assessment of their validity.
Therefore, many of the particles that are built receive
low weights at the particle weighing step. For example,
some of the partitions of the particle might be very good
estimates of the state vector of certain targets, while other
partitions in the same particle can be bad estimates
of other target’s state vectors. Thus, many particles can
be composed of both good and bad estimates. This results
in particles receiving an overall low weight, due to the
bad partitions.
The independent partitions (IP) algorithm (Orton and

Fitzgerald, 2002), offers a method of constructing better
particles. This is achieved by independently proposing
partitions for each particle, weighing them and choosing
the partitions that receive the best weights by sampling
from the weight density of each partition. This constitutes
the proposal subroutine. More specifically, the partitions
are proposed via a single partition importance density
of our choice and weighted by a function that contains
useful information coming from the measurements.
The chosen partitions are then placed into particles,
and the resulting particles are weighted. As a further
advantage, the overall better particles have greater
chances of being propagated to the next time step, if
resampling is used. This results in a great reduction in
the number of particles required for representing the
posterior adequately and an improvement in overall
performance when compared to the multipartition
particle filter. For example, three particles (Figure 2)
are proposedwith an IPmethod. The particles are formed
after independent proposal of individual partitions and
sampling from the weight distribution of partitions. Here,
the partitions shown in the left received good weights
and were more likely to be chosen, thus forming particles
that represent the posterior well.
Usually an approximation of a density that

involves single partition measurement information is
used as a weighing function in the proposal subroutine.

A simple choice is an approximation to the single
partition measurement likelihood function. Note that
each partition can be weighed individually because all
the measurements are well separated in the sensor space.
Then each partition will receive weights which are due
only to the part of the joint posterior that represents the
partition corresponding to that partition. This is true
even if, in practice, it is weighted against the whole
posterior density. This is important as partitions can
be proposed performing no data association.

Next, the assumptions that are used to implement
the IP algorithm are presented more explicitly. The first
assumption is that the dynamics of the particles are
independent. Thus, the state transition density of the
combination of the partitions, each representing the
state of a partition, can be factorized as:

pðY n
i jY

n
i�1Þ ¼

YL
l¼1

pðynl, ijy
n
l, i�1Þ: ð9Þ

If each of these factors are used as the single proposal
density, it is possible to propose each partition of each
particle, corresponding to a certain partition, using the
prior density of that partition. Also, the joint posterior
distribution can be factorized as:

pðY ijZiÞ ¼
YL
l¼1

pðyl, i Zij Þ: ð10Þ

The above proceeds from the assumption that the
partitions are not coupled in the sensor space. Since
the joint posterior distribution of the multipartition state
can be factorized into independent components, each
corresponding to one of the partitions, then, for each
particle, the partitions can be constructed indepen-
dently. Therefore, partitions are proposed independently
through the kinematic prior,

pðynl, ijy
n
l, i�1Þ, l ¼ 1, . . . ,L ð11Þ

and weighted. Therefore, the weight equation for each
partition reduces to:

w n
l, i / pðZijy

n
l, iÞ: ð12Þ

After resampling that involves obtaining a sample j of
the partition l from the weight distribution, the weight
received by each partition becomes the bias for that
partition, corresponding to particle n. Therefore,

bnl, i ¼ w j
l, i: ð13Þ

With the IP, one may permute the order of partitions
corresponding to the same partitions between particles,
constructing particles with good partitions. Another
benefit of the IP technique is that the choice of the

Proposed particles Proposed particles after partition sampling 

Particle 1: {y1
1, y1

2, y1
3} Particle 1: {y3

1, y1
2, y2

3}
Particle 2: {y2

1, y2
2, y2

3} Particle 2: {y1
1, y3

2, y2
3}

Particle 3: {y3
1, y3

2, y3
3} Particle 3: {y1

1, y2
2, y3

3}

Figure 2. Schematic of three particles with three partitions, where
the iteration subscript ‘i’ was omitted above. The particles are
formed after independent proposal of individual partitions and
sampling from the weight distribution of partitions. Here, the
partitions shown on the left received good weights and were more
likely to be chosen, thus forming particles that overall represent
information received by the measurements well.
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particles is biased towards the measurements. Since this
is a biased sampling scheme, the bias of the partitions
are retained and used in the final weighing step.
To express the procedure in a mathematical form, a
derivation of the weighing equation for the particles is
presented. The weight of the particle n¼ 1, . . . ,N will be:

w n
i / w n

i�1

p Zi Y
n
i

��� 	
p Y n

i Y n
i�1

��� 	
q Y n

i Y n
i�1

�� ,Zi

� 	 ð14Þ

where,

q Y n
i Y n

i�1

�� ,Zi

� 	
¼
YL
l¼1

q ynl, i y
n
l, i�1

��� ,Zi


 �
ð15Þ

is the proposal density used to propose each of the
particles. Recall that each of the partitions of the particle
was proposed using the kinematic prior of the partition
it represents and weighted with the whole posterior. This
weight biased its selection for placement in the particle.
Therefore,

q ynl, i y
n
l, i�1

��� ,Zi


 �
¼ bnl, ip ynl, i y

n
l, i�1

���
 �
: ð16Þ

Using (15) and (16) we have:

q Y n
i Y n

i�1

�� ,Zi

� 	
¼

YL
l¼1

bnl, i

 ! YL
l¼1

p ynl, i y
n
l, i�1

���
 � !
: ð17Þ

Therefore, the weight of each particle becomes:

w n
i / w n

i�1

p Zi Y
n
i

��� 	
p Y n

i Y n
i�1

��� 	
QL

l¼1 b
n
l, i


 � QL
l¼1 p ynl, i y

n
l, i�1

���
 �
 � ð18Þ

which, using the partition state independence
assumption

p Y n
i Y n

i�1

��� 	
¼
YL
l¼1

p ynl, i y
n
l, i�1

���
 �
ð19Þ

results to the simple expression:

w n
i / w n

i�1

pðZijY
n
i ÞQL

l¼1 b
n
l, i


 � : ð20Þ

MONTE CARLO MATCHING PURSUIT

ALGORITHM

The MCMPD identifies the transformation parame-
ters of the atoms that are suitable for the decomposition
of waveforms generated in the structure. This result to a

dictionary composed of time-shifted, frequency-shifted,
and scaled Gaussian enveloped chirped sinusoid atoms.
The atoms in the dictionary are updated during the
decomposition process by propagating their parameters,
or a new dictionary is formed according to how well the
dictionary used in the previous iteration of the MPD deco-
mposes the waveform. The goodness of the decomposition
at the k-th iteration is measured by the rate of decrease
on the fraction of residue Rpk ¼ jjr

kðtÞjj2=jjxðtÞjj2.
Here, jjxðtÞjj2 ¼ jhxðtÞ, xðtÞij2 represents the energy of
x(t). The state vector represented by each particle n,
where n¼ 1, . . . ,N is separated in L¼ 3 partitions.
The multidimensional state vector is expressed in terms
of the state vectors of each dimension as:

Y i ¼ y1, iy2, iy3, i
� T

¼ �i�i�i½ �
T

ð21Þ

where xT denotes the transpose of x, each partition yl,i
represents a transformation component of the atom,
and i¼ 0, . . . , I is the iteration step of the MCMPD.
Let each partition l¼ 1, . . . ,L evolve according to:

yl, i ¼ yl, i þ vl ð22Þ

with v being a uniformly distributed noise term that
takes values in a relatively small range that differs for
each of the partitions. This method of proposal is the IP
(Orton and Fitzgerald, 2002) method that avoids the
need of using a large amount of particles to effectively
sample the multidimensional density.

In the initialization subroutine i¼ 0 and the term yl,i�1
is set to zero. Moreover, the noise term vl for each
partition is uniformly distributed within [yl,min, yl,max].
This range is the same as the range of the parameters of
the atoms in the redundant MPD dictionary.

The goodness of the proposal of partition l of atom ~ynl, k
is evaluated, when possible, with a partition weighting
function, ~bnl, i / glð ~y

n
l, iÞ. For example, glð ~y

n
l, iÞ can be used

to weight time shifts with a function that is proportional
to the instantaneous energy of the signal at each proposed
time. For the frequency shift, the Welch periodogram
can be used. After obtaining all weights for each partition,
the weights are normalized, resulting to a partition
weight distribution for each partition f ~bnl, ig

N
n¼1. Then, an

index j 0n is sampled from the resulting distribution with
replacement. This results to the partition yn

0

l, i ¼ ~y
jn0
l, i

selected with bias bn
=

l, i ¼
~b
j
n
0

l, i . The partitions representing
scale, bn

=

l, i ¼ 1 since these are neither weighted, nor
sampled. The partitions are then concatenated into
particles Y n

i ¼ ½y
n
1, iy

n
2, iy

n
3, i�. Next follows the weighting

step of the whole atom. The weight equation utilizes
the inner product fðY n

i Þ ¼ hx,Y
n
i i of the waveform and

a particle. Therefore, particles with large weights will
be stronger candidates for becoming atoms that best
match the waveform structure. The proposal densities
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qðyl, ijyl, i�1Þ need to also be included in the denominator
for the weight function together with the biases bn

=

l, i of the
selection of the partitions. The proposal densities, how-
ever, are designed to be uniform and with the same
variance for each atom, which, when evaluated for each
partition results to the same constant value for all
partitions. Since the weights are evaluated up to propo-
rtionality, the uniform proposals can be removed from the
weight calculation. Therefore, the weights are calculated
as: w n

i / w n
i�1ðfðy

n
i Þ=�

L
l ðbl, iÞÞ. The weights fw n

i g
N
n¼1 are

then normalized forming a particle weight distribution
from which particles are resampled. The initialization and
update subroutines are described in Figure 3. After the
resampling step of the last update subroutine before each
MPD iteration, a set of particles result, many of which
have been resampled many times. Therefore, by removing
the particles that are repeated, the particle filtering

iteration results to a small set of atoms that match the
waveform structure and arewell suited for use by theMPD
for the decomposition of a signal or its residues. The
MCMPD algorithm is described in Figure 4.

RESULTS AND DISCUSSION

This section demonstrates the applicability of MPD
and MCMPD to analyze the wave signatures of
composite testbeds under various fault modes. Here,
MPD and MCMPD have been used as a data-driven
tool for detection and localization of defects in
composite structures under forced excitation.
Experiments were conducted to obtain the response of
a composite plate with surface bonded piezo electric
sensors and actuators. The actuator was subjected to 4.5
cycle tone burst signal with a central frequency of 8 kHz,
sampled at 100 kHz. It must be noted that the choice of
the excitation frequency was typically based on the
actuator performance. Such actuations, at this fre-
quency of operation, typically excite the first antisym-
metrical Lamb waves (A0 mode) propagating in
structures (Kessler, 2002). The phase velocity (vp) of
the Lamb wave depends on frequency-material thickness
product and bulk material properties. The phase velocity
can be obtained by solving the antisymmetrical Lamb
wave equation (Kessler et al., 2002). The group velocity
(vg) of the Lamb wave is dependent on the phase velocity
and can be obtained using the relationship:

vg ¼
vp

1� f=vp
� 	

@vp=@f
� 	 : ð23Þ

For each partition l=1,…,L 

For each particle n=1,…,N 

INITIALIZATION: Sample yn
l,i ~ U (yl,min, yl,max)

~

~
UPDATE: Sample yn

l,i ~ q (yl,i   y
n
l,i−1)

COMPUTE the weight bn
l,i ∝ gl (y

n
l,i) 

~ ~

NORMALIZE 

For each n ′ =1,..., N

Sample index j ′n from the distribution of bn
l,i  with replacement 

~

~
Keep the value and bias of the sample: n ′yn

l,i  = y
j
l,i , b

n
l,i  = b

j
l,i 

For each particle n=1,…,N 

ASSEMBLE particle from partitions Yn
i  = [yn

1,i ...y
n
L,i] 

COMPUTE  wi
n ∝ wi−1

n
nf (yi  )

Πl
L (b

n
l,i )

NORMALIZE {wi
n}N

n=1
N
n=1RESAMPLE particles according to {wi

n}

~ N{bn
l,i}n=1

′ ′ n ′

Figure 4. Pseudo code of initialization/update
subroutine.

INITIALIZATION subroutine

UPDATE subroutine (repeat M times)

MPD iteration
If Rpk – Rpk-1 < .05 and Rpk – Rpk-2 >.05 

Update subroutine-repeat M times 

If Rpk – Rpk-2 >.05 
Initialization subroutine
Update subroutine-repeat M times 

If Rpk < 0.1 OR k > 500 
END 

GOTO MPD iteration

Figure 3. Pseudo code of MCMPD algorithm.
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The time histories of the actuation signal and the
corresponding sensor responses, from healthy (zero
state) and defective samples were collected using a fast
data acquisition unit. The composite plate, under
consideration, was clamped at one end with a cantilev-
ered section 30.5 cm long by 5.1 cm wide, and of
0.00218 cm thickness. The plates were 16 layers carbon
fiber cyanate epoxy [0/90]4s laminated composite plates
(Figure 10), manufactured using a Hot Press.
The material properties for the laminated composite
were E1¼ 167GPa, E2¼ 8.13GPa, G12¼ 8.825GPa,
�¼ 1788.5 kg/m3, �12¼ 0.27, �23¼ 0.35. The bulk mate-
rial properties of the composite media were calculated to
solve the anti-symmetric Lamb wave equation and
thereafter the group velocity (Equation (23)) was
obtained corresponding to the central frequency of oper-
ation. Figure 5 demonstrates the placement of sensors
and the actuator for the composite beam. The investi-
gated damages were notches, saw-cut, drilled holes,
impact and delamination of 4.5 cm� 5 cm introduced at
the fourth interfaces from the midplane (Figure 5).
The discrete delaminations were artificially incorporated
by introducing a discontinuity in the media at designated
location (Figure 5). This was achieved by using two
rectangular pieces of Teflon sheet, cut according to the
required damage dimension and placed in between two
laminates during fabrication process. The other four
defects (notches, saw-cuts, drilled holes, impacts) were
introduced artificially.
The objective is to localize the damage, by decompos-

ing the disturbed signal (healthy – damaged) in terms
of wave-based dictionary elements and time-of-flight
analysis of these individual components to determine the
location of damage. The basic atom of the MPD is a
Gaussian enveloped chirped sinusoid and the dictionary
consists of elements that are the time-scaled, time-shifted,
and amplitude modulated version of the basic atom.
This atom was chosen because it satisfies the Lamb wave
modes. Figure 6 shows a typical example of a disturbed
signal overlapped with the modeled signal and also the
residue components after decomposition using MPD
algorithm. The sum of the extracted components would

represent the modeled data. Figure 7 shows a good
correlation in the spectrogram TFR of the original and
modeled data of sensor-1 (same test case as demonstrated
in Figure (6)).

In fiber-reinforced composites, when the traveling
wave experiences a sudden change (example disconti-
nuity due to delamination) in the media, a significant
part of the energy is reflected from the interface of the
discontinuity and rest of the energy is transmitted in the
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Figure 5. Experimental setup with structural dimensions and interfaces of composite beam.
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traveling direction. The triangulation algorithm is based
on the expected wave reflections from the damage and
plate edges. The basic logic of the triangulation
algorithm has been graphically demonstrated using the
c-scan of the sample plate with a seeded delamination
introduced at 4th interface from the mid-plane, as
shown in Figure 8. The time-of-flight information of
these individual components was used to determine the
location of the damage. Triangulation of damages
(for example, rectangular delamination) implies the
detection of the edges of the inclusion. For a reference
structure (considered healthy), the dominant waves
expected in sensor-1 response are the direct component
(indicated as ‘1’ in Figure 8) and the component
(indicated as ‘2’) that reflects back from the edge of
the free boundary. However, for a sample with some
defects at the designated location (Figure 8), additional
reflection (indicated as ‘RBC’) will appear somewhere in
between the direct component (indicated as ‘1’) and the
boundary reflection (indicated as ‘2’). The decomposed
components of the difference signal (healthy – damaged)
provides with several information like time-of-arrival,
frequency, duration, etc. of the reflection components
(from damage) which is further used to characterize and
localize the existing damage. With known group velocity
(�g) of the traveling wave packet, the time-of-arrival
information of individual reflection components was
used to estimate the distance of the damage location.
Figure 9 represents the pseudo code that has been
used to analyze the decomposed components of the
sensor signals.
The ability of the MCMPD algorithm to decompose

the same signals with less computational time and
without compromising accuracy is demonstrated in this
section. The estimated dictionary is composed of 100
atoms whose range is the same as those of the regular
MPD dictionary. The dictionary is estimated at every
particle filter iteration and adapts to the original
waveform and the residues resulting from the MPD.
Specifically, the initialization subroutine is used in the

beginning of the MCMPD algorithm, followed byM¼ 2
applications of the update subroutine. The MPD is used
until the fraction of residue Rpi at iteration i does not
decrease further than 0.05 over one iteration step, when
M¼ 2 update subroutines are used. Moreover, if the
fraction of residue does not drop more than 0.05 over
two successive MPD iteration steps, the initialization
subroutine is used, followed again byM¼ 2 applications
of the update subroutine. The iterations are terminated
when either the fraction of residue drops below 0.1 or
the maximum time of iterations I¼ 500 is reached.
Figure 10 shows the test case where the same sensor
signal (demonstrated in Figure 6) has been modeled
using MCMPD technique. In Figure 10, the top plot
represents the true values of the waveform overlapped
with the modeled values and the bottom plot represents
the residue components after decomposition. Figure 11
also shows a good correlation in the spectrogram TFR
of the original and modeled data of sensor-1. Also
Figure 11 reveals that the TF structure of the modeled
signal using MCMPD is closer to the TF structure of the
original waveform when compared to MPD as demon-
strated in Figure 7. In Figure 12, it is shown using 50
Monte Carlo simulations, that the MCMPD algorithm
with a reduced size dictionary decomposes the given
waveform with a fraction of residue comparable to the
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RUN MPD/MCMPD algorithm

Td: Extract time-of-flight (TOF) information of the decomposed components  

L = LAS1 + LS1S2 + LS2F 

If sensor 1 
Td = Td – LAS1/vg

Lx = (Td /2)/ vg

Ld = L – (LAS1 + Lx)

If sensor 2 

Td = Td – (LAS1 + LS1S2) /vg

Lx = (Td /2) /vg

Figure 9. Pseudo code to triangulate damage reflections from
sensor data.
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MPD with a nonadaptive dictionary, but with less
computational time. In Figure 12, we compared the
residues of MCMPD and standard MPD. To obtain a
fixed amount of residue (say 20%), the number of

decompositions (or iterations) required by the MCMPD
is much less than the standard MPD requirement.
From Figure 12 it can be concluded that MCMPD
algorithm is at least three times faster than standard
MPD technique under the same test scenario. This is due
to the fact that the MCMPD, although uniformly
proposing atom locations within the TF domain,
appropriately weighs the atoms using the structural
information of the waveform to eventually select those
atoms that better match the waveform characteristics.
Therefore, the MCMPD is especially useful in locating
TF locations of the waveform even if those are found
sparsely in the TF domain.

In Table 1, the damage locations are predicted from
experimental data of individual sensors using both MPD
and also MCMPD algorithms. The presence of the
damage is sensed by both (neighboring) sensors in terms
of changes in wave signatures. Hence both the sensor
signals have been individually characterized using both
MPD and MCMPD algorithms. The reason that sensor-
2 provides a better information on the damage location
for both MPD and MCMPD is due to the fact that
it experiences a more significant change in the received
waveform for damaged and healthy cases when
compared to the other sensor. Moreover it is important
to note that for certain damages there are multiple

Table 1. Predicted damage locations.

Defect description MPD MCMPD

Type and
dimension
(in meter)

Actual location (m)
of damage from

free end

Estimated
location (m)

Sensor-1 reading

Estimated
location (m)

Sensor-2 reading

Estimated
location (m)

Sensor-1 reading

Estimated
location (m)

Sensor-2 reading

Drilled holes (0.001 dia.) 0.075–0.085 0.147 0.136 0.152 0.062
0.101 0.149 0.138 0.071

Delamination (0.045� 0.05) 0.055–0.10 0.119 0.094 0.152 0.062
0.087 0.099 0.147 0.066

0.113 0.124 0.096
Notch (0.02) 0.07–0.09 0.124 0.113 0.138 0.062

0.117 0.133 0.066
0.145 0.071

Saw-cut (0.02) 0.085 0.115 0.080 0.115 0.076
0.101 0.085 0.101 0.080
0.087 0.083 0.080

Impact (see Figure 13) Unknown 0.147 0.080 0.152 0.062
0.103 0.143 0.066
0.108 0.138 0.101
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entries of predicted damage locations under each sensor
depending on reflection components. In reality, the
difference signal (healthy – damaged) of each sensor
data is a result of multiple components reflected from
the defective zone. Both MPD and MCMPD have
decomposed the difference signal into multiple compo-
nents using the available dictionary atoms and thus
Table 1 provides different number of estimated distance
information. From the results, it can be observed that
the locations of the damages estimated by the MCMPD
are closer to the true values than those obtained by the
MPD. This is because the MCMPD is able to propose
atoms in continuous locations on the time frequency
plane, in contrast to the MPD that is confined only on
discrete points. This enables the atoms to more closely
represent the waveform at hand.

CONCLUDING REMARKS

A wave-based approach is used to localize damages
in composite laminates in terms of the changes in the
signature of the resultant wave that propagates through
the anisotropic medium. The use of the novel MCMPD
has been demonstrated as a signal processing technique
to compare signals from the healthy and damaged
structures. The MCMPD iteratively estimates the
parameters of the atoms that are appropriate for the
effective decomposition of a given signal. This results to
a compact and dynamic dictionary that adapts to the
signal and its residues prior to the application of the
MPD and during its iterations. It has been shown
through simulations that a compact dictionary adapted
to the waveform structure accelerates the MPD
decomposition without compromising accuracy in the
decomposition. Furthermore, it has been demonstrated
through the accuracy of the estimation of the damage
location that the MCMPD can create atoms more suited
to the signal structure. This is attributed to the fact that
the MCMPD places dictionary elements in continuous
locations in the TF plane versus discrete locations in the
case of dictionaries used in the conventional MPD.

LIST OF SYMBOLS

x ¼ test signal
y ¼ atom state vector
L ¼ total number of partitions
l ¼ l-th partition

N ¼ total number of dictionary elements
n ¼ n-th dictionary elements
K ¼ total number of iterations
k ¼MPD iteration index
i ¼MCMPD iteration index
� ¼dilation or scaling factor

� ¼ translation factor
� ¼modulation factor
� ¼ uniformly distributed random variable

Rp ¼ fraction of residue
LAS1 ¼Distance between actuator and sensor-1
LS1S2 ¼Distance between sensor-1 and sensor-2
LS2F ¼Distance between sensor-2 and free end
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