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Abstract

A new smart composite box beam model is developed to investigate the behavior of helicopter rotor blades built around the active box
beam. Piezoelectric actuators and sensors are surface bonded on the walls of the composite box beam. The new theory, based on a refined
higher order displacement field of a plate with eccentricity, is a three-dimensional model which approximates the elasticity solution so that
the box beam cross-sectional properties are not reduced to one-dimensional beam parameters. Both in-plane and out-of-plane warpings are
included automatically in the formulation. The formulations also include nonlinear induced strain effects of piezoelectric actuators. The
procedure is implemented using finite element method. The developed theory is used to model the load carrying member of helicopter rotor
blades with moderately thick-walled sections. Static analysis of the smart box beam under varying degrees of actuation has been performed.
Very good overall agreement is observed with available experimental data for thin-walled sections without embedded actuators. The results
show that piezoelectric actuation significantly reduces the deflection along the box beam span and therefore can be used to control the
magnitude of rotor blade vibrations. The nonlinear actuation effect is found to be closely related to the material stiffness of the primary
structure.q 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Recent research has shown that improvement in helicop-
ter vibration can be achieved through the implementation of
active control technology using smart materials. Smart
composite structures have received considerable attention
due to the potential for designing adaptive structures that
are both light in weight and possess adaptive control
capabilities. Due to the high strength-to-weight ratio offered
by composites, structural weight is much less of an issue
compared to isotropic materials. Therefore it is no longer
necessary to use thin-walled sections to model the load-
carrying sections. For example, thick composite spars are
currently being used to model the principal load carrying
element in the Advanced Technology Blades (ATB) [1]
used in the XV-15 tilt rotor aircraft. The classical theories
are no longer adequate for modeling such sections. Also, the
incorporation of smart materials into the primary structure
introduces additional discontinuities that require careful
modeling. Thus, it is essential to develop a general
framework for the comprehensive analysis of such smart

composite structural elements of arbitrary wall thickness
and embedded and/or surface bonded actuators.

Beam theories associated with isotropic materials have
been well understood for years [2]. Recently, several
composite beam theories [3–6] have been reported. The
more comprehensive anisotropic theories rely on a full
three-dimensional (3D) finite element solution that can
become very computationally intensive [4,5]. A comprehen-
sive modeling of beams with solid cross sections was also
presented using a full 3D finite element solution technique
[7]. The variational asymptotic approach was used to model
beams of arbitrary cross sections [3], which includes warp-
ing terms. In the variational asymptotic approach [8], the 3D
properties of the beam are reduced to 1D beam properties
(extension, twist and two bending terms) and the beam
response is then approximated based on a 1D analysis.
The theory does include both in-plane and out-of-plane
warping effects. In other analysis of closed sections
[6,9,10] as well as in some of the 3D finite element models
[5], the classical laminate theory is used to model the indi-
vidual plate elements of each beam. The theory, which
neglects transverse shear effects, is only appropriate for
thin laminates. However, in case of anisotropic material,
the changes in interlamina stiffnesses lead to nonnegligible
transverse shear deformation even for “so-called” thin
laminates [11–13].
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The static and dynamic responses of composite beam and
rotor blades with surface bonded piezoceramic actuators
were reported by Chandra [14] and Park and Chopra [15].
A smart composite beam model was developed to represent
the load carrying structure using strain theory. The indivi-
dual blade control of vibration reduction using a smart blade
structure was also studied by Nitzsche [16]. Recently, Chen
and Chopra [17,18] investigated an alternate scheme of
distributed piezo actuators to actively twist the blade. In
their work, a 1D uniform strain theory was used to predict
the static response. Later, Chen and Chopra [19] refined the
1D uniform strain theory to include closely spaced actuator
interaction effects, based on block-force assumption, and
developed a Bernoulli–Euler plate theory to predict the
static response of smart composite beams. However, the
structural analysis used in their work were based on a single
solid beam approach. Such an approach cannot accurately
represent real rotary wing load-carrying structures.

A study of vibratory loads reduction of rotor blades using
piezoelectric materials is presented. A new smart composite
box beam model is developed to investigate vibration
control of helicopter rotor blades built around the active
box beam. The mechanical behavior of the composite box
beam with surface bonded and embedded piezoelectric

actuators and sensors is studied in detail. A previously
developed higher order theory based composite box beam
approach [20] is modified to model rectangular box beams,
of arbitrary wall thickness, with surface bonded piezoelec-
tric actuators. Further, refinements are also made to the
theory to take into account the effect of eccentricities in
plate theory caused by the presence of surface bonded actua-
tors. The theory, which is based on a refined displacement
field, is a 3D model which approximates the elasticity solu-
tion so that the beam cross-sectional properties are not
reduced to 1D beam parameters. Both in-plane and out-of-
plane warping are included automatically in the formula-
tion. The developed model satisfies the stress free boundary
conditions at the inner and outer surfaces of the beam.
Continuities in displacements are also ensured at the inter-
face between the composite laminate and the embedded
piezoelectric actuators. The analytical model is implemen-
ted using the finite element technique. Since the relation-
ships between the induced strain due to actuation and the
applied electric field are nonlinear in nature [21], formula-
tion presented in the current research includes these
nonlinear induced strain effects.

2. Higher order theory based formulation

A single-celled composite box beam of arbitrary wall
thickness is used to model the principal load-carrying
element in the rotor blade (Fig. 1). The piezoelectric actua-
tors and sensors are surface bonded to the top and bottom
surfaces of the box beam. The box beam is modeled using
composite laminates representing the four walls (Fig. 2).
Since the neutral plane in the box beam structure does not
coincide with the mid-plane of the plate, the eccentricity
between the neutral plane of the box beam and the middle
plane of the individual plate must be taken into account in
formulating the stiffness of the smart box beam. Therefore, a
general higher order displacement field is developed to
model the individual composite walls with eccentricity.
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Fig. 1. Rotary wing with piezoelectric actuators.

Fig. 2. Composite box beam.



The in plane displacements are assumed to be effectively
expressed by a cubic function through the thickness (z) and
the transverse displacement is assumed to be independent of
z. To model such structures, the general displacement field
is defined as

u1�x;h; z� � u0�x;h�2 z
2u3�x;h�

2x
1 zcx�x;h�

1 z2fx�x;h�1 z3wx�x;h�

u2�x;h; z� � v0�x;h�2 z
2u3�x;h�

2h
1 zch�x;h�

1 z2fh�x;h�1 z3wh�x;h�

u3�x;h; z� � w0�x;h� �1�
where,u1, u2 andu3 are the in-plane and out-of-plane displa-
cements at a point�x;h; z�, u0, v0 and w0 represent the
displacements at the mid-plane,cx and ch represent the
rotations of the normals to the mid-plane andfx, fh, wx

andwh are the higher order terms. The higher order func-
tions are determined based on the condition that the trans-
verse shear stresses,sxz andshz, vanish on the inner and
outer surfaces (Fig. 3) of the beam.

sxz�x;h; z � hT� � 0; shz�x;h; z � hT� � 0

sxz�x;h; z � hB� � 0; shz�x;h; z � hB� � 0: �2�
For composite laminates made up of layers of orthotropic
lamina, this is equivalent to the requirement that the corre-
sponding strains be zero on these surfaces:

1xz�x;h; z � hT or hB� � 2u1

2z
1

2u3

2x
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2h
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From Eq. (3), the higher order terms can be expressed by the
lower order terms:

fx � 2
hT 1 hB

2hThB
cx; wx � 1

3hThB
cx

fh � 2
hT 1 hB

2hThB
ch; wh � 1

3hThB
ch: �4�

Using Eq. (4), it can be shown that the original displacement
field (Eq. (1)) is reduced to the following refined displace-
ment field:
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2w0�x;h�

2x
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2
z2

2
hT 1 hB
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2h

� �

2
z2

2
hT 1 hB

hThB
ch�x;h�1

z2

3hThB
ch�x;h�

u3�x;h; z� � w0�x;h�: �5�
For an orthotropic composite plate with piezoelectric

layers, the constitutive relationships can be written as

s � �Q�1 2 L� �6�
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Fig. 3. Modeling composite plate with eccentricity.

Fig. 4. Variation of bending slope of thin-walled box beam under 1 lb tip
bending load.

Fig. 5. Variation of twist angle of thin-walled box beam under 1 lb tip
bending load.



whereQ is the elastic stiffness matrix,1 ands are the strain
and stress vectors, respectively andL is the induced strain
vector.

3. Nonlinear induced strain

The electro-mechanical coupling between the applied
electric field,E, and the induced strain,L, in the piezo-
electric material is governed by the coupling coefficient
matrix,d, which represent piezoelectric material properties.
The behavior of piezoelectric actuators under high applied
voltage was studied by Tiersten using a theory linear in
displacement gradients but cubic in electric field [22]. In
the current study, the experimental results of Crawley and
Lazarus [21] was used to model the nonlinear effect.
According to this study, the coupling coefficients depend
on the actual strain in the actuator as well. That is

L � dT�1�E � �dT
0 1 1pdT

1 1 1pT1pdT
2 1 …�E �7�

However, due to the weak nonlinearity, they can be rewrit-
ten using first order Taylor series expansion without loss of
the accuracy.

L ù �dT
0 1 1pdT

1�E: �8�
The coefficients contained ind0 and d1 can be identified
using functional relationships of the strain versus electric
field obtained from experimental data of an unconstrained
piezoelectric actuator, and the details of the strain matrix1p

is given in the Appendix. The benefit of using the current
nonlinear induced strain formulation, as shown in Eq. (8), is
that the final governing equations remain linear.

4. Finite element modeling

The finite element method (FEM) is used to implement
the refined higher order theory since it allows for the analy-
sis of practical geometry and boundary conditions. The
finite element equations are derived using the variational
principle, which is stated as follows:

dP �
Z

z

Z
V
d1TsdVdz2

Z
V
duTqdV

�
Z

z

Z
V
d1T �Q�1 2 L�dVdz2

Z
V
duTqdV � 0 �9�

whereV is integration area of box beam andq is the applied
load vector. To discretize the smart box beam structure,
cubic Hermit interpolation function is used for the three
translation displacement components,u0, v0 and w0. For
the two rotational components,cx andch, linear interpola-
tion function is employed. Here, these interpolation func-
tions are combined into one interpolation matrix,N, and the

matrix form of the discretization is stated as follows:

u � Nu0; 1 � LNu0 �
X3
i�0

ziBi

 !
u0;

Di �
Z

z
zi �Qdz

�10�

with
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i�0

ziL i

 !
N; Bi � L iN: �11�

Using Eq. (10), the discretized form of variational principle,
Eq. (9), can be expressed as follows:
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Therefore, the global finite element equations are then writ-
ten as

�K 2 Kn�u0 � f 1 fp �13�
with
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Z
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where the quantitiesK , F andu denote the regular stiffness
matrix, the force vector due to a distributed load and the
nodal displacement vector, respectively. The quantityK n

represents the additional stiffness matrix due to the
nonlinear part of induced strain andFp is the force vector
due to linear part of piezoelectric actuation. It can be seen
from Eq. (12) that the nonlinear component of induced
strain affects the structural stiffness through the introduction
of the additional stiffness components.

5. Results and discussion

A correlation with available thin-walled composite box
beam data is presented first to illustrate the accuracy of the
model. Next, numerical results are presented for a rotor
blade built around the active box beam with surface bonded
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piezoelectric actuator pairs subjected to a static distributed
load.

To validate the developed procedure, comparisons are
made with experimental results of a thin-walled box beam
[9] and a previously developed analytical model [10]. The
analytical model developed by Smith and Chopra [10] is a
1D thin-walled beam model, based on the Classical Lami-
nate Theory, in which the out of plane warping effects are
based on a contour analysis. The details of the beam studied
are presented in Table 1, whereE is the Young’s modulus
andn is the Poisson’s ratio. Figs. 4 and 5 present the bend-
ing slope and the induced twist, respectively, for a 1 lb
vertical load at the tip. Very good agreement is observed
between the results obtained using the present theory and
the experimental data in most cases. It is also seen that
results predicted in Ref. [9] are significantly lower than
the experimental data, particularly for the induced twist
due to vertical tip load (Fig. 5). Further, the current results
are in excellent agreement with those obtained using the
variational asymptotical approach [23] well suited for this
thin-walled box beam.

Further validation is performed for a symmetric 458 thick-
walled box beam (Table 1) using the NASTRAN results due
to the lack of available experimental data. The thick-walled

beam configuration represents a typical example of thick
composite load carrying member with transverse shear
effects. The beams studied have a length-to-width ratio
�L=c� of 2.5 and a width-to-height ratio�c=d� of 2. The
wall thickness is selected in this study as 0.25 in. resulting
in the values of the width-to-thickness ratio,c=h� 8, in the
horizontal walls and the height-to-thickness ratio,d=h� 4,
in the vertical walls. This beam configuration is subjected to
a 100 lb bending load at the tip as well as a 100 lb in. tip
moment. Figs. 6 and 7 present the elastic twist for the thick-
walled beam in both load cases, obtained using the present
model and NASTRAN analysis. The NASTRAN results are
obtained using QUAD4 plate elements based on first-order
shear deformation theory. Very good correlation is observed
between the present approach and NASTRAN analysis.
This indicates that the present model is able to accurately
capture the significant transverse shear effects present in the
thick-walled composite box beam.

Next, parametric studies are conducted to investigate the
optimal placement of a pair of piezoelectric actuators with
dimensions, 10× 6.5 × 0.02 in., located at the top and
bottom surfaces, by varying their spanwise locations (Fig.
8). Graphite/epoxy material is used for the composite box
beam (properties listed in Table 2). As seen from Fig. 9, due
to piezoelectric actuation, the percentage reductions in all
three tip deformation (flap, lag and twist) generally increase
as the actuator approaches the fixed end. However, when the
actuators are placed very near to the fixed end, there is
sudden increase in both lag deflection and twist angle.
The maximum reductions in the flap and lag deflections
and the twist angle, measured at the box beam tip, are
about 20, 18 and 15%, respectively. The observation support
the fact that the best location of the actuators, along the
cantilever box beam span, is near the fixed end, where the
largest control authority is expected.

To calculate the actuation capability, results are presented
for the Graphite/epoxy box beam covered by a layer of
piezoelectric actuators at the top and the bottom surfaces
(Figs. 10–12). The values of the flap deflection (Fig. 10), the
lag deflection (Fig. 11) and the twist angle (Fig. 12) decrease
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Fig. 6. Variation of twist angle of thick-walled box beam under 100 lb tip
bending load.

Table 1
Details of experimental beam

Length 30 in.
Width 0.953 in.
Depth 0.53 in.
Ply thickness 0.005 in.
Number of plies 6
Total wall thickness 0.030 in.
E1 20.59× 106 psi
E2 1.42× 106 psi
G12 0.89× 106 psi
G13 0.70× 106 psi
n12 0.42
Horizontal wall lay-up [458]6

Vertical wall lay-up [458/ 2 458]3

Fig. 7. Variation of twist angle of thick-walled box beam under 100 lb in.
tip moment.



substantially with increase in the electric voltage. At actua-
tion of 400 V, the flap and the lag deflection and the twist
angle at the box beam tip reduce by about 75, 80 and 98%,
respectively, compared to the case without actuation. Due to
the discrete nature of the actuators, two cases of the smart
box beam with discretely located actuators are also
presented (Figs. 13–15). Eight pairs of actuators are placed
consecutively near the fixed end in Case 1 and they are
assumed to be located evenly along the box beam span in
Case 2. Once again, the box beam deformation reduces with
increase in the voltage. However, the magnitude of reduc-
tion is more significant in Case 1 (actuators are near fixed
end) compared to that in Case 2 (actuators are evenly
located along the span). As observed from Figs. 13–15,
the reductions in flap deflection (Fig. 13), lag deflection
(Fig. 14) and twist angle (Fig. 15) in Case 1 under the
actuation of 200 V is even larger than the corresponding
reductions obtained in Case 2 under 400 V. This means

that the most effective location of actuators is near the
fixed end of the cantilever box beam, irrespective of the
number of actuator pairs that are used. The presence of
the actuators alters the box beam stiffness. Therefore, the
discontinuity observed in the slope of the twist angle, as
shown in Figs. 14 and 15, is due to the sudden change in
spanwise stiffness of the smart box beam at discrete actuator
location.

To investigate the effects of composite parameter varia-
tions on the smart composite box beam, two cases with
different ply stacking sequence of [908/458/ 2 458/908]S

and [08/458/ 2 458/908]S are studied. It is assumed that the
same ply stacking sequence is applied to four walls and two
pairs of piezoelectric actuators are located at the clamped
end and the middle of the box beam, respectively. The flap,
lag and twist deformations are presented in Figs. 16–18, for
both ply stacking sequence cases, without and with active
control (200 V). As seen from these figures, the percentage
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Fig. 8. Composite box beam configuration.

Table 2
Material properties of smart box beam

E1 (gsi) E2 (gsi) n12 G12, G13 (gsi) G23 (gsi) dL ( × 1029 in/V) d0 ( × 1029 in/V) d1 ( × 1025 in/V)

Graphite/epoxy 25 1 0.33 0.5 0.2
Glass/epoxy 5.67 1.6 0.3 0.58 0.28
PZT 9.14 9.14 0.33 3.51 3.51 9.921 9.724 3.299



A. Chattopadhyay et al. / Composites: Part B 30 (1999) 603–612 609

Fig. 9. Effect of actuator location.

Fig. 10. Flap deflection of box beam bonded by 15 pairs of actuators at top
and bottom surfaces.

Fig. 11. Leg deflection of box beam bonded by 15 pairs of actuators at top
and bottom surfaces.

Fig. 12. Twist angle of box beam bonded by 15 pairs of actuators at top and
bottom surfaces.

Fig. 13. Flap deflection of box beam bonded by 8 pairs of actuators at top
and bottom surfaces (Case 1: actuators placed near the clamped end; Case
2: actuators placed evenly along the span).

Fig. 14. Leg deflection of box beam bonded by 8 pairs of actuators at top
and bottom surfaces (Case 1: actuators placed near the clamped end; Case
2: actuators placed evenly along the span).



reductions in all three deformations are about the same
(about 40%) for both cases with active control. This implies
that stiffness changes in the box beam will not have much
effect on the active control authority using piezoelectric
actuators. Once again, the discontinuity in slope of the
twist angle is observed in Fig. 18 at discrete actuator loca-
tion.

It must be noted that since the stiffness of the box beam
structure is substantially higher than that of a plate structure,
more powerful piezoelectric actuators are required to effec-
tively control such structure. The theory and the finite
element model developed in this research is expected to
serve as an accurate analysis tool for thick-walled composite
box beam structures controlled by piezoelectric actuators
within the theory of piezoelectro-elasticity. The issue of
the applied voltage which current piezoelectric actuators
can withstand was not considered critical since research
on advanced piezoelectric actuators is still on going. New
actuators that can withstand higher voltage will be practical
in the near future. Therefore, results are presented for a high
voltage case (400 V) to examine the potential control
authority for future helicopter blade design.

Finally, the nonlinear induced strain effect on smart
composite beams is considered. The static response under
actuation only is analyzed and it is assumed that all of the
beam surfaces are covered with piezoelectric actuators.
Comparisons of box beam flap deflections with and without
nonlinear induced strain effect are presented in Figs. 19 and
20 for graphite/epoxy and glass/epoxy, respectively. Less
than 4% deviation is observed for the graphite/epoxy box
beam with higher stiffness as shown in Fig. 19. However,
significant deviation (about 10%) is obtained for the glass/
epoxy box beam with lower stiffness (Fig. 20). This implies
that the nonlinear induced strain effect on smart composite
box beams is closely related to the stiffness of the primary
structure. The lower the stiffness, the higher is the nonlinear
induced strain effect.
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Fig. 15. Twist angle of box beam bonded by 8 pairs of actuators at top and
bottom surfaces (Case 1: actuators placed near the clamped end; Case 2:
actuators placed evenly along the span).

Fig. 16. Flap deflection of box beam with ply stacking sequences of [908/
458/ 2 458/908]S and [08/458/ 2 458/908]S.

Fig. 17. Lag deflection of box beam with ply stacking sequences of [908/
458/ 2 458/908]S and [08/458/ 2 458/908]S.

Fig. 18. Twist angle of box beam with ply stacking sequence of [908/458/ 2

458/908]S and [08/458/ 2 458/908]S.



6. Concluding remarks

A single-celled composite box beam analysis is devel-
oped using a higher order composite laminate theory that
accounts for the distributions of shear strains through the
thickness of each wall. Individual displacement fields are
assumed for each of the four box beam walls. Continuity
between the displacement fields is enforced at each of the
four corners throughout the thickness of each plate. The
resulting solutions of cross-sectional deformations are an
approximation of the exact elasticity approach. In this
regard, the standard beam degrees of freedom (extension,
twist and two bending terms) are not used. The cross section
of the beam is fully described by stretching, bending, twist-
ing, shearing and both in-plane and out-of-plane warping.
The developed theory is capable of modeling composite box
beams of arbitrary wall thickness and will be useful in
describing the deformation of moderately thick-walled
load carrying members currently being used in rotary
wing applications. The following important observations
are made:

1. The developed model provides means of accurately eval-
uating transverse shear deformation and nonlinear
induced strain effects.

2. Current solutions agree very well with available experi-
mental data in cases without actuation.

3. For smart box beam with angle ply, conventionally
placed actuators control deformations not only in flap
plane but also in lag plane and twist.

4. Actuator position affects control authority significantly.
5. Nonlinear induced strain effect on smart composites is

closely related to composite material stiffness.
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Appendix. Details of nonlinear induced strain

Generally, the electro-mechanical coupling between the
applied electric field,E, the induced strain,L, the coupling
coefficient matrix,d, and the strain matrix,1p, described in
Eqs. (7) and (8) are as follows:

L � { L1 L2 L3 L4 L5 } T
; E � { E1 E2 E3 } T

d �
0 0 0 d15 0

0 0 d24 0 0

d31 d32 0 0 d36

2664
3775;

1p �

11 0 0 0 0

0 12 0 0 0

0 0 13 0 0

0 0 0 14 0

0 0 0 0 15

26666666664

37777777775

�A1�

where,1 i, L i, Ei anddij are the corresponding components.
Since the coupling coefficients,dij, depend on the actual
strain in the actuator as well, they can be expressed in the
order of the strain dependency as shown in Eq. (8), in which
the components ofd0 andd1 are

d0 �
0 0 0 d0

15 0

0 0 d0
24 0 0

d0
31 d0

32 0 0 d0
36

26664
37775

d1 �
0 0 0 d1

15 0

0 0 d1
24 0 0

d1
31 d1

32 0 0 d1
36

26664
37775 �A2�
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Fig. 19. Nonlinear induced strain effect for box beam made of graphite/
epoxy.

Fig. 20. Nonlinear induced strain effect for box beam made of glass/epoxy.



According to Crawley and Lazarus [21], these coefficients
depend on the corresponding strain components only and
they can be identified using functional relationships of the
strain versus electric field obtained from experimental data
of an unconstrained piezoelectric actuator.
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