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Micromechanics-based progressive failure
analysis of composite laminates using
different constituent failure theories

Albert M Moncada1, Aditi Chattopadhyay1, Brett A Bednarcyk2

and Steven M Arnold2

Abstract

Predicting failure in a composite can be performed using ply level mechanisms and/or micro level mechanisms. This paper

uses the generalized method of cells and high-fidelity generalized method of cells micromechanics theories, coupled with

classical lamination theory, to study progressive damage in composites. Different failure theories, implemented at the

fiber and matrix constituent level within a laminate, are investigated. A comparison is made among maximum stress,

maximum strain, Tsai-Hill, and Tsai-Wu failure theories. To verify the failure theories, the Worldwide Failure Exercise

experiments are used. The Worldwide Failure Exercise is a comprehensive study that covers a wide range of polymer

matrix composite laminates. The objectives of this paper are to evaluate the current predictive capabilities of the

generalized method of cells and high-fidelity generalized method of cells micromechanics theories for the progressive

failure prediction of polymer matrix composite laminates and to evaluate the influence of four failure criteria applied at

the fiber/matrix constituent scale. The numerical results demonstrate overall agreement with the experimental results

for most of the composite layups examined, but also point to the need for more accurate resin damage progression

models.
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Introduction

The goal of micromechanics is to predict the mechan-
ical behavior of the composite material, given the
arrangement and mechanical behavior of the constitu-
ent materials within a composite. If only effective elastic
properties are required, the micromechanics problem
simplifies considerably, and a number of micromecha-
nics theories can provide reasonable results (see
Herakovich1 for examples and comparisons). If, how-
ever, local nonlinear effects, such as damage, debond-
ing, and inelasticity need to be captured, the
micromechanics theory must be capable of predicting
the local stress and strain field gradients throughout the
composite. Consequently, if the matrix at a particular
location within the simulated composite reaches its
yield or failure stress, a local deformation and/or
damage model is utilized to predict the inelastic strain
accumulation and/or damage response.2–12 A key
advantage of micromechanics vs. macromechanics of

a ply is the ability to apply such nonlinear models at
the constituent scale, where simpler monolithic damage
and inelasticity models can be used.

In this paper, the generalized method of cells (GMC)
and high-fidelity generalized method of cells (HFGMC)
micromechanics theories, coupled with classical
lamination theory1,13 (as implemented within NASA’s
Micromechanics Analysis Code with Generalized
Method of Cell (MAC/GMC)14), are employed to
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predict theWorldwide Failure Exercise (WWFE) lamin-
ate behavior. The WWFE is a collection of comprehen-
sive experiments that covers a wide range of polymer
matrix composites (PMCs).15,16 Six laminates were
used to achieve a broad range of layups. They included
different types of constituent materials (fiber and
matrix), layups of the laminates (unidirectional, angle-
ply, cross-ply, quasi-isotropic), and loading conditions.
The contributors to the exercise were given the same
material data for the plies and constituents. The
WWFE data was then compared with the different
PMC failure theory predictions from various
authors.17,18 It should be noted that the WWFE was
geared towards ply level failure analysis methods
rather than micromechanics based methods like those
employed herein. Thus, while basic fiber andmatrix elas-
tic and strength properties were provided, additional
data needed to accurately capture the nonlinear neat
resin response curves were not.

Most of the contributors to the WWFE used lamina
level mechanics for their theories. There were some
that used some micromechanics properties in the for-
mulation for other uses such as failure strain limits,
post-failure analysis, failure criterion, and stress mag-
nification factors. Chamis17 was the only contributor in
the original exercise that used full micromechanics
theories for finding the laminate responses. When the
WWFE continued in 2002,19 two new micromechanics-
based theories were added by Mayes and Hansen20

using a multi-continuum theory and by Huang21

using a bridging theory. All of these contributors
started off with the constituent properties but used
varying factors to match them to ply level properties,
whereas this work does not.

The focus of the current study is to examine the influ-
ence of the choice of failure criterion (i.e., maximum
stress, maximum strain, Tsai-Hill, and Tsai-Wu) for a
given constituent (microscale) on the overall ability to
predict composite failure at the macroscale. Note that
no modifications are made to account for the in-situ
behavior of the constituents. Rather, pure predictions
are made using the constituent properties provided by
the WWFE. As such, the predictions presented here do
not benefit from the ‘‘anchor points’’ along the axes in a
ply level failure envelope plot that correspond to ply ten-
sile and compressive strengths. The anchor points in the
present model are predicted from the constituent level
elastic and strength properties. Consequently, it is
expected that the overall correlation of the numerical
simulations with experiment could benefit from backing
out in-situ properties, which would enable significantly
better matching of the ply level response. This study was
performed to show the feasibility of this method to use
constituent properties and generate lamina and laminate
responses that perform comparably to properties

generated from ply level testing. Furthermore, a basic
step function (i.e., subvolume elimination) has been
employed to simulate damage progression at the fiber/
matrix scale. Namely, once a subvolume within the
micromechanicsmodel satisfies the applicable failure cri-
terion, it is then instantaneously assigned a near zero
stiffness. Again, the predictions should benefit from a
more progressive transition from damage initiation to
complete loss of stiffness on the micro scale, but this
was not attempted in this study. The results presented
herein should thus be interpreted as a preliminary appli-
cation of GMC and HFGMC to PMC laminate failure
with an eye toward identifying areas for improvement
and the influence of failure criterion selection on the
overall composite response and failure.

Background

The family of micromechanics theories, known collect-
ively as the GMC, has been employed in the present
paper. These methods provide semi-closed form expres-
sions for the effective constitutive behavior of a com-
posite material, including nonlinear effects such as
damage, debonding, and inelasticity, which can be
modeled internally based on the local fiber and matrix
stress and strain fields. The original method of cells22,23

considered a doubly periodic repeating unit cell (applic-
able for continuous reinforcement) and was limited to
only four subcells (one fiber and three matrix). This
theory was generalized by Paley and Aboudi24 to con-
sider an arbitrary number of subcells and thus constitu-
ent phases. The resulting GMC thus enables analysis of
repeating unit cells containing more than two constitu-
ent materials, a more refined fiber shape, and various
fiber architectures (i.e., fiber packing arrangements).
A triply periodic version of GMC has also been devel-
oped,25 which models short fiber and particulate rein-
forced composites, as well as porous materials.

Fundamental to GMC is the assumed linear dis-
placement field, which produces subcells with a state
of constant stress and strain. Therefore, no additional
quadrature points are necessary within each subcell to
track nonlinear effects; a single subcell value (at the
centroid) for each component will suffice. Also, these
constant stress and strain fields result in a lack of
normal to shear coupling which limits the accuracy of
GMC’s local stress and strain fields. That is, if only
global normal loads are applied, then locally, only
normal stresses are produced. Similarly, if only global
shear loads are applied, then only local shear stresses
are generated. On the positive side, GMC’s lack of
shear coupling enables the method’s equations to be
reformulated such that unique tractions serve as the
basic unknowns, which significantly increase the com-
putational efficiency of the method by hundreds to
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thousands of times for sufficiently complex repeating
unit cells.26,27 Finally, due to the constant fields,
GMC is completely insensitive to subcell grid refine-
ment, as long as the architecture of the repeating unit
cell is not altered by such grid refinement.
Consequently, the least refined representation of a
given Representative Unit Cell (RUC) architecture
that allows for the capturing of the salient features of
the microstructural geometry will suffice.

A newer but related micromechanics model,
HFGMC, has overcome GMC’s lack of normal and
shear coupling28,29 by assuming a second order Taylor
series expansion for each subcell’s displacement field,
along with additional equations required to enforce
continuity and periodicity. The result is more accurate
at local stress and strain fields, but at the expense of
more intensive computational demands. Further,
HFGMC exhibits subcell grid refinement dependence
(although less extreme than typical finite element
mesh refinement), along with the need to track field
variables at quadrature points within each subcell to
account for nonlinear inelastic effects. Aboudi30,31 has
provided review papers summarizing the work done to
date by researchers around the world using both the
GMC and HFGMC micromechanics theories.

Failure theories

The failure theories compared herein, all of which are
applied on the fiber/matrix constituent level, are the
maximum stress, maximum strain, Tsai-Hill, and
Tsai-Wu criteria. A comparison of these failure theories
applied at the ply level is provided by Herakovich.1 The
maximum stress criterion can be expressed as

XC 5 �11 5XT �23j j5Q
YC 5 �22 5YT �13j j5R
ZC 5 �33 5ZT �12j j5S

ð1Þ

where the stress components are subcell values, XT, YT,
andZT are the tensile material normal strengths,XC,YC,
and ZC are the compressive material normal strengths,
and Q, R, and S are the material shear strengths. Note
that compressive strengths are negative. Violation of any
part of equation (1) indicates failure of the subcell.

Similarly, the maximum strain criterion can be
written as,

X"C 5 "11 5X"T �23
�� ��5Q"

Y"C 5 "22 5Y"T �13
�� ��5R"

Z"C 5 �33 5Z"T �12
�� ��5S"

ð2Þ

where the strain components are subcell values, X"T,
Y"T, and Z"T are the tensile material normal failure
strains, X"C, Y"C, and Z"C are the compressive material

normal failure strains, and Q", R", and S" are the mater-
ial shear failure. Note that compressive failure strains
are negative. Violation of any part of equation (2) indi-
cates failure of the subcell.

The fully multiaxial Tsai-Hill criterion32 failure
surface is expressed as,
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where, in order to incorporate differing tensile and
compressive strengths, X, Y, and Z have the additional
constraints:

X ¼
XT �11 � 0

XC �11 5 0

�
Y ¼

YT �22 � 0

YC �22 5 0

�

Z ¼
ZT �33 � 0

ZC �33 5 0

� ð4Þ

Subcell failure is indicated when the function on the
left-hand side of equation (3) is greater than 1. Finally,
the Tsai-Wu failure surface33 can be written as,
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where the compressive strengths are negative. The inter-
action coefficients, F12, F13, and F23, herein have been
taken according to Tsai and Hahn,34

F12 ¼ �
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XTXCYTYC

p F13 ¼ �
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XTXCZTZC

p

F23 ¼ �
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YTYCZTZC

p ð6Þ

Note that the Tsai-Wu theory with the interaction
terms taken according to Reference 20 have been
denoted ‘‘Tsai-Wu (Hahn)’’. Subcell failure is indicated
when the function on the left-hand side of equation (6)
is greater than 1.

The use of these failure criteria has both advantages
and disadvantages.35 For the maximum stress and max-
imum strain theories, the implementation is very
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simple. The drawback of these two failure criteria is
that they do not account for any interactions among
the stress components. The advantage of using the Tsai-
Hill and Tsai-Wu (Hahn) failure criteria is that they
account for interaction among the stress components.
The disadvantages are that they are more complex, and
the Tsai-Wu criterion introduces additional coefficients.
If the material is isotropic, the Tsai-Hill failure criteria
reduces to the von Mises failure criterion. The Tsai-Wu
(Hahn) failure criteria was incorporated into these
simulations so the effects of hydrostatic stress could

be included since they are omitted in the Tsai-Hill cri-
teria. Both the Tsai-Hill and Tsai-Wu criterion have
been implemented into GMC in order to model failure
of both isotropic and orthotropic constituent materials.

Numerical analysis and results

The considered materials, laminate lay-ups, and load-
ing cases are shown in Table 1 and were extracted from
References 2. Schematics of these laminates used are
shown in Figure 1, with the fiber orientation and

Figure 1. Laminate composite layup orientations for a) (90/0)s, b) (90/�45/0)s, c) (�55)s, d) (90/�30)s, and e) (�45)s.

Table 1. Summary of composite laminates and specific loading cases examined for each composite system.16

Material Laminate lay-up Loading case and description

AS4/3501-6 (0�/� 45�/90�)s laminate 1. �y vs �x failure stress envelope

2. Stress/strain curve for �y:�x¼ 1:0

3. Stress/strain curve for �y:�x¼ 2:1

T300/BSL914C 0� unidirectional lamina 4. �x vs �xy failure stress envelope

E-glass/LY556/HT907/DY063 0� unidirectional lamina 5. �y vs �xy failure stress envelope

(90�/� 30�)s laminate 6. �y vs �x failure stress envelope

7. �x vs �xy failure stress envelope

E-glass/MY750/HY917/DY063 0� unidirectional lamina 8. �y vs �x failure stress envelope

(0�/90�)s cross ply laminate 9. Stress/strain curve for �y:�x¼ 0:1

(�55�)s angle ply laminate 10. �y vs �x failure stress envelope

11. Stress/strain curve for �y:�x¼ 1:0

12. Stress/strain curve for �y:�x¼ 2:1

(�45�)s angle ply laminate 13. Stress/strain curve for �y:�x¼ 1:1

14. Stress/strain curve for �y:�x¼ 1:�1
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relative layer thickness shown to scale. The constituent
material properties are shown in Tables 2 and 3.

The results presented below are pure predictions
based on the fiber/matrix constituent properties pro-
vided in Reference 2. A linear elastic constituent
model is used until the material has reached the failure
criteria. Within this constituent model, the simplest
damage progression model, a step function, has been
employed herein. That is, once a subcell has reached
failure according to the applicable failure criterion, its
stiffness is instantaneously reduced to 0.01% of its ori-
ginal value. This is done identically regardless of the
mode of failure. In the case of HFGMC, where stresses
vary within a subcell, the subcell average stress is
employed to predict failure. Clearly, a much more
involved failure progression model can be incorporated
in the future, and within HFGMC, subcell quadrature
point-based failure, rather than subcell average failure,
could be considered. In all cases, the 26� 26 subcell
repeating unit cell, shown in Figure 2, was employed.
Note that this repeating unit cell is quite refined in

Table 2. Fiber material properties.16

Fiber type AS4 T300

E-glass

Gevetex

E-glass

Silenka

Longitudinal modulus, Ef1 (GPa) 225 230 80 74

Transverse modulus, Ef 2 (GPa) 15 15 80 74

In-plane shear modulus, Gf12 (GPa) 15 15 33.33 30.8

Major Poisson’s ratio, n12 0.2 0.2 0.2 0.2

Transverse shear modulus, Gf23 (GPa) 7 7 33.33 30.8

Longitudinal tensile strength, XfT (MPa) 3350 2500 2150 2150

Longitudinal compressive strength, Xfc (MPa) 2500 2000 1450 1450

Longitudinal tensile failure strain, f1T (%) 1.488 1.086 2.687 2.905

Longitudinal compressive failure strain, f1C (%) 1.111 0.869 1.813 1.959

Table 3. Matrix material properties.16

Matrix type 3501-6 epoxy

BSL914C

epoxy

LY556/HT907/

DY063 epoxy

MY750/HY917/

DY063 epoxy

Manufacturer Hercules DFVLR Ciba Geigy Ciba Geigy

Modulus, Em (Gpa) 4.2 4 3.35 3.35

Shear modulus, Gm (GPa) 1.567 1.481 1.24 1.24

Poisson’s ratio, n12 0.34 0.35 0.35 0.35

Tensile strength, YmT (MPa) 69 75 80 80

Compressive strength, YmC (MPa) 250 150 120 120

Shear strength, Sm (MPa) 50 70 $ $

Tensile failure strain, "mT (%) 1.7 4 5 5

Figure 2. GMC and HFGMC 2626 subcell repeating unit

cell employed to model the plies in the various WWFE

laminates.
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terms of those typically used in GMC and
HFGMC26,29 and is sufficient for capturing the local
fields accurately in the context of these models.

For the failure surfaces within this work, both the
initial and final failures are shown. The experimental
values are shown as open circles while the four differ-
ent subcell failure criteria are represented as various
line types. In each case, the predicted initial failure
envelope is of the same type as its associated final

failure line type, except for the addition of symbols
to the line type. There are, however, some cases
where the initial failure is not shown because it is
only 1 to 2MPa from the final failure surface. These
cases were all of the unidirectional laminas (Figures 3,
4, and 5) and the failure surface for the �(55)s lamin-
ate, Figure 6.

The percent error equation used for quantifying the
error in the plots is shown in equation (7). Two

Figure 4. (0�/�45�/90�) laminate AS4/3501-6: �y vs �x failure stress envelope with (a) GMC and (b) HFGMC.

Figure 3. Method for calculating E and S for percent error calculation for (a) failure surfaces and (b) stress-strain curves.
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methods were used to calculate the distances between
the simulation (S) and experiment (E) within the failure
surfaces and stress–strain curves. Figure 7 shows how E
and S are calculated for the failure surface. The mag-
nitude for the experiment is measured from the origin
to the experimental point, E. The same loading ratio is
used and the value on the simulated failure surface is

acquired as S. This is then averaged for all the experi-
mental points. If there are common experimental points
along a similar loading ratio, the mean is calculated and
used as E for that loading ratio. For calculating the
magnitudes for the stress–strain curves, a horizontal
line is drawn from the vertical axis through the experi-
mental point and through the simulation. The percent

Figure 6. Tsai-Hill plots of Representative Unit Cell for (0�/�45�/90�) laminate with loading of �y : �x¼ 1 : 0 using GMC. The failed

subcells are circled with blue ellipses. RUC: Representative Unit Cell.

Figure 5. (0�/�45�/90�) laminate AS4/3501-6: Stress/strain curves for �y : �x¼ 1 : 0 with (a) GMC and (b) HFGMC.
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error is again calculated for all the experimental points
and averaged.

% error ¼
S� Ejj

E
� 100 ð7Þ

(0�/� 45�/90�) laminate, AS4/3501-6: �y vs �x fail-
ure stress envelope. A comparison of theoretical predic-
tions to experimental results for the failure stress
envelope in the global directions (X, Y), see Figure 1,
is shown in Figure 4(a) for GMC and Figure 4(b) for
HFGMC. The GMC and HFGMC simulations predict
final failure that is similar for all failure theories, with
HFGMC predicting somewhat wider failure initiation
envelopes. This could be attributed to the quasi-isotro-
pic laminate washing out the intricacies of each failure
theory. This is verified by calculating the percent error
associated with the failure surfaces, Table 4. Also, from
Table 4 we can see that the Tsai-Hill and Max Strain
failure criteria were ranked first and second, respect-
ively, for both GMC and HFGMC simulations. The
final failure envelopes are similar for the failure criteria
for the first, second, and fourth quadrants. The failure
criteria show good agreement with experiment in the
first and fourth quadrants, while the second quadrant
has no experimental data. There is an over-prediction
for all criteria in the third quadrant, which could be
attributed to specimen buckling. The over-prediction
in this quadrant contributes to most of the error for
all of the failure surfaces. In the initial failure envelope,
all the failure criteria are similar for the second and
fourth quadrant, but vary in the first and third. It
should be noted that there is clear variability among
criteria for damage initiation, but all the failure criteria

are very close for predicting final failure. It seems that
final failure is controlled more by how damage pro-
gresses, which is not as dependent on the particular
failure criterion.

(0�/� 45�/90�) laminate, AS4/3501-6: stress/strain
curves for �y:�x¼ 1:0. A comparison of theoretical pre-
dictions to experimental results for tension loading
along the y-direction is shown in Figure 5(a) for
GMC and Figure 5(b) for HFGMC. The experimental
values are shown as open circles while the four different
subcell failure criteria are shown with various line types
as denoted in the legend.

All of the failure criteria predictions are similar to
one another, as are the predictions of GMC and
HFGMC. The onset of initiation of damage (as indi-
cated by deviation from linearity) between the experi-
ments and the predictions is very good as well.
Subsequent to initiation, the simulations exhibit both
a lower secondary slope and ultimate composite failure

Figure 7. (0�/�45�/90�) laminate AS4/3501-6: Stress/strain curve for �y : �x¼ 2 : 1 with (a) GMC and (b) HFGMC.

Table 4. Percent error for AS4/3501-6 failure stress envelope

for both GMC and HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 32.1 3 36.6 4

Max strain 31.5 2 32.8 2

Tsai-Hill 30 1 32.5 1

Tsai-Wu (Hahn) 33.6 4 33.4 3

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.
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stress than the experimental results. This is similar to
the results from the ply level theory of Bogetti et al.36

for this load case. Figure 6 illustrates the magnitude of
the Tsai-Hill failure criterion at the microscale, thus
enabling one to observe the onset of failure in the
fiber and matrix using GMC. Failure occurs when the
values surpass the critical value of 1 whereupon the
corresponding subcell stiffness is reduced to approxi-
mately zero and thus reducing its load carry ability.
Within the figure, the failed subcells are circled with
blue ellipses. From Figure 6 it is clear that the initial
ply failure starts in between 125 and 250MPa within
the matrix of the �45� layers which corresponds to the
main stiffness change shown in Figure 5. The second
ply failure, within the 0� layer, occurs between 250 and
375MPa, which corresponds to the minor shifts in
Figure 5. The final failure of the 90� layer caused the
complete laminate failure.

The percent errors for the four failure theories are
shown in Table 5 for both GMC and HFGMC. As was

shown in Figure 5, the percent errors for all of the
failure theories are low with the best being the Max
Stress and Max Strain for both GMC and HFGMC.

(0�/� 45�/90�) laminate, AS4/3501-6: stress/strain
curves for �y:�x¼ 2:1. A comparison of theoretical pre-
dictions to experimental results for combined tension
loading (�y¼ 2 �x) is shown in Figure 7(a) for GMC
and Figure 7(b) for HFGMC. The experimental values
are shown as open circles for the strain along the
x-direction and open squares for the strain along the
y-direction, while the four different subcell failure cri-
teria are shown with various denoted line types.

The various failure criteria predictions are similar to
one another. In the GMC case, the failure criteria
under-predict the final failure and over predict the non-
linearity caused by progressive failure. The progression
of subcell and ply failure can again be observed by
plotting the Tsai Hill failure criteria (for example) as
shown in Figure 8. Again within the figure, the failed
subcells are circled with blue ellipses. The ply matrix

Figure 8. Tsai-Hill plots of Representative Unit Cell for (0�/�45�/90�) laminate with loading of �y : �x¼ 2 : 1 using GMC. The failed

subcells are circled with blue ellipses. RUC: Representative Unit Cell.

Table 5. (0�/� 45�/90�) laminate AS4/3501-6 percent error for the stress/strain curves with �y:�x¼ 1:0 loading

for both GMC and HFGMC

GMC HFGMC

"x %

error

"y %

error

Average

% error Rank

"x %

error

"y %

error

Average

% error Rank

Max stress 5.5 5.5 5.5 1 7.2 5.7 6.5 1.5

Max strain 5.0 7.4 6.2 2 5.4 7.6 6.5 1.5

Tsai-Hill 5.8 8.6 7.2 4 6.8 8.3 7.6 4

Tsai-Wu (Hahn) 8.7 4.7 6.7 3 9.6 3.7 6.7 3

GMC: generalized method of cells; HFGMC: high-fidelity generalized method of cells.
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subcell failures correspond to the changes in slope
of composite stress–strain response with the initial,
secondary, and final failure occurring within the
�45�, 0�, and 90� layers, respectively. The percent
error for both GMC and HFGMC predictions are
very similar for the Max Stress, Max Strain, and Tsai
Hill (see Table 6), with the Tsai-Wu (Hahn) theory dis-
playing slightly higher error.

0� lamina, T300/BSL914C: �x vs �xy failure stress
envelope. A comparison of theoretical predictions and
experimental results for the transverse and shear load-
ing failure stress envelope is shown in Figure 9(a) for
GMC and Figure 9(b) for HFGMC. The percent error
is similar among all of the failure theories, Table 7. The
difference between the predicted failure shear stress of
all the failure criteria and the median failure of the
experiments is 20MPa for GMC and 19MPa
HFGMC. There is a large scatter between the high
and low of the experimental data for the shear stress

alone, with the high being 101.3MPa and low being
55.2MPa. This makes it difficult to give an accurate
deviation between the experimental and predicted
data for pure shear loading, although the models are
clearly significantly under predicting the shear failure.
The deviation between GMC and HFGMC, however,
is small, therefore suggesting that the cause lies some-
where other than the micromechanics formulation. The
large amount of scatter within the experimental results
of Figure 9 indicate that capturing stochastic effects in
the model would be advantageous. There is not much
scatter between the various failure criteria, but this
could be attributed to the large discrepancy between
the shear and axial failure stresses. There is a slight
variation when the failure mechanism switches between
tension and the shear failures.

0� lamina, E-glass/LY556/HT907/DY063: �y vs �xy
failure stress envelope. A comparison of theoretical pre-
dictions to experimental results for the transverse and

Figure 9. 0� lamina T300/BSL914C: �x vs �xy failure stress envelope with (a) GMC and (b) HFGMC.

Table 6. (0�/� 45�/90�) laminate AS4/3501-6 percent error for the stress/strain curves with �y:�x¼ 2:1 loading for

both GMC and HFGMC

GMC HFGMC

"x % error "y % error

Average

% error Rank "x % error "y % error

Average

% error Rank

Max stress 40.1 12.4 26.3 2 43.3 14.6 29.0 2.5

Max strain 40.5 11.9 26.2 1 43.3 14.6 29.0 2.5

Tsai-Hill 40.5 12.2 26.4 3 43.5 13.6 28.6 1

Tsai-Wu (Hahn) 41.7 14.8 28.3 4 43.5 16.7 30.1 4

GMC: generalized method of cells; HFGMC: high-fidelity generalized method of cells.
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shear loading failure stress envelope is shown in
Figure 10(a) for GMC and Figure 10(b) for
HFGMC. The best fit for the experimental data was
the Tsai-Wu (Hahn) failure criteria, which offered
good correlation with the transverse tension and com-
pression loading. The percent error quantifies how well
the Tsai-Wu (Hahn) performed compared to the other
failure theories, see Table 8. The pure shear loading was
under-predicted by approximately 18MPa for all fail-
ure criteria, which was a percent error of 29.2%. The
pure shear loading, however, improved to 13MPa
under-prediction using HFGMC which was a percent
error of 21.6%. There also is an interaction with the
shear stress and transverse compressive stress in the
experiments that delays failure that the models did
not capture. The correlation would clearly benefit
from using in-situ constituent properties, which would
allow the model to reproduce the pure shear loading
data point. The differences between the GMC and
HFGMC models are small compared to those among
the various failure criteria. The Tsai-Hill envelope
shows the greatest deviation between GMC and
HFGMC. This case is very different than the first fail-
ure surface case in which the final failure surfaces are
very similar. This could be attributed to this system
being a single lamina. Within the other laminates, the
various stacking sequences helped mask this effect.

(90�/� 30�/90�) laminate, E-glass/LY556/HT907/
DY063: �y vs �x failure stress envelope. A comparison
of theoretical predictions to experimental results for the
failure stress envelope in the normal directions is shown
in Figure 11(a) for GMC and in Figure 11(b) for
HFGMC. All the failure theories seem to be consistent
with one another with minor deviations for both the

GMC and HFGMC final failure envelopes, except for
the Tsai-Wu (Hahn) wherein significant variation
between GMC and HFGMC is observed. Both have
varying initial failure envelopes with significant differ-
ences in the third quadrant (although little experimental

Figure 10. 0� lamina E-glass/LY556/HT907/DY063: �y vs �xy failure stress envelope with (a) GMC and (b) HFGMC.

Table 7. Percent error for T300/BSL914C failure stress enve-

lope for both GMC and HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 37.6 1.5 37.1 1.5

Max strain 37.6 1.5 37.1 1.5

Tsai-Hill 38 3 37.4 3

Tsai-Wu (Hahn) 39.5 4 39.1 4

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.

Table 8. Percent error for E-glass/LY556/HT907/DY063 �y vs

�xy failure stress envelope for both GMC and HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 36.5 2 36 2

Max strain 36.8 3 36.1 3

Tsai-Hill 38.1 4 38 4

Tsai-Wu (Hahn) 28 1 31.9 1

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.
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data is given in this quadrant). This is also where the
failure prediction has the greatest deviation from the
experimental data. This suggests the presence of a com-
pressive failure mechanism (e.g., buckling, fiber kink-
ing) that is not being captured by the models. There is a
slight deviation in the second quadrant as well, but not
as severe as in the third quadrant. The first and fourth
quadrants agree well with the experimental data.
Table 9 shows the errors to be high but this is skewed
by the large discrepancies in the third quadrant. This
laminate is behaving similar to the AS4/3501-6 lamin-
ate in the first test in which there is a clear variability
among criteria for damage initiation, but all the failure
criteria are very close for predicting final failure. This is
true for all the cases except the Tsai-Wu (Hahn) using
HFGMC.

(90�/� 30�/90�) laminate, E-glass/LY556/HT907/
DY063: �x vs �xy failure stress envelope. A comparison
of theoretical predictions to experimental results for the
failure stress envelope in the x-direction and shear load-
ing is shown in Figure 12(a) for GMC and Figure 12(b)
for HFGMC. The final failure envelopes are very simi-
lar to one another, except with the Max Strain failure
criterion having a higher prediction for the pure shear
stress failure for GMC. The failure criteria lead to an
over-prediction for both pure shear and compression.
The tension, on the other hand, is a slight under-pre-
diction. The initial failure envelopes seem similar, but
with slight variations. The initial failure envelopes for
the HFGMC tend to occur at higher stresses than those
in GMC. Overall, the predictions for this laminate have
the general shape of the experimental failure envelope.
Table 10 shows that the Tsai-Hill and Tsai-Wu (Hahn)
had the lowest percentage error for both GMC and
HFGMC. This laminate is behaving similar to the
AS4/3501-6 laminate in the first test and the previous
(90�/� 30�/90�) laminate in which there is a clear vari-
ability among criteria for damage initiation, but all the
failure criteria are very close for predicting final failure.

0� lamina, E-glass/MY750/HY917/DY063: �y vs �x
failure stress envelope. A comparison of theoretical pre-
dictions to experimental for the failure stress envelope
in the normal directions is shown in Figure 13(a) for
GMC and Figure 13(b) for HFGMC. For the limited
experimental data given, one failure criteria fits the data
the best for GMC. The Tsai-Wu (Hahn) predicts the
transverse compressive stress very well and follows

Figure 11. (90�/�30�/90�) laminate E-glass/LY556/HT907/DY063: �y vs �x failure stress envelope with (a) GMC and (b) HFGMC.

Table 9. Percent error for (90�/� 30�/90�) laminate E-glass/

LY556/HT907/DY063 �y vs �x failure stress envelope for both

GMC and HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 40.5 4 53.8 3

Max strain 40.4 3 44.2 2

Tsai-Hill 38.5 1 41.9 1

Tsai-Wu (Hahn) 40.2 2 60.7 4

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.
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the data well within the fourth quadrant for GMC. For
the HFGMC, though, Tsai-Wu (Hahn) over-predicts
the transverse compressive stress but predicts the trans-
verse tensile stress well. Table 11 confirms that the Tsai-
Wu (Hahn) had the lowest error for GMC, but the
over-prediction using HFGMC proved to put it last
among the four theories. The disparity among the
four failure theories for both GMC and HFGMC is
displayed prominently for this composite system and
layup. This system is very similar to the other unidirec-
tional case, E-glass/LY556/HT907/DY063, where the
final failure surfaces are very different between the vari-
ous failure criteria. This shows that within a single
lamina the failure criteria play a big role in dictating
the shape.

(0�/90�) cross ply laminate, E-glass/MY750/HY917/
DY063: stress/strain curve for �y:�x¼ 0:1. A comparison
of theoretical predictions to experimental results for
tension loading in the x-direction is shown in
Figure 14(a) for GMC and Figure 14(b) for HFGMC.
The experimental values are shown as open circles while
the four different subcell failure criteria are shown as
various denoted line types.

For both the GMC and HFGMC, the various failure
criteria predictions are very similar to one another. They
all over-predict the final failure by 40MPa. For the
GMC, the failure theories all follow the "y strain well,
but the Max Strain and Tsai-Hill failure criteria follow
the "x strain curve better than the other two failure cri-
teria. For the HFGMC, the failure theories all follow the
"y strain curve well with the Max Strain criterion curve
nowmatching the other criteria curves closely. Figure 15
shows the Tsai-Hill micro plots of the two layers during
loading for the GMCmodel where the failed subcells are
circled with blue ellipses. The first failure is the matrix
within the 0� layer. The second failure within the lamin-
ate is the matrix within the 90� layer. The final failure for
the laminate is the fiber failurewithin the 90� layer, which
is aligned with the loading direction in this case. The
corresponding shifts in the stress–strain curve are
shown in Figure 14. The failure theory that performed
the best for both the GMC and HFGMC was the Tsai-
Hill method, see Table 12. The large errors in the x-direc-
tion could be attributed to the small values in the strain
compared to the larger values in the y-direction in the
percentage error equation.

Figure 12. (90�/�30�/90�) laminate E-glass/LY556/HT907/DY063: �x vs �xy failure stress envelope with (a) GMC and (b) HFGMC.

Table 10. Percent error for (90�/� 30�/90�) laminate E-glass/

LY556/HT907/DY063 �x vs �xy failure stress envelope for both

GMC and HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 19.2 3 21.7 3

Max strain 21.4 4 23.2 4

Tsai-Hill 17.6 1 21.1 2

Tsai-Wu (Hahn) 17.8 2 20.4 1

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.
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�55� angle ply laminate, E-glass/MY750/HY917/
DY063: �y vs �x failure stress envelope. A comparison
of theoretical predictions to experimental data for
the failure stress envelope in the normal directions
is shown in Figure 16(a) for GMC and Figure 16(b)
for HFGMC. The experimental values are shown as
open circles while the four different subcell failure cri-
teria are shown as various line types. The initial failure
envelope is not included because the initial envelope
was only 1 to 2MPa from the predicted final failure
envelope for all failure criteria.

The simulated failure envelopes do not accurately
predict the experimental data for HFGMC. Rather,
the GMC captures the data set better, predicting
larger failure envelopes, especially in the third quad-
rant. This is also apparent in the percentage errors,
which were lower for GMC compared to HFGMC,
Table 13. The Tsai-Wu (Hahn) criterion provided the
best prediction for both GMC and HFGMC for this
case. All failure theories struggled to predict accurate
results in the first quadrant, with a large discrepancy

along the tensile �y-axis. This discrepancy is explored in
more detail in the next section.
�55� angle ply laminate, E-glass/MY750/HY917/

DY063: stress/strain curves for �y:�x¼ 1:0. A compari-
son of theoretical predictions to experimental
results for loading along the y-direction is shown in
Figure 17(a) for GMC and Figure 17(b) for
HFGMC. The experimental values are shown as open
circles while the four different subcell failure criteria are
shown as various line types.

The predictions of the various failure criteria are
very similar to one another. They all under-predict
the final failure significantly with very little damage
progression. Neither GMC nor HFGMC correlate
well with the experiments. Clearly a mechanism is not
being captured by the models as the observed failure
response is much more gradual and progressive than
the model predictions. It is noted that the present
MAC/GMC simulations are based on plate geometry
for the laminate, while the experimental specimens were
tubular. Bogetti et al.36 suggest that models for this
WWFE laminate must adapt to account for the fiber
realignment in the tubes and also to radial expansion or
contraction of the tube. This holds true for the �55�

and �45� test specimens whose ply level strain state is
dominated by shear. An improved matrix level damage
progression model (beyond the step function used
herein) could also potentially improve the correlation
for this case. As seen in micro plots of the Tsai-Hill
failure criterion, Figure 18 for GMC, the upper and
lower portions of the RUC develop most of the stresses,
and once the outer matrix subcells fail (those circled
with blue ellipses), the damage progresses to the neigh-
boring matrix subcells in subsequent steps, until final
failure is achieved. The percent errors were not calcu-
lated since all of the failure criteria performed similarly.

Figure 13. 0� lamina E-glass/MY750/HY917/DY063: �y vs �x failure stress envelope with (a) GMC and (b) HFGMC.

Table 11. Percent error for 0� lamina E-glass/MY750/HY917/

DY063 �y vs �x failure stress envelope for both GMC and

HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 27.2 4 19.9 2

Max strain 17.4 2 17.4 1

Tsai-Hill 25.7 3 28.5 3

Tsai-Wu (Hahn) 12.3 1 30.7 4

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.
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Figure 14. (0�/90�) cross ply laminate E-glass/MY750/HY917/DY063: Stress/strain curve for �y : �x¼ 0:1 with (a) GMC and

(b) HFGMC.

Figure 15. Tsai-Hill plots of Representative Unit Cell for (0�/90�) laminate with loading of �y : �x¼ 0:1 using GMC. The failed

subcells are circled with blue ellipses. RUC: Representative Unit Cell.

Table 12. Percent error for (0�/90�) cross ply laminate E-glass/MY750/HY917/DY063 with loading �y:�x¼ 0:1

for both GMC and HFGMC

0/90

GMC HFGMC

"x % error "y % error

Average

% error Rank

"x %

error "y % error

Average

% error Rank

Max stress 40.9 9.8 25.4 4 26.1 10.9 18.5 3

Max strain 25.9 8.1 17.0 2 47.2 8.4 27.8 4

Tsai-Hill 25.2 7.3 16.3 1 24.3 7.4 15.9 1

Tsai-Wu (Hahn) 40.1 9.8 25.0 3 26.1 8.5 17.3 2

GMC: generalized method of cells; HFGMC: high-fidelity generalized method of cells.
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�55� angle ply laminate, E-glass/MY750/HY917/
DY063: stress/strain curves for �y:�x¼ 2:1. A compari-
son of theoretical predictions to experimental results
for combined tension loading is shown in Figure 19(a)
for GMC and Figure 19(b) for HFGMC. The experi-
mental values in the x-direction are shown as open cir-
cles, the experimental values in the y-direction are
shown as open squares, and the four different subcell
failure criteria predictions are shown as various
line types.

For the GMC, there is a large deviation between the
different failure theory predictions. All the theories
have the same shape and capture the experimental
data reasonably well. The Max Strain theory best cap-
tures the final failure, Table 14. The HFGMC, how-
ever, did not capture the failure well in this load case.
It under-predicted final failure for all failure criteria,

but followed the shape of the experimental curve well
up until its predicted final failure.
�45� angle ply laminate, E-glass/MY750/HY917/

DY063: stress/strain curve for �y:�x¼ 1:1. A compari-
son of theoretical predictions to experimental results
for equal tension loading in both the x and y direc-
tions is shown in Figure 20(a) for GMC and Figure
20(b) for HFGMC. The experimental values in the x-
direction are shown as open circles, the experimental
values in the y-direction are shown as open squares,
and the four different subcell failure criteria predic-
tions are shown as various line types. It is noted
that, for a �45� laminate subjected to �y:�x¼ 1:1,
there is no theoretical distinction between the "y and
"x response. This should be the case for the experi-
ments as well, but applying inner pressure to the tube
specimens combined with tension produced slightly
varied values for the strains.

The various failure criteria predictions are very simi-
lar to one another for both the GMC and HFGMC. All
of the failure criteria follow both the "x and "y curves
very well. They all captured the initial failure that chan-
ged the slope for the stress–strain plot. The models did,
however, over-predict the final failure significantly, by
approximately 200MPa. The Max Stress failure theory
provided the lowest percent error between the failure
theories, Table 15.
�45� angle ply laminate, E-glass/MY750/HY917/

DY063: stress/strain curve for �y:�x¼ 1:�1.
A comparison of theoretical predictions to experimen-
tal results for y-directional tension and x-directional
compression is shown in Figure 21(a) for GMC

Figure 16. �55� angle ply laminate E-glass/MY750/HY917/DY063: �y vs �x failure stress envelope with (a) GMC and (b) HFGMC.

Table 13. Percent error for�55� angle ply laminate E-glass/

MY750/HY917/DY063 �y vs �x failure stress envelope for both

GMC and HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 52.1 4 54.9 4

Max strain 47.6 2 49.4 2

Tsai-Hill 48.7 3 50.2 3

Tsai-Wu (Hahn) 44.2 1 44.3 1

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.

1482 Journal of Reinforced Plastics and Composites 31(21)



and Figure 21(b) for HFGMC. The experimental
values are shown as open circles while the four differ-
ent subcell failure criteria are shown as various line
types.

The various failure criteria predictions are very simi-
lar to one another for both the GMC and HFGMC. All
of the failure criteria follow both the "x and "y slope
very well, but they under-predict the final failure

Figure 18. Tsai-Hill plots of Representative Unit Cell for �55� laminate with loading �y : �x¼ 1 : 0 using GMC. The failed subcells

are circled with blue ellipses. RUC: Representative Unit Cell.

Figure 17. �55� angle ply laminate E-glass/MY750/HY917/DY063: Stress/strain curves for �y : �x¼ 1 : 0 with (a) GMC and

(b) HFGMC.
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significantly, by 50MPa. This case is similar to the
�55� angle ply laminate E-glass/MY750/HY917/
DY063 under the loading ratio of �y:�x¼ 1:0, where
the ply level strain state is dominated by shear. Once
again, the models significantly under-predict the
damage progression prior to final failure, with GMC
predicting somewhat tougher laminate behavior com-
pared to HFGMC.

Overall performance. The performance of the various
failure theories was separated into two different cate-
gories: performance in stress–strain curve prediction
and performance in failure surface prediction,
Table 16. For the stress–strain curves, the Max Stress
and Max Strain performed the best. They performed

consistently toward the top for both methods of simu-
lation, GMC and HFGMC. The Tsai-Hill failure
theory and Tsai-Wu (Hahn) finished third and fourth,
respectively. For the failure surfaces, it was a little
more varied. For the GMC method, the Tsai-Wu
(Hahn) method finished first but for HFGMC it fin-
ished third. The Tsai-Hill performed well for these
cases, placing second using both GMC and HFGMC.
The Max Strain criteria performed well too. It finished
third using GMC and first using HFGMC. The Max
Stress criteria did not perform well in predicting the
failure surfaces. It placed fourth for both GMC and
HFGMC analyses. These differences among the the-
ories are caused by the multiaxial in-situ micro scale
stress and strain states in each ply, which results in a
predicted different initiation, and then progression, of
damage for each theory.

One aspect that comes to light is that a failure
theory could perform well in predicting the stress–
strain curves but could be less effective in predicting
the failure surfaces. The basic failure theories, Max
Stress and Max Strain, kept the error lower in pre-
dicting the stress–strain curves but have a harder
time calculating final failure. The failure theories
that took into account the multiaxial stress states,
Tsai-Hill and Tsai-Wu (Hahn), did a better job of
predicting the final failures. Overall, the Max Strain
failure theory was the best compromise at predicting
the material behavior well in the stress–strain curves
and in predicting the final failure within GMC and
HFGMC.

Figure 19. �55� angle ply laminate E-glass/MY750/HY917/DY063: Stress/strain curve for �y : �x¼ 2 : 1 with (a) GMC and

(b) HFGMC.

Table 14. Percent error for �55� angle ply laminate E-glass/

MY750/HY917/DY063 with loading �y:�x¼ 2:1 for both GMC

and HFGMC

GMC HFGMC

% Error Rank % Error Rank

Max stress 26.6 3 76.7 2

Max strain 12.0 1 73.4 1

Tsai-Hill 25.1 2 77.9 3

Tsai-Wu (Hahn) 39.5 4 78.8 4

GMC: generalized method of cells; HFGMC: high-fidelity generalized

method of cells.
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Figure 21. �45� angle ply laminate, E-glass/MY750/HY917/DY063: Stress/strain curve for �y :�x¼ 1 :�1 with (a) GMC and

(b) HFGMC.

Figure 20. �45� angle ply laminate E-glass/MY750/HY917/DY063: Stress/strain curve for �y : �x¼ 1 : 1 with (a) GMC and

(b) HFGMC.

Table 15. Percent error for �45� angle ply laminate E-glass/MY750/HY917/DY063 with loading �y:�x¼ 1:1 for both

GMC and HFGMC

GMC HFGMC

"x % error "y % error

Average

% error Rank "x % error "y % error

Average

% error Rank

Max Stress 3.1 16.3 9.7 1 5.1 15.6 10.4 1

Max Strain 5.4 20.1 12.8 4 5.2 18.8 12.0 3

Tsai-Hill 5.6 19.9 12.8 3 7.4 20.2 13.8 4

Tsai-Wu (Hahn) 3.7 16.6 10.2 2 5.3 15.9 10.6 2

GMC: generalized method of cells; HFGMC: high-fidelity generalized method of cells.
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Conclusion

The objectives of this paper were to evaluate the basic
predictive capabilities of the GMC and HFGMC
micromechanics theories for the progressive failure pre-
diction of PMC laminates and to evaluate the influence
of four failure criteria applied at the fiber/matrix con-
stituent scale. Toward this end, these two micromecha-
nics theories (first order GMC and second order
HFGMC) were used to model the ply level behavior
within classical lamination theory simulations of the
WWFE data. A comparison among the maximum
stress, maximum strain, Tsai-Hill, and Tsai-Wu
(Hahn) failure criteria was made for failure initiation,
final failure, and various stress–strain curves. It must be
stated that this is the first time that GMC and HFGMC
have been systematically applied to predict PMC lamin-
ate failure and that no modifications were made to the
fiber/matrix properties provided by the WWFE. The
results are thus pure predictions from the models, with-
out the benefit of in-situ property alterations that
enable the predictions to match ply level strength
data. Also, the simplest damage progression model in
the form of a step function at the micro scale was used.

The results indicate that the choice of failure theory
has a significant effect on the predictions, with the
Maximum Strain criterion showing the best agreement
with the experiments. The differences between the
GMC and HFGMC micromechanics theories were
small compared to those among the four failure criteria
for final failure. This may be in part because the
HFGMC implementation used average subcell stresses
to predict failure rather than quadrature point stresses.
Using average stresses negates some of the benefits of
the more accurate stress concentrations provided by
HFGMC and makes HFGMC act more like GMC.
There is work under way to model damage at the sub-
cell quadrature point level in HFGMC in order to cap-
ture the variation in stress and strain fields within the
subcells that is missed when using subcell average
quantities.

The results from this paper also show that the pre-
dictions match best with the experimental data in cases
less dominated by shear at the ply and micro scales. For
example, the (0�/� 45�/90�) AS4/3501-6 laminate pre-
dictions (Figures 4, 5, and 7) and the (0�/90�) E-glass/
MY750/HY917/DY063 laminate predictions (Figure 14)
correlate well with experiment, while the� 55� E-glass/
MY750/HY917/DY063 laminate predictions (Figures
16, 17, and 19) and even the shear dominated portions
of the 0� lamina predictions (Figures 9 and 10) do not.
There is thus a clear need for an improved damage pro-
gression model that enables a more gradual transition
between failure initiation and final failure at the fiber/
matrix scale, especially in cases that are dominated by
local shear. The overall tendency was for the predictions
to be more conservative compared to experimental fail-
ure data the more the local behavior was influenced by
shear. This again points to the need for a more progres-
sive damage model in shear that enables the dissipation
of greater amounts of energy prior to final failure. Work
is currently underway to address this need. It is also
highly desirable to link the progressive damage to the
physically meaningful fracture toughness of the material.
Work is currently underway to address both of these
needs.37
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