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Abstract: The effects of material variability on the mechanical response and failure of composites under high strain rate and impact loading
are investigated in this paper. A previously developed strain rate–dependent, sectional micromechanics model is extended to account for the
variability in microstructure and constituent material properties. The model presented in this paper also includes a three-dimensional damage
law based on a work potential theory and a microscale failure criterion. Microstructural characterization of the composite is performed to
obtain the statistical distributions needed for the stochastic methodologies. A Latin hypercube sampling technique is used to model the
uncertainties in fiber volume fraction and viscoplastic material constants. A comparison of general Monte Carlo simulation and Latin
hypercube–based Monte Carlo shows that the Latin hypercube technique converges using fewer simulations. The modulus and failure strain
obtained using the developed methodology show good correlation with the experimental data. This novel stochastic sectional model is shown
to correlate better with the available experimental data compared with the deterministic sectional model. A laminate level, parametric study is
also conducted to investigate the effect of uncertainty on the residual energy of a composite laminate during impact. DOI: 10.1061/(ASCE)
AS.1943-5525.0000488. © 2015 American Society of Civil Engineers.
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Introduction

Polymer matrix composite (PMC) materials are increasingly being
used in airframe and engine applications. However, damage initia-
tion and failure mechanisms in composites are still not fully under-
stood and are an ongoing area of research. A multiscale modeling
framework with scale-dependent constitutive laws and an appropri-
ate failure theory is required to capture the behavior and failure of
composite structures subjected to complex loadings. In applications
to engine containment systems, such as a fan blade separating from
the rotor during operation, the system’s ability to prevent impact
failure is an important factor. The rate dependency and nonlinearity
of PMC materials further increases the complexity of the models
required to simulate an impact event. In addition, variability in the
material constituents plays an important role. The systematic con-
sideration of uncertainties is as important as having the appropriate
structural model, especially during model validation where the total
error between physical observation and model prediction must be
characterized. It is necessary to quantify the effects of uncertainties
at every length scale in order to fully understand their impact on the
structural response. Material variability may include variation in
fiber volume fraction (Vf), fiber diameter, fiber waviness, and void
distributions. Therefore, a stochastic modeling framework with
scale-dependent constitutive laws and an appropriate failure theory
is required to simulate the behavior and failure of PMC structures
subjected to complex loadings. The model must have the ability to
account for uncertainties, strain rate effects, and transverse shear

stresses to capture the entirety of an impact event. The objective
of this paper is to develop an efficient numerical framework for
the analysis of PMC structures addressing several of these issues.

A key component to modeling composite behavior in impact
applications is capturing the essential rate-dependent behavior
through viscoplastic theories. Sun and Chen (1989) developed a
single-parameter plasticity model consisting of a quadratic yield
function, associated flow rule, and plastic potential to capture the
nonlinear behavior of composites. A characterization study was
performed by Tsai and Sun (2002) to determine the optimal speci-
men geometry for the state variables of a single-parameter plasticity
model with strain rate effects. Experimentation and modeling of
co-woven-knitted composites was performed by Sun et al. (2014)
using a simplified geometric model of the microstructure and a flow
potential plasticity law. Thiruppukuzhi and Sun (2001) developed a
two- and three-parameter overstress viscoplastic theory with a rate-
dependent failure criterion. The strain rate–dependent behavior of
composites has also been modeled using a quadratic stress function
in an overstress viscoplastic theory (Gates and Sun 1991), a con-
stant rate power and three-dimensional viscoplastic law (Weeks and
Sun 1998), and an overstress viscoplastic model that included mul-
tiaxial effects (Eisenberg and Yen 1981).

A significant amount of work has been reported on simulating
the behavior and failure mechanisms of composite materials for
high strain rate and impact applications using deterministic ap-
proaches. Yen (2002) incorporated a delamination failure criterion
using a continuum damage mechanics (CDM) framework and
integrated the model within the nonlinear finite-element software
LS-DYNA (Hallquist 2007). Souza et al. (2008) developed a multi-
scale model incorporating viscoelasticity in a micromechanical
model and a cohesive zone model to determine the effect of damage
under impact loadings. Voyiadjis et al. (2001) developed a multi-
scale model including damage and plasticity variables at the
mesoscale and macroscale. Yu and Fish (2002) used asymptotic
homogenization for the spatial and temporal domains to model vis-
coelastic behavior of composites. Hettich et al. (2008) created a
variational model that decomposed the displacement field to model
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cracks at different length scales. Macroscopic failure of composite
structures was modeled using a multiscale progressive failure tech-
nique by Laurin et al. (2007). Pineda et al. (2009) and Pineda (2012)
used an integrated work potential damage theory within a general-
ized method of cells model to simulate the progression of micro-
scale damage in composites. Tabiei et al. (2005) performed impact
simulations of composites through a combination micromechanical
model integrated in LS-DYNA that captured the rate-dependent
behavior and laminate level failure.

Various micromechanical models have been developed to sim-
ulate the nonlinear behavior and properties of PMCs. The method
of cells (MOC) was developed by Aboudi (1989) for unidirectional
fiber-reinforced composites with elastoviscoplastic constituents.
The MOC was further developed into a generalized method of cells
(GMC) by Paley and Aboudi (1992) for unidirectional composites.
Pindera and Bednarcyk (1999) reformulated the GMC using sim-
plified uniform stress and strain assumptions, resulting in improved
computational efficiency. By applying a similar approach to the
MOC and discretizing the composite unit cell into three subcells,
a two-dimensional elastic-plastic model was developed by Sun and
Chen (1991). This model was then extended to three dimensions by
Robertson and Mall (1993). A more precise elastic micromechanics
model was proposed by Whitney (1993) in which the unit cell was
divided into an arbitrary number of rectangular, horizontal slices.
Mital et al. (1995) used a slicing approach to compute the effective
elastic constants and microstresses (fiber and matrix stresses) in
ceramic matrix composites. In their work, a mechanics of materials
approach was used to compute the effective elastic constants and
microstresses in each slice of a unit cell. Laminate theory was then
applied to obtain the effective elastic constants for the unit cell
as well as the effective stresses in each slice. The slicing approach
was extended to include the material nonlinearity and strain rate
dependency in the deformation analysis of PMCs, and used to in-
vestigate the impact response of thin laminated plates subjected
to in-plane loading (Goldberg et al. 2004, 2005; Goldberg 2000,
2001). The slice micromechanical model was modified to incorpo-
rate out-of-plane, transverse shear effects to simulate the transient
and impact responses of composite shells (Zhu et al. 2005, 2006b;
Zhu 2006). The slice model was further extended to a three-
dimensional sectional micromechanics model (Zhu 2006; Zhu et al.
2008, 2006a). The sectional micromechanics model applied a de-
coupling concept to the fiber-matrix unit cell that was able to cap-
ture the full three-dimensional stress and strain components as well
as the transverse isotropy of the material. Liu (2011) and Liu et al.
(2011) used a numerical micromechanics model based on GMC to
study the rate-dependent behavior and failure of composites with
complex architecture. In their work, small fiber undulations were
allowed and the homogenization process was decomposed to intro-
duce normal and shear coupling. Yekani Fard et al. (2011a, b,
2012b, a) characterized the effect of the stress gradient in flexure
on constitutive laws for polymeric materials and revised the uni-
axial tension and compression strength to simulate the flexural
strength for any strain rate.

Developing methodologies that can identify and quantify the
parametric variability is crucial. Liu and Ghoshal (2014) demon-
strated criteria capable of quantifying and reconstructing the micro-
structural variability of composite materials. Naito et al. (2008)
characterized the constituent properties of several types of carbon
fiber and defined statistical distributions for the properties. For
stochastic multiscale models, it is important to consider the propa-
gation of microstructural variability to larger length scales as well
as the constituent property and geometric variability at the larger
length scales. Ghosh et al. (2001) developed a multiscale Voronoi
cell finite-element approach using random microstructure to

analyze composite failure. Chamis (2004) presented a stochastic
multiscale framework that used fast probability integration to incor-
porate uncertainty in the material properties.

The objective of this study is to develop a multiscale approach to
model the response and failure of PMC materials including vari-
ability and strain rate dependency. The sectional micromechanics
theory, previously developed by Zhu et al. (2008, 2006a), is ex-
tended to include the effects of material variability and microscale
damage. Microstructural characterization was performed to deter-
mine the statistical distribution of the fiber volume fraction. A
viscoplastic constituent law is used to simulate rate-dependent
and impact behavior of PMC materials. The molecular flow param-
eter, rate-dependence parameter, and Young’s modulus of the pol-
ymeric resin are also used as random variables by assuming normal
distributions. Details of the stochastic methodology and microme-
chanics can be found in the following sections. The Hashin failure
criteria and damage theory for the macroscale was integrated in
the original sectional micromechanics. A microscale, work poten-
tial damage theory and microscale failure criterion are incorporated
in the current stochastic sectional micromechanics model. The mul-
tiscale methodology, comprising the sectional micromechanics and
progressive failure theory, is used within a commercial finite-
element analysis package, LS-DYNA, to study the effect of material
variability on the impact behavior of PMC laminates. The random
variables used in the impact simulations are the initial projectile
velocity and the fiber volume fraction. Case studies of various
model responses for unidirectional IM7/977-2 composite material
are presented in the results section.

Variability Analysis

Microstructural Characterization

Characterization of the composite was performed to obtain the
statistical distributions for the stochastic methodologies. Image
quantification was performed on the PMC material using optical
microscopy (Zeiss LSM 700) to obtain the variability in the fiber
volume fraction (Vf). Fig. 1(a) shows a small portion of the micro-
structure for a PMC laminate as well as the random location of the
fibers within the resin. A binary filtering was applied to the images
obtained from the microscopy in order to differentiate between the
fiber and the polymer matrix. The boxed area in Fig. 1(a) represents
an area where a Vf value can be computed. Similar areas were de-
fined at various locations of the micrograph and used to compute
the Vf distribution. A convergence study was performed to deter-
mine the appropriate size of the boxed areas and number of boxed
areas to be extracted from a single image. From this convergence
study, it was determined that 20,000 boxed areas were required to
accurately capture the Vf distribution and the converged dimen-
sions of the boxed areas was 300 by 300 μm. The Bayesian infor-
mation criterion (BIC) is used to determine the optimal distribution
type for each data set (Schwarz 1978). The BIC performs model
selection similar to the likelihood function but also contains a pen-
alty term to avoid overfitting Eq. (1)

BIC ¼ −2 lnLðθ̂kjyÞ þ k ln n ð1Þ
In Eq. (1), L is the likelihood function where θ̂k represents the

parameter values that maximize the likelihood function and y rep-
resents the observed data points. The variables k and n denote the
number of free parameters and the number of data points contained
in y, respectively. In order to determine the best-fit distribution,
continuous distributions such as the normal, extreme value, t loca-
tion scale, Weibull, and logistic distributions were fitted to the data
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using these criteria. In the previously mentioned convergence
study, the best-fit distribution varied as the number of boxed areas
and size of boxed areas changed. Using the converged values, a
normal distribution was found to be the best fit and the probability
density function is shown in Fig. 1(b). The average and standard
deviation parameters for the normal distribution are 63.9 and
2.21%, respectively. A nominal Vf value of 67.5% was calculated
from the image, which is similar to the average value from the nor-
mal distribution. Deterministic composite models use the average
Vf to determine a periodic structure of the composite using a unit
cell of a single fiber in resin.

Stochastic Techniques

Two different stochastic methodologies were investigated in this
paper. The Latin hypercube sampling (LHS) technique uses an ap-
proach similar to stratified sampling within a Monte Carlo meth-
odology. The LHS sampling discretizes the cumulative distribution
function given by a random input and it randomly assigns a point
within each discretized interval. By performing LHS sampling, the
distribution function can be defined with fewer samples compared
to completely random sampling. The number of samples required
for a stochastic modeling technique is an important factor because
it is equivalent to the number of simulations necessary within the
sectional micromechanics model.

The probability density function of Vf from Fig. 1(b) was con-
sidered as a random variable and used as an input to the sectional
micromechanics model by introducing a stochastic methodology.
The best-fit distribution of the Vf correlated to a normal probability
density function described by Eq. (2) and the cumulative distribu-
tion function (CDF) was calculated using the function in Eq. (3)

fðxÞ ¼ 1

σ
ffiffiffiffiffiffi
2π

p e−½ðx−μÞ2=ð2σ2Þ� ð2Þ

FðxÞ ¼ 1

2

�
1þ erf

�
x − μffiffiffiffiffiffiffiffi
2σ2

p
��

ð3Þ

where x = manifested value of fiber volume fraction. The mean and
standard deviation of the Vf are shown as μ and σ, respectively.
These cumulative distributions are continuous functions operating
on a range of values from 0 to 1. This range is discretized using
LHS through a set number of simulations, N. Examples of the ran-
dom and LHS methods (using 20 simulations) are shown in Fig. 2,
where one simulation represents a single value of Vf. The random
sampling of the fiber volume fraction CDF is sparse on the right
portion of the plot, while the LHS represents the entire distribu-
tion well and randomness is still captured within the discretized
intervals. The points computed within these intervals represent
CDF values and Eq. (3) can be inverted to calculate a Vf point.

Fig. 1. (a) PMC microstructure; (b) PMC probability density function of Vf

Fig. 2. (a) Cumulative distribution functions of Vf with random sampling Monte Carlo; (b) cumulative distribution functions of Vf with LHS
Monte Carlo
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As depicted in Fig. 3, each representation of the Vf is entered into a
table. For multiple random parameters, a single representation of
the Vf is randomly paired with the other parameter and arranged
into parameter sets. The set of parameters was used as inputs for the
stochastic sectional micromechanics (SSM) model.

Multiscale Modeling

Stochastic Sectional Micromechanics

The sectional micromechanical model developed by Zhu (2006)
and Zhu et al. (2006a, 2008) used an MOC-type approach and ac-
counts for three-dimensional parameters of the material including
in-plane deformation, transverse shear deformation, and through
the thickness normal deformation. The discretization process of
the sectional micromechanics is illustrated in Fig. 4, which assumes
that the repeating unit cell of the composite is a single fiber in a
matrix. Due to the symmetry only a quarter of the unit cell is an-
alyzed and, through sectioning, the system of equations of the unit
cell is decoupled into three systems of equations. Two of the sys-
tems of equations are from section A and section B and the third
system of equations is the system of equations of the unit cell. The
model assumes the composite material has square fiber packing
and a perfect interfacial bond between the fiber and matrix. The
relations between the subcells and sections assume stress and
strain continuity conditions, and the boundaries of the unit cell are
assumed to be periodic. The stress and strain increments of the
subcells are assumed to be uniform, and the stress and strain incre-
ments of the unit cell are obtained from volume-averaging tech-
niques. Details of the continuity relations between subcells and
sections are provided by Zhu (2006). This sectional microme-
chanics model was further extended by introducing material param-
eter variability at the microscale using the LHS technique discussed
in the previous section. The parameter sets that were defined using

the stochastic methodology were assigned to the respective con-
stituent subcells. The outcome of the SSM theory was the full three-
dimensional stress and strain behavior of the material accounting
for material variability.

The constitutive equations for the fiber subcells are represented
by a transversely isotropic, linear elastic model Eq. (4), whereas the
polymer subcells are represented by a modified Bodner-Partom vis-
coplastic state variable model (Bodner 2002). Rate dependency and
inelasticity is incorporated in the viscoplastic model, which is of
particular interest for capturing the progressive damage behavior
of the composite laminate under impact loading. The modification
of the viscoplastic model consisted of an additional hydrostatic
stress term and the details are given by Goldberg et al. (2005) and
expressed in Eqs. (5) and (6). This viscoplastic model was incor-
porated within the constitutive law for the polymer subcells Eq. (7)

dεfi ¼ Sfijdσ
f
j i; j ¼ 1; : : : ; 6 ð4Þ

ε̇Iij ¼ 2D0 exp

�
− 1

2

�
Z
σe

�
2n
��

σdev
ij

2
ffiffiffiffiffi
J2

p þ αδij

�
ð5Þ

σe ¼
ffiffiffiffiffiffiffi
3J2

p
þ

ffiffiffi
3

p
ασkk ð6Þ

dεmi ¼ Smijdσ
m
j þ dεIi i; j ¼ 1; : : : ; 6 ð7Þ

In Eq. (4), the variables dεf and dσf represent the strain and
stress increments of the fiber subcells, respectively, and Sf contains
the components of the compliance matrix for the fiber subcells. In
Eqs. (5)–(7), Z and α are variables related to the resistance of
molecular flow and hydrostatic stress effects, respectively, D0 is
the maximum inelastic strain rate, and the variable n controls the
rate dependence of the material. The variable σdev contains the
deviatoric stress components, J2 is the second invariant of the de-
viatoric stress tensor, and σkk is the summation of normal stress
components. The variables dεm and dσm represent the strain and
stress increments of the polymer matrix subcells, respectively,
and Sm contains the components of the compliance matrix for
the polymer matrix subcells. The variable deI is the inelastic strain
increment of the polymer matrix subcells, which is obtained
from Eq. (5).

In addition to material variability, the SSM model also incorpo-
rates a microscale damage progression theory and a microscale
failure criterion. The microscale damage progression theory intro-
duced is based on a work potential model (Schapery 1990), which
is a thermodynamics-based model that is able to capture microscale
damage by discretizing the strain energy into elastic and damage
components. The work potential theory was further used in a plane
stress damage theory developed by Pineda et al. (2009) and Pineda
(2012), where it was integrated with a GMC approach. The micro-
scale, progressive damage theory used in the current SSM model

Fig. 3. Latin hypercube selection process

Fig. 4. Discretization process of unit cell in sectional micromechanics (data from Zhu 2006b)
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was applied to the matrix subcells and uses an incremental, three-
dimensional derivation of the strain energy density described by
Eq. (8)

Ukþ1 ¼ Uk þ 1

2
dεijð2σkþ1

ij − dσijÞ ð8Þ

dσij ¼ σkþ1
ij − σk

ij ð9Þ

U ¼ W þ S ð10Þ

Sr ¼ S1=3 ð11Þ

In Eqs. (8) and (10), U represents the total three-dimensional
strain energy density, the superscript k denotes the increment index,
and dσij is the incremental stress. After the total strain energy den-
sity for an increment is calculated, it can be expressed as the sum of
the elastic strain energy density, W, and the strain energy density
associated with damage and structural changes, S [Eq. (10)]. Due to
experimental convenience, the reduced damage parameter, Sr, was
introduced to replace the original damage variable, S, and this re-
lationship is shown in Eq. (11). A matrix damage curve (Fig. 5) was
calculated from the experimental work reported by Gilat et al.
(2002) in which a hydraulic Instron frame was used to conduct the
tensile testing of polymeric specimens. A damage value of 1 rep-
resents the undamaged state and a damage value of 0 is the fully
damaged state. The procedure for determining a damage curve is
outlined in the work reported by Sicking (1992). The microscale
failure criterion was also applied to the matrix subcells where the
stress in the each subcell was set to zero when the stress for each
subcell exceeded the failure strength of the polymer. The macro-
scale failure criterion was based on a modified Hashin failure
theory (Zhu et al. 2008; Hashin 1980) that incorporates the shear
stress effect in the compressive fiber failure mode, which was not
considered in the original Hashin failure theory. Eqs. (12) and (13)
describe the failure criteria for the fiber subcells in tension and
compression, respectively. Eqs. (14) and (15) describe the failure
criteria for the polymer matrix subcells in tension and compression,
respectively. The four failure modes are formulated as functions of
the failure strengths of the composite material. The parameters σþ

A
and σ−

A represent the tensile and compressive failure strengths in the
fiber direction, respectively. The parameters σþ

T and σ−
T represent

the tensile and compressive failure strengths perpendicular to the
fiber direction, respectively. The parameters τT and τA represent
the transverse and axial shear strengths, respectively.

�
σ11

σþ
A

�
2

þ 1

τ2A
ðσ2

12 þ σ2
13Þ ¼ 1 σ11 > 0 ð12Þ

�
σ11

σ−
A

�
2

þ 1

τ2A
ðσ2

12 þ σ2
13Þ ¼ 1 σ11 < 0 ð13Þ

1

ðσþ
T Þ2

ðσ22 þ σ33Þ2 þ
1

τ2T
ðσ2

23 − σ22σ33Þ þ
1

τ 2A
ðσ2

12 þ σ2
13Þ ¼ 1

σ22 þ σ33 > 0 ð14Þ

1

σ−
T

��
σ−
T

2τT

�
2 − 1

�
ðσ22 þ σ33Þ þ

1

4τ2T
ðσ22 þ σ33Þ2

þ 1

τ2T
ðσ2

23 − σ22σ33Þ þ
1

τ2A
ðσ2

12 þ σ2
13Þ ¼ 1

σ22 þ σ33 < 0 ð15Þ

Impact Simulation

A multiscale model consisting of the sectional micromechanics
and Hashin failure theory was integrated in a user-defined material
subroutine within the LS-DYNA nonlinear finite-element software
to simulate the impact behavior of a PMC laminate under various
loading conditions. A parametric study was performed to determine
the variability in laminate impact simulations. The Vf and initial
velocity were the designated parameters for the study. The lami-
nated circular plate was 200 mm in diameter and comprised four
IM7/977-2 unidirectional laminae with a ½04� stacking sequence
and lamina thickness of 0.5 mm. A fixed boundary condition was
applied to the nodes on the circumference of the composite lam-
inate. The steel projectile measured 40 mm in diameter and 80 mm
in length and was modeled as an elastic material. The plate and
projectile were meshed using brick elements with a single integra-
tion point per element for improved computational efficiency. Mesh
refinement was implemented in the central region of the composite
plate near the impact location due to the presence of large stress and
strain gradients caused by the high strain rate impact event. The
meshed composite plate and projectile geometries are presented
in Fig. 6. The number of elements used in the model was 6,496
elements for the composite laminate and 320 elements for the steel
projectile. The dynamic simulations were executed with explicit
time integration using adaptive time steps. An eroding contact card
was defined in LS-DYNA and coupled with the failure model to
accurately account for the elements that were no longer able to

Fig. 5. Matrix damage curve from experimental data Fig. 6. Meshed geometries for impact simulation
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carry load. The element erosion was determined by the previously
described failure criterion. When an element failed it was deleted
and the contact surfaces were automatically updated.

Results

Case I: Sampling Method Comparison

A comparison of general Monte Carlo simulation (MCS) and LHS-
based Monte Carlo was conducted to investigate the accuracy and
efficiency of each method. The statistical distribution parameters
for the Vf were calculated using the previously mentioned variabil-
ity analysis and the parameter statistics are provided in Table 1. The
coefficient of variation (COV) is a normalized measure used to cal-
culate the dispersion of a probability distribution. The transverse
failure strength and failure strain were considered, and the resulting
COV values are shown in Fig. 7. Both general MCS and LHS-
based Monte Carlo are displayed in these plots. A key distinction
in Fig. 7 is that the converged value for the transverse strength COV
is approximately 0.28%, while the COV for the transverse strain
is 1.95%. Therefore the transverse failure strain exhibits a larger
dispersion of the variability compared with the transverse failure
strength due to the assumed random variables. Analysis shows that
while both methods converge at approximately the same COV
value, the LHS converged in a fewer number of simulations. The
COV value was assumed to have already converged by a simulation
count of 1,000 and convergence was indicated when the difference
in COV values was consistently within 3%. Specifically, LHS
required 80% fewer simulations for convergence when comparing
the COV trend of the failure stress plot, and 95% fewer simulations
for convergence when comparing the COV trend of the failure
strain plot.

Case II: Stochastic Micromechanics Results with
Multiple Random Variables

It is shown in the first case that the LHS approach was the more
efficient of the two sampling methods. Therefore the LHS approach

was used, with a simulation count of 100, for all Case II results.
This simulation count was shown in Case I to accurately represent
the variability. However, it is important to note that this count
was based on a single random variable and further analysis is nec-
essary to determine the appropriate simulation count for multiple
random variables. The results in Case II were obtained by modeling
the transverse tension loading of the material under a strain rate
of 1 s−1. The Vf, elastic modulus of the resin, and several var-
iables from the viscoplastic model Eq. (3) were speculated to affect
the variability in the transverse, tensile response, therefore they
were chosen as random variables in Case II. The distribution and
parameters for Vf were experimentally determined as previously
discussed. However, normal distributions were assumed for the re-
maining random variables in Table 1 and the statistics for these
distributions are presented in the table. These assumed values were
used to study the effect of variability using the SSM model; more
realistic distributions should be determined experimentally.

Comparisons of the SSM model were made with tensile exper-
imental data (Gilat et al. 2002) using a strain rate of approximately
1 s−1 on a hydraulic Instron frame. Different combinations of the
damage and failure theories are depicted in Fig. 8(a) to demonstrate
the benefit of the additional theories. The comparisons were made
with the deterministic analysis to better illustrate the impact of the
different damage theories. The figure shows that the transverse re-
sponse obtained using the integrated damage theory, comprising
microscale damage, microscale failure, and macroscale failure, has
close correlation with experiments. For the figure legends and tabu-
lated results, Macro refers to the model with only the modified
Hashin criteria applied, Damage/Macro refers to the model with the
microscale work potential theory as well as the modified Hashin
criteria, and Damage/Micro/Macro indicates the combination of
the microscale damage and failure criteria as well as the modified
Hashin theory. Fig. 8(b) compares the stochastic response obtained
using the previously mentioned integrated damage theory with the
experimental results. Statistical results were extracted for the failure
strain, failure strength, and modulus because these three parameters
represent the behavior and failure of the material. Error analysis
was performed on the statistical results and the results are presented
in Tables 2 and 3 as average and minimum percent difference val-
ues using the experimental data as a reference. Table 2 presents
a comparison of the stochastic sectional model using only the
Hashin failure criteria from the original sectional micromechanics
model previously developed in Zhu et al. (2006b). There is a min-
imal decrease in the average error values of the statistical param-
eters as multiple random variables are introduced, but a large

Fig. 7. Comparison of COV with a varying number of simulations of MCS and LHS using transverse failure (a) strain and (b) strength

Table 1. Random Variable Statistics

Parameters Vf (%) Z (Pa) n Em (Pa)

Standard deviation 2.21 1.08 × 107 0.0325 0.09 × 108

Average 63.90 2.59 × 108 0.8515 3.52 × 109
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decrease in the minimum error is observed for failure strain and
modulus as multiple random variables are added. Because the ex-
perimental data consist of a single curve, the minimum error value
is a better error measure for stochastic results because it represents
the possibility of one of the stochastic curves being the same as the
experimental curve. The average error value represents a trend of
the data and would be a more appropriate error measure for a stat-
istically relevant number of experimental specimens. The entries in
Table 3 are statistical results from different combinations of the
damage and failure theories using all four random parameters. A
small increase in minimum error is observed for failure strain and
failure strength, but there is a significant decrease in the minimum
error for the modulus. The stochastic micromechanics results
should be compared to a statistically relevant set of experimental
data to fully validate the statistical results.

Case III: Impact Simulations of a PMC Laminate

Parametric studies were conducted to analyze the failure behavior
and residual velocity of the composite plate by varying the Vf and
initial projectile velocity. For each parameter, simulations were per-
formed using the same boundary conditions and were processed
using time durations that allowed the projectile to penetrate through
the composite plate. Stress, strain, and displacement field variables
were output for all simulations as well as the velocity of the pro-
jectile at every time step. The tabulated velocity data were plotted
and used to compute the residual velocity of the projectile. The
velocity of the projectile played a noticeable role in the damage
behavior of the impacted composite plate. During an impact event,
a portion of the kinetic energy of the projectile was transferred to
the composite plate. Therefore, variation of the initial projectile
velocity altered the degree and rate of energy transfer. The simu-
lated damage progression is presented in Fig. 9 for a projectile trav-
eling at 250 m=s and impacting the laminate. The geometry was
sectioned along a vertical plane to provide a better view of the im-
pact behavior near the projectile–plate interface. As the projectile
contacted the plate, the elements on the top surface failed under
out-of-plane shear, crushing (compression), and fragmentation.
Analysis of the projectile velocity before and after the impact event
provides an estimate of the energy absorption of the composite
plate under impact.

Fig. 10 shows the ballistic limits of composite laminates as a
function of fiber volume fraction; the ballistic limit increases as the
Vf increases. The ballistic limit is defined as the velocity required

Fig. 8. (a) Comparison of experimental data (Gilat et al. 2002) and transverse model responses with different failure and damage theories for low
strain rate loading; (b) comparison of stochastic transverse response with experimental results

Table 2. Experimental Comparison of Multiple Random Variables

Parameters

Random variables (%)

DeterministicVf Vf and Z Vf;Z, and n Vf ;Z; n, and Em

Minimum difference in failure strain 11.14 10.81 2.89 2.89 18.15
Average difference in failure strain 17.30 17.31 17.06 17.06 18.15
COV of failure strain 1.99 2.00 2.74 3.01 0
Minimum difference in failure strength 12.36 12.27 12.22 12.25 13.18
Average difference in failure strength 12.97 12.96 12.96 12.95 13.18
COV of failure strength 0.26 0.28 0.28 0.27 0
Minimum difference in modulus 25.41 24.71 19.79 19.81 29.46
Average difference in modulus 28.90 28.83 28.58 28.55 29.46
COV of modulus 1.78 1.89 2.40 2.62 0

Table 3. Experimental Comparison of Failure and Damage Theories

Parameters
Macro
(%)

Damage/
macro (%)

Damage/
micro/

macro (%)

Minimum difference in failure strain 2.89 18.58 7.29
Average difference in failure strain 17.06 33.73 20.13
Minimum difference in failure strength 12.25 15.60 15.53
Average difference in failure strength 12.95 15.67 15.65
Minimum difference in modulus 19.81 0.54 ∼0
Average difference in modulus 28.55 12.11 8.06
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for a projectile to fully penetrate a material specimen and is shown
in Eq. (16) (Jenq et al. 1994). The parameter vp represents the
velocity of the projectile immediately before impact and vr is
the residual velocity of the projectile after impact

vBL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p − v2r

q
ð16Þ

Because the density of the fibers is greater than that of the ma-
trix, a larger Vf increases the overall density of the composite.
Therefore a greater amount of energy was absorbed by the denser
composite laminates. In addition, because the fiber can sustain
higher stresses before failure, the composite remained intact for
a longer period of time during the impact event, thereby providing
more time for the plate to absorb energy from the high speed pro-
jectile. A larger number of laminae would absorb more energy,
which would cause a greater increase in the ballistic limit.

Concluding Remarks

The SSMmodel was used to demonstrate the effect of material vari-
ability on the composite response due to high strain rate loading.
Several cases were studied to verify the stochastic methodology and
to examine the mechanical behavior and failure of the composite
material at different length scales. For Case I, the COV measure

was calculated to determine the number of simulations needed to
reach a converged level of variation. The Case I analysis showed
that a simulation count of 100 was sufficient to capture the vari-
ability when using the LHS method, whereas a higher simulation
number is needed for MCS. In Case II, the effect of variability was
investigated on the failure strain, failure strength, and modulus of
the transverse response. When compared with experimental data,
the SSM results in Case II revealed that the incorporation of vari-
ability, microscale damage, and microscale failure theories enabled
the model to capture the behavior and failure with 7% error in fail-
ure strain and approximately zero error in modulus. These errors
indicated a better correlation was achieved by using the current
SSM model compared with the deterministic sectional model,
which showed an 18% error in failure strain and 29% error in
modulus. Ideally the stochastic micromechanics results should be
compared with a statistically relevant set of experimental data to
fully validate the model. However, due to a limitation in the avail-
able and experimental data, especially at higher strain rates, the
simulation results were compared with small experimental data
sets. The results presented show that the available experimental
data are within the range of the stochastic micromechanics results
and further testing is necessary to determine its robustness over a
wider range of parameter variability. The multiscale model was
used within LS-DYNA to simulate the high velocity impact of a
PMC laminate using an elastic projectile and the results were pre-
sented in Case III. The result of the impact simulations demon-
strated that the ballistic limit increased when the Vf was increased.
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