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Abstract-Composite cylinders are often used in both rotary- and fixed-wing applications where 
low weight and high strength are important design issues. This paper, the first of a two-phase 
study, addresses the failure of such cylinders, under axial compressive loading, using design 
optimization and sensitivity analysis procedures. Thin-walled cylinders made of different types of 
symmetric orthotropic laminates and several wall thicknesses are examined. Formal optimization 
techniques are used and the diameter and individual ply orientations are varied to maximize the 
critical buckling load of the cylinder. Constraints are imposed on the longitudinal, normal and in- 
plane shear stresses of each ply. The optimization is performed using the nonlinear programming 
method of feasible directions. A two-point exponential approximation method is also used to 
reduce computational effort. Results are presented for Graphite/Epoxy, Glass/Epoxy and 
Kevlar/Epoxy composite cylinders with symmetric ply arrangements. 
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NOMENCLATURE 

extensional stiffness matrix 
coupling stiffness matrix 
bending stiffness matrix 
longitudinal elastic modulus of composite 
transverse elastic modulus of composite 
objective function 
in-plane shear elastic modulus of composite 
length of cylinder 
resultant moments on laminate 
resultant forces on laminate 
buckling load 
critical buckling load 
off-axis stiffness matrix 
inner radius of cylinder 
transformation matrix 
volume fraction of fibers in composite 
constraint functions (ply stresses 6, , oz, a,,) 
laminate curvatures 
number of buckle half-waves in the axial direction 
number of buckle waves in the circumferential direction 
off-axis stresses 
cylinder wall thickness 
distance from laminate mid-plane to ply surfaces 
buckling parameters 
laminate mid-plane strains 
buckling load correlation factor 
major Poisson ratio 
design variable vector 
density of composite material 
longitudinal tensile strength 
longitudinal compressive strength 
transverse tensile strength 
transverse compressive strength 
in-plane shear strength 
tensile strength bound 
compressive strength bound 
material-axis stresses 
ply angle. 
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INTRODUCTION 

Structural optimization has become an efficient tool and is being used to expedite design 
in several disciplines. An extensive amount of work has been done in developing design 
optimization procedures to bring the state-of-the-art to a very high level (Schmit, 1981; 
Vanderplaats, 1982). In the past, conventional design methods mainly used the designer’s 
experience and trial-and-error methods. However, today the availability of sophisticated 
computing resources makes it possible to use design optimization procedures at various 
stages of design. 

A significant amount of work has been done in the application of optimization 
procedures for mechanical design. However, a great majority of this work has been 
limited to isotropic materials where the design variables are generally size, shape and 
topology. With the increasing demand for the use of fiber-reinforced composites, it is now 
necessary to consider design parameters related to material properties, either at the ply 
level or at the laminate level. Due to the importance of the problem, there has been some 
effort at using structural optimization procedures for design with composites in recent 
years (Kicher and Chao, 1971; Vanderplaats and Weisshaar, 1989; Zimmermann, 1989; 
Fukunaga and Vanderplaats, 1991; Pederson, 1991; Gtirdal and Haftka, 1991). Typically, 
structures were designed for minimum weight using ply orientations, thicknesses and 
sometimes number of plies as design variables. Vanderplaats and Weisshaar (1989) 
addressed the optimization of membrane panels, both unstiffened and stiffened, with 
constraints on strains and frequencies. The design of an aeroelastically tailored wing was 
also discussed in this paper. Most recently, Pederson (1991) addressed the problems of 
optimal ply orientation of a uniform cantilever beam and a bending-loaded knee. He also 
addressed the problem of optimal shape design using orthotropic material. Giirdal and 
Haftka (1991) used integer programming and other novel optimization techniques such as 
the Genetic Algorithm to address design problems where ply orientations cannot be varied 
and ply stacking sequences are the only design variables. In the design of composite 
cylinders, the problem of minimum weight has been addressed by Kicher and Chao 
(1971). The optimization of axially compressed composite cylindrical shells for minimum 
weight was also addressed by Zimmermann (1989), where ply orientations were used as 
design variables with constraints on the buckling load, Since the weight of a structure is 
independent of the ply orientations, in the optimization problem, the objective function 
is not a function of the design variables whereas the constraints are. This poses a consider- 
able amount of problems as any feasible solution is a possible optimum. Fukunaga and 
Vanderplaats (1991) used lamination parameters as design variables to optimize the 
buckling loads of cylinders under combined loadings. These parameters are useful for 
optimization purposes but are not readily available or easily used in design. 

The present paper is the first part of a two-phase study on the buckling and post- 
buckling of composite cylinders. The initial phase, addressed in this paper, is to use design 
optimization procedures to maximize the critical buckling load of composite cylinders, 
with constraints on ply stresses, and to study the sensitivity of this load with respect to 
constituent material and geometric properties of the cylinders. In comparison to previous 
research in this field, more practical and realistic design variables and constraints are used 
to formulate the optimization problem. The sensitivity of the buckling load with respect 
to material constitutive properties and geometry is also examined. 

PROBLEM DESCRIPTION 

This paper addresses the use of sensitivity analysis and formal optimization tech- 
niques for the design of axially compressed thin-walled composite cylinders. The goal is 
to prolong the onset of failure due to first buckling by using geometric and material design 
variables. Since failure occurs if at least one unidirectional layer looses its strength by 
exceeding the allowable stress limit, constraints are imposed on the longitudinal, normal 
and in-plane shear stresses at each ply level. Cylinders made of three different types of 
orthotropic symmetric laminates and varying wall thicknesses are considered. By varying 
the cylinder radius and individual ply orientations, specific combinations are obtained 
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that increase the buckling load, with respect to a baseline or reference cylinder. A struc- 
tural analysis procedure, based on classical laminate theory, is used for the analysis and 
a nonlinear programming technique combined with an approximate analysis method is 
used for the optimization. 

STRUCTURAL MODEL 

A geometric illustration of a typical orthotropic composite cylinder and laminate 
considered in this study is presented in Figs 1 and 2. Symmetric laminates are used to 
reduce the number of design variables. The initial or reference cylinders all have a length, 
L, of 50 in., an inner radius, R, of 10 in. (L/R = 5) and ply orientations of alternating 
+30” (e.g. a 6-ply cylinder has a reference orientation of [+30”/-30”/+30”],). A +30” 
lay-up scheme was chosen because it is a typical configuration used in industry. The total 
number of plies used to make up the wall thickness, t, is varied in each specimen. The plies 
are numbered starting from 1 through to the final ply in the laminate, with the first ply 
being the outer most one (Fig. 1). A value of 0.01 in. is used for the thickness of each ply. 
Five cylinders of Graphite/Epoxy (Gr/Ep), Glass/Epoxy (Gl/Ep) and Kevlar/Epoxy 
(K/Ep) with two, four, six, eight and 10 plies are optimized for buckling. The properties 
of these constituent materials (Vinson and Sierakowski, 1987) are presented in Table 1. 

ANALYSIS AND OPTIMIZATION 

In this section, a brief description of the structural analysis procedure is provided, 
followed by a formulation of the optimization problem. The implementation of the 
optimization procedure is described thereafter. 

Wall cross section 

Fig. 1. Typical composite cylinder. 

Outside wall of cylinder 7 

Global axis: X-Y-Z 

Material axis: l-2 

Fig. 2. Axis orientation and geometric representation of laminates. 
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Table 1. Composite material properties 

Laminate analysis 

Classical laminate theory (Vinson and Chou, 1975; Agarwal and Broutman, 1980; 
Vinson and Sierakowski, 1987) is used to analyze the individual material-axis ply stresses 
of the orthotropic cylinders. The following are the constitutive relations provided by this 
theory that relate the ply strains and curvatures to the resultant forces and moments: 

WI = Mb01 + Plbw (1) 
and 

mu = [m”l + [Dl~4. (2) 

The form of the above general constitutive relations can be extended to thin-walled 
cylinders. The relation is simplified in the case of axial compressive loading, with all the 
elements of the matrix (M] being zero and only one non-zero element, N, (the compressive 
stress), in matrix {N]. These equations are solved for mid-plane strains and curvatures. 
The corresponding individual ply stresses are evaluated as follows: 

bl = [Q’Ik”l + z[Q’lWl (3) 

@I = U-M (4) 

where the positive direction of the z-axis points from the laminate (cylinder wall) mid- 
plane toward the center of the cylinder (Fig. 2). 

Buckling analysis 

The critical buckling load, the subject of this study, represents the value of N, which 
is a minimum with respect to variations in buckling modes. An accurate analysis of this 
load is important since the accuracy of individual ply stress calculations depends on this. 
Theoretical results presented by two NACA studies in the early 1950s (Stein and Mayers, 
1951, 1952) provide insight into the buckling of cylindrical shells of sandwich con- 
struction. These studies present the necessary governing differential equations, based on 
small-deflection theory, needed to analyze the buckling of sandwich cylinders. The above 
studies were based on the classical plate theory and therefore out-of-plane terms were 
neglected. In reality, however, this is not the case for general symmetric laminates. The 
analysis was later modified and a correlation factor, y, was introduced to reduce the 
discrepancy between the results obtained from classical theory and experiments (Anon, 
1968). Results of buckling loads obtained in this paper are based on the form of this equa- 
tion as presented in Vinson and Sierakowski (1987). This equation is stated below: 

AllA - &2 

- A:2)/A66 - W2M2 + A22B4 
(5) 
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where 

and 
y = 1.0 - 0.901 (1 - e-“) 

1 R l/2 

ff=29.8 1 %DdA,,& ’ 

(7) 

(8) 

The critical buckling load, NI,,, is obtained by varying m and n (the number of buckle 
waves in the axial and circumferential directions, respectively) until a combination is 
found that produces the lowest load, N,. The boundary conditions for the case of a 
simply-supported cylinder are assumed in the analysis. 

Optimization formulation 

The objective is to maximize the critical buckling load, NX,,, with constraints on the 
material axis ply stresses, crt , 02, o12 (Fig. 2). The cylinder inner radius (R) and ply 
orientations (ei, i = 1, . . . , n) are used as design variables. Upper-bound constraints are 
imposed on the stresses based on the failure strength of the particular composite material 
used for the cylinder. In a standard optimization formulation, the problem is that of 
minimizing an objective function. Since the problem addressed in this paper is one of 
maximization of the buckling load, a new objective function is defined as the negative of 
the buckling load. This then allows the application of the techniques of minimization to 
produce a maximum. The formal optimization problem can be stated as follows: 

Minimize: 

F(4) 

where 

(objective function) 

F = 4x,,, 

subject to: 

tzjb#J) 5 0 j=l , . . . , NCON (constraints) 

$;, 5 4; 5 6, i= 1 , . . . . NDV (side constraints) 

where NDV is the number of design variables and NCON is the total number of con- 
straints. Side constraints are imposed on the design variables to avoid unrealistic designs. 
The cylinder inner radius is allowed to change by +25% and plies are allowed to vary 
between +90”. Note that the values of NDV and NCON are different for cylinders with 
different wall thicknesses. Since symmetric laminates are used, only the orientations of 
half the plies are used as design variables and the stresses in half the plies are constrained. 

Optimization implementation 

The optimization process is initiated by defining all the necessary preassigned 
parameters (e.g. cylinder length and wall thickness) for the problem. Next, the design 
variables are initialized and the structural analysis is performed. The structural analysis 
consists of the calculation of all the necessary classical laminate constitutive properties. 
The objective function and the constraints are then evaluated, followed by a sensitivity 
analysis. During optimization, changes in the cylinder’s parameters can change the critical 
buckling mode. Therefore, to find N,,, (objective function) the values of m and n [eqn (5)] 
are varied in combinations from 1 to 10 and 0 to 10, respectively, and the lowest value of 
N, is used as NX,, for a particular cycle. The optimizer consists of the nonlinear program- 
ming technique (the method of feasible directions) as implemented in the computer-code 
CONMIN (Vanderplaats, 1973) and a two-point exponential approximation method 
(Fade1 et al., 1990). The two-point method employs an exponential function, which 
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utilizes previous analytical information, in a first-order Taylor-series relation. The expo- 
nent helps to improve the fit of the series expansion. The approximate analysis is used to 
reduce the computational effort involved in using the exact analysis for several evalua- 
tions of the objective function and constraints necessary within CONMIN. To reduce 
possible errors in the approximations, move limits, defined as the maximum fractional 
change of a design variable value, are imposed as upper and lower bounds on the design 
variables, pi. Convergence is based upon the objective function value over three consecu- 
tive cycles, where a cycle comprises a complete analysis and optimization. A convergence 
tolerance of 0.005 is used. 

RESULTS AND DISCUSSION 

Results obtained by using the above optimization procedure are presented in this 
section. The results of the optimization are compared against a reference design. The 
material and number of plies are varied to investigate their sensitivity to the buckling load. 
A total of 15 cylinders was analyzed; five cylinders of Graphite/Epoxy, Glass/Epoxy and 
Kevlar/Epoxy with two, four, six, eight and 10 plies, respectively. In each case, optimum 
configurations for maximum buckling load are obtained with 6-21 cycles. A variable 
move limit procedure is employed in which a larger move limit is used initially to acceler- 
ate the process and a tighter limit is used as the optimizer approaches a minimum. Move 
limits of the order of 0.1-0.01 are used. 

The results of the optimization are summarized in Table 2 and Figs 3-5. Table 2 
presents the buckling loads of both the reference and the optimum cyclinders along with 
the associated buckling mode shapes, i.e. the parameters m and n. The Gr/Ep cylinders 
are able to support the highest overall buckling loads in both the reference and the 
optimum cylinders, followed by the Gl/Ep and K/Ep cylinders. The values of the 
buckling-mode shape parameters change from reference to optimum but display no 
pattern in relation to the number of plies or buckling loads. However, it is important to 
note that it is essential to evaluate the values of the parameters at each step of the design 
optimization since the mode of buckling changes with changes in the design variables. 
The increases in buckling loads of the reference and optimum cylinders are presented in 
Figs 3-5. Figure 3 shows an increase of the buckling loads, from reference to optimum, 
for the Gr/Ep cylinders. A maximum increase (177%) occurs in the 4-ply cylinder, and the 
2-ply cylinder has the lowest overall increase (55%). Similar trends are exhibited by the 
K/Ep cylinders (Fig. 4). The overall increase in buckling strength is the lowest for the 
Gl/Ep cylinders. In this case, the 4-ply cylinder shows the maximum increase in buckling 
load (66%) and the lo-ply cylinder yields the lowest increase (49Oro), as shown in Fig. 5. 
However, no conclusion can be drawn regarding this nonlinear change of optimum 

Table 2. Critical buckling loads for the reference and optimum cylinders 

Number Reference optimum 

of plies &r Obrm) b.n) Nkr ObW 0-v) 

2 41.7 1.4 64.6 3,7 

I I I I I 

I 2 I 39.2 I 1.4 I 62.2 1 2s 
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1 
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Fig. 3. Comparison of buckling loads for Gr/Ep cylinders. 
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Fig. 4. Comparison of buckling loads for K/Ep cylinders. 
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Nxa 
(lb/in) 

1000 

Ref. Opt. Ref. Opt. Ref. Opt. Ref. Opt. Ref. Opt. 

Fig. 5. Comparison of buckling loads for GI/Ep cylinders. 

buckling load with changes in the number of plies, due to the possible existence of local 
minimums. The buckling loads of both the reference and the optimum cylinders increase, 
with the number of plies, almost linearly. This is expected, since the wall thickness plays 
a crucial role in supporting the loads and controlling buckling. 

Tables 3-5 present the design variable values for the reference and optimum 
cylinders. Only half the ply orientations (Bi) are presented, due to conditions of sym- 
metry. From each of these tables, some interesting trends can be observed regarding the 
radius and the ply orientations. For all 15 cylinders, the radii decreased from their initial 
value of 10 in. in the reference cylinders to a value of 7.5 in. (design variable lower bound) 
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Table 3. Comparison of design variables for Gr/Ep cylinders 

Reference 1 optimm II 

10.0 

30.0 

-30.0 

30.0 

-30.0 

30.0 

10 plies 

7.5 

50.9 

-49.1 

16.9 

-19.0 

16.9 

1 4plk-s 1 Zplies 1 

Table 4. Comparison of design variables for GI/Ep cylinders 

10 plies 

7.5 

22.5 

-26.7 

22.5 

-19.3 

18.7 

I 8plies I 6plie.s 1 4plies 1 Zplies 1 

Table 5. Comparison of design variables for K/Ep cylinders 

Reference 

10 plies 

10.0 
30.0 

-30.0 

30.0 

-2 

7.5 

52.4 

-60.5 

17.4 

-15.7 

26.8 

in the optimum cylinders for all three materials. This changes the slenderness ratio (L/R) 
from 5 to 6.67 and suggests that an increase in the buckling load is attributable to an 
increase in the slenderness ratio. A possible cause is the reduction in the parameter p, in 
the buckling relation [eqn (S)], which is inversely proportional to the slenderness ratio. It 
is also interesting to note that a decrease in the radius reduces the circumferential area. 
However, the buckling load, which is directly proportional to circumferential area, 
increases for all cylinders. This suggests that the ply orientations play a crucial role in 
increasing the critical buckling load. Another interesting observation is that by decreasing 
the radius the surface area and thus weight of the cylinder is reduced. The optimum 
cylinders therefore support higher buckling loads and are lighter than the respective 
reference cylinders. Tables 3-5 also indicate that the ply angles closer to the mid-plane of 
the cylinder wall generally decrease in magnitude (from their reference value) and those 
nearer the outer surface increase in magnitude. 

Table 6 presents the constraint values of the reference and the optimum cylinders for 
the case of Gr/Ep. The constraints are on the longitudinal, transverse and in-plane shear 
stresses (a,, 02, a12) along the material axis of each ply. Only half the ply stresses for each 
cylinder are shown, due to conditions of symmetry. In these tables, the upper bounds 
imposed on each of these stresses, a, and uc , represent the material strength in tension 
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Table 6. Constraint values for the reference and optimum Gr/Ep cylinders 

llomls (psi) 

% = T  

10 plies 

ref. opt. 
a plies 

ref. op1. 

6 plies 

ref. opt. 

4 plies 2 plies 

ref. opt. ref. opt. 

01 -I 10,0(x) 1OO.OOO -19.227 12.612 -18.466 515 -9.283 I.418 -6,292 -5.914 -1,565 -2.98; 

I+ 02 -I 3,9(W) 4,000 2.364 -2.724 2.151 -2.110 I.122 -1,041 733 IOU -52 I -25( 

012 -9.ono 9,ooo 4,367 5,901 3,468 4.823 2,376 2.916 1,182 3.600 903 86’ 

(JI -110,OOO loO.OOO -26,747 -12.991 -18.466 ‘-7,225 -16,246 -36,068 -6,292 -26.144 

2+ 1 02 1 .l3,9WIj 4,MKlj 2.7471 -1.402) 2,ISII -I,7161 1.476) 8671 7331 1,130( 

QIZ -9.m 9.000 -4046 -6.237 -3.468 -4,923 -2.078 -2,048 -1.182 -3,117 

Ql -1 lO.ooO lOO.ooO -19,227 -78.300 -18.466 -7S.262 -9,283 -42.540 

3+ 02 -13.900 4.000 2,364 1,905 2.151 1,747 1.122 1.197 

012 -9,000 9,om 4.367 4.oa9 3,468 2.105 2,376 1,374 * 

01 -110,000 lOO.OOO -26,747 -86.861 -18.466 -68,570 

4+ 02 -13.900 4,ooO 2,747 2,340 2,151 1.407 

012 -9,ooil 9,000 -4046 -3,215 -3,468 -2.938 

01 -110,000 100,000 -19.227 -78,300 

5+ 02 -13,900 4,000 2,364 1,904 

-9JNHl 9,oim 4,367 4,089 

+ Ply number. 

and compression, respectively. Note that the reference values change as the wall thick- 
nesses are changed. It is obvious from these tables that optimization leads to significant 
changes in the stress distributions at each ply level. The stresses remain well within the 
prescribed bounds. However, in some cases the nature of the stresses changes from tensile 
to compressive and vice versa after optimization. For example, in the 6-ply cylinder 
at ply 1, o, is compressive in the reference cylinder and tensile in the optimum cylinder. 
The nature of these stresses also varies significantly with changes in the number of plies. 
For example, at ply 1 of the optimum configuration, oZ remains compressive for the 
2-, 6-, 8- and IO-ply arrangements, but becomes tensile in the 4-ply arrangement. Similar 
trends were observed for the Gl/Ep and K/Ep cylinders. By examining Table 6 it is 
obvious that the dominating stresses in the cylinder walls are the normal and shear 
stresses. The high values of these stresses can attribute to mechanisms which initiate 
cylinder buckling. 

'1 

2- 

Normalized 
+ 2plie3 

objective - 4plie.3 
function - 6plie~ 

l- --D- splies ( 

---t lOplie. 

” .  

0 10 
Cycle 

20 

Fig. 6. Objective function iteration histories for Gr/Ep cylinders. 
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Figures 6-8 present the iteration histories of the objective functions for each of the 
cylinders. The consistent increase in the objective function values (-IV& in all cases, is 
due to the fact that the initial designs are feasible designs, i.e. designs satisfying all the 
constraints. The smoothest convergence occurs in the case of the Gr/Ep and K/Ep 
cylinders. 

2- 

Nommlized 
objective 
function 

-y 2plies 

- 4plie.S 

- 6plie~ 

* lplies 

-O- 10 plies 

o! 

0 

I 

10 

I 1 

20 30 
Cycle 

Fig. 7. Objective function iteration histories for K/Ep cylinders. 

1.6 

4 
Normalized 

zplies 
objective - 1.4 4plies 
function - 6plie.5 

* 8plie.s 

1.2 --t 10 plies 

1.0 
0 10 20 

Cycle 

Fig. 8. Objective function iteration histories for GVEp cylinders. 

CONCLUDING REMARKS 

In this paper, the optimum design of composite cylinders, under axial compressive 
loading, was addressed for maximizing the load-carrying capability of the cylinders. A 
sensitivity analysis was performed to study the effect of the total number of plies and the 
material constituent properties on the buckling load. During optimization, an analysis 
was performed to evaluate the corresponding buckling load with each design change. 
The radius of the cylinder and the ply orientations were used as the design variables. 
Constraints were imposed on the ply longitudinal, normal and in-plane shear stresses. 
The optimization was performed using the method of feasible directions. A two-point 
exponential approximation method was used to reduce computational effort. Results 
were presented for cylinders made of Gr/Ep, Gl/Ep and K/Ep orthotropic laminates 
with five different wall thicknesses. Optimum configurations for maximum buckling 
load were obtained within 6-21 cycles. The following are some observations made 
from this study: 



(1) 

(2) 

(3) 

(4) 

(5) 
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Optimization increased the magnitudes of the critical buckling loads from the 
reference values. Gr/Ep and K/Ep yield the highest increases. 
The mode of buckling (parameters m and n) changes from reference to 
optimum. 
Significant changes occur in the values of the design variables. Reductions are 
obtained in the cylinder weights, although weight was not used as a constraint. 
The magnitudes and the nature of the stresses in each ply change significantly 
from reference to optimum and with changes in the wall thicknesses. Gr/Ep and 
K/Ep displayed the most significant changes. 
The objective function and the constraint convergences are smoother for the 
Gr/Ep and K/Ep cylinders. 
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