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Delamination Buckling and Postbuckling
of Composite Cylindrical Shells

Haozhong Gu* and Aditi Chattopadhyayf

Arizona State University, Tempe, Arizona 85287-6106

A higher-order shear deformation theory is developed for accurately evaluating the transverse shear effects
in delamination buckling and postbuckling of cylindrical shells under axial compression. The theory assures an
accurate description of displacement field and the satisfaction of stress-free boundary conditions for the delamina-
tion problem. The governing differential equations of the present theory are obtained by applying the principle of
virtual displacement. The Rayleigh-Ritz method is used to solve both linear and nonlinear equations by assuming
a double trigonometric series for the displacements. Both linearized buckling analysis and nonlinear postbuckling
analysis are performed for axially compressed cylindrical shells with clamped ends. Comparisons made with the
classical laminate theory and a first-order theory show significant deviations.

Nomenclature
a = generalized displacements
Bk* = differentiation operator,

£* = 1,2, . . . ,3(2W + 2)
EL,ET = elastic moduli of lamina in longitudinal and

transverse directions, respectively
GLT » GTT = shear moduli in the plane perpendicular and

parallel to longitudinal direction of lamina,
respectively

H(hi) = step function
h = shell thickness
KLKN = linear and nonlinear part of direct stiffness

matrixes
KG = geometric stiffness matrix
L = axial length of shell
Lk = linear operator, k = 1, 2 , . . . , 3(2N + 1)
N = order used to evaluate transverse shear effect
Nj® = defined stress resultants,

Nk = nonlinear operator, k = 1,2, . . . , 3(2N + 1)
p - = in-plane compressive load distribution
Qij = lamina stiffness components, i, j = 1, 2 , . . . , 6
R = radius of curvature of shell
^a?» ^(/) = y^1 order displacement functions,

a = l,.2;i = 0, 1,2; 7 = 0, !,...,#
0f/jy, ° W(l) = displacement components corresponding to the

primary position
Ui = displacement components, i = 1,2, 3
z* = distance measured from shell midsurface to

delamination interface
a = thickness parameter of delamination layer 2h \ / h
f>L = delamination length
Fa = shell boundary in which compressive load is

applied
IV = boundary of whole shell
r&d = interfaces between delamination region and

nondelamination region
Si = strain components i = 1,2, . . . , 6
r]k* = prescribed traction or displacement,

k* = l,2,...,3(2N-
X = eigenvalue
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VLT, VTL = Poisson's ratio in longitudinal and transverse
directions, respectively

n = total potential energy
or,- = stress components, i = 1, 2 , . . . , 6
crjj*- = stress resultants i = 1 ,2, . . . , 6;

j =0,1, . . . , N\ k = 0,1, 2
V^m = identified functions of displacements,

i =0, l ,2;m = N -\,N
SI = region of whole shell
&d = delamination region of shell

I. Introduction

THE problem of delamination buckling and postbuckling of
composite laminates has generated significant research inter-

est and has been the subject of several theoretical investigations.1"5

However, questions remain regarding a complete understanding and
details of the phenomena involved. The problem of delamination
buckling of cylindrical shells has not received adequate attention.
Very few investigations have been reported in this area, especially
in postbuckling analysis. Two separate studies were reported for
solving the problem of buckling of layered cylindrical shells.6'7
The effect of longitudinal delamination, assumed to extend over
the entire length of the shell, in a laminar cylindrical shell subject
to external pressure was examined by Troshin.8 A more advanced
model was presented for the study of delamination buckling of axi-
ally loaded cylindrical shells as well as delamination buckling and
postbuckling of external pressure loaded cylindrical shells.9"11 Kar-
domateas and Chung12 introduced the thin-film model approxima-
tion for the problem of delamination buckling in external pressure
loaded laminated cylindrical shells. In this work, the unbuckled por-
tion of the shell was considered infinitely thick with respect to the
delamination layer, and the first approximation scheme was used
to derive the closed-form expressions of the critical pressure. With
no exception, the analyses of multilayered cylindrical shells have
been conducted only by using the classical laminate theory based
on Kirchhoff hypothesis. It is well known that this theory is ade-
quate for isotropic shells only when the thickness-to-radius ratio is
very small. When fiber-reinforced composites are considered, the
transverse shear strains must be taken into account since the ratio
between the layer extentional modulus along the fiber direction and
the shear modulus is usually very large.

Many efforts have been made in developing various two-
dimensional shear deformable laminate theories,13 and even three-
dimensional layer-wise techniques,14 to address the buckling prob-
lem of composite cylindrical shells without delamination. However,
in the presence of delamination, the regular two-dimensional the-
ories are no longer valid under the no contact assumption at de-
lamination surface since in such a problem the transverse shear
stresses (rxz, ryz) must vanish not only at the surfaces but also at the
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1280 GU AND CHATTOPADHYAY

delaminated interfaces. Therefore, a higher-order shear deformation
theory (excluding the first-order theory) for addressing delamina-
tion modeling in composites cannot be a simple extension of the
regular theory. Recently, Chattopadhyay and Gu15'16 presented a
new higher-order shear deformation theory to address delamination
buckling of composite plates. By modification of the displacement
field of regular higher-order theory,17 an appropriate kinematic field,
which can describe separation and slipping between the delami-
nated layer and the sublaminate, was proposed. Some higher-order
shear correction terms were identified to ensure that the refined dis-
placement field satisfies the transverse shear stress free boundary
conditions at both plate surfaces and debonding interfaces. The re-
sults obtained using the new theory showed excellent agreement
with available experimental data for composite plates. It was shown
that the new theory provides an effective solution tool for accurate
analysis of composite laminates with delaminations.

Composite laminated cylindrical shells are currently being used as
a primary load-carrying structure in aerospace vehicles. To achieve
the same strength as materials, in some applications, thicker walls
are required that in turn reduce the ratio of the initial radius of cur-
vature to total thickness. To efficiently analyze such structures in
the presence of delamination, it is necessary to develop an accu-
rate analysis procedure for delamination buckling and postbuckling
of these thicker laminated shells. A generalized consistent theory
is considered to provide better insight into the deformation and
failure mechanism of these structures and is the subject of this
research.

In this paper, the new higher-order theory, which was developed
by Chattopadhyay and Gu15'16 to characterize delamination suc-
cessfully in laminated composite plates, is extended to model de-
lamination buckling and postbuckling of cylindrical shells of perfect
geometry subjected to the uniform axial load. The basic assumptions
made in the theory are 1) no delamination growth during buckling
and postbuckling, 2) the neglect of normal strains, szz = 0, and 3)
no contact at delaminated surfaces. This theory assures an accurate
description of displacement field and the satisfaction of transverse
shear traction-free boundary conditions for the delamination prob-
lem. The governing equations of the theory are derived by using
the virtual displacement principle. Both linearized buckling analy-
sis and postbuckling analysis are performed. Numerical results are
presented and compared with existing solutions.

II. Mathematical Formulation
A. Higher-Order Theory for Delaminated Shells

For laminated circular cylindrical shells, the new higher-order
theory is used to accurately describe the displacement components
as follows:

7=0

M3 = (1)

where U^ and W(0) are the displacements at a point xn (ot = 1, 2) on
the midsurface, u£f (j = 1 ,2, . . . , AT) are the 7'th-order transverse
shear correction terms, and H(z*) is the Heaviside step function
described as

= H(z —(i z>z* (2)

where z* represents the location of the delamination (Fig. 1). The
jumps in displacement between the sublaminate layer and the buck-
ling layer are given by U$, W(1) and U$, W(2\a = 1,2; 7 =
0,1,. - . . , W), respectively. Note that the terms related to the delam-
ination, U$tW(k\k = 1,2, exist only in the delamination region
Qd; otherwise, they are zero. The use of the step function H(h\)
allows the kinematic description for separation and slipping as a
result of the independence of the displacements, shown in Eq. (1),
on adjacent layers at the delamination interface.

Fig. 1 Geometry of cylindrical shell with delamination.

In the buckling analysis, the nonlinear strains as a result of large
radial displacements are taken into account. The following nonlinear
Mushtari-Vlasov-Donnell strain-displacement relations14 are used:

£2 = S22 = U2,y

£4 = 2S23 = U2,z + U\y - (U2/R)

85 = 2Si3

0)

£6 = 2Su = Ml,* + U2,y + U^x + U3>y

The layer constitutive equation can be written as follows:

i, 7 = 1 ,2 , . . . , 6 (4)

Note that the expression for displacement, as stated in Eq. (1),
does not satisfy the transverse shear stress-free boundary conditions.
These stress-free boundary conditions in delamination problems re-
quire that the transverse shear stresses 04 and as vanish on the shell
inner and outer surfaces and on the debonding surfaces in delami-
nation region. That is,

crs(x,y,±h/2) =
(x.9y)

(jc, y) e

(5)

in which the superscripts + and — refer to the quantities related
to the buckling layer and the sublaminate layer, respectively. For
orthotropic shells, the conditions are equivalent to the requirement
that the corresponding strains be zero on these surfaces. Therefore,

s4(x, y, ±h/2) = 0

e5(x9y9±h/2)=0
(x, y) e

( x , y )

(6)

Applying these stress-free boundary conditions to Eq. (3) and us-
ing the displacement expression (1), one can identify some higher-
order terms in terms of lower-order terms as follows, where i, k =
0,1,2, 7 = 1,2, . . . ,#-2 ,m = N - I , N, anda = 1, 2:

(7)
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GU AND CHATTOPADHYAY 1281

Using the preceding expression, the refined displacement field,
which satisfies all of the boundary conditions, can be defined
as follows:

7=0

7=0 j=N-l

4yvtf«>(*30+ y z'>(2)(*y)l[,V ay *'y ,-=v-iz a;' * ' y j
, y) t, y)

(8)

In the present paper, up to fourth-order transverse shear correct terms
(N = 4) are used to formulate the displacement field. The specific
form of the higher-order terms U^ is presented in the Appendix.

B. Buckling and Postbuckling of Cylindrical Shells
Consider a cylindrical shell that is subject to an in-plane compres-

sive load distribution p at the midsurface in the direction normal
to the boundary of the shell (Fig. 1). The minimum total potential
energy principle is used to derive the governing equations and as-
sociated boundary conditions. For linear buckling analysis, the pre-
buckling state is assumed to be a membrane primary state since the
axial compressive load is applied statically. This is characterized by

i = 1
i = 2,4, 5, 6 (9)

The second-order work done by the prebuckling stress can be ex-
pressed as follows:

<5W = (10)

where W is the work done by the applied compressive loads. The
variational principle of the total potential energy is given by

r rh/2 r
8U = ai8eidzd&- I phu3tX8u3,xdr = 0 (11)

Jtt J-h/2 JSl

Following Eqs. (1-4), the strains and stresses can also be written in
the following form:

a, = o-0)
i = 1,2, . . . ,6

(12)
Equation (11) can now be rewritten based on two integral regions,
the nondelamination region £2 — &d and the delamination region
£2^, as follows:

\ f
nd U-h

f(
JOd \ J-h/2

f / fh/2

+ / ( / {[°r/2)+0r/°)]5e/2)

«/ad \Jz*

-p(~z*){[W? + Wf]8W? 4- - 0 nr>
~ ( '

Integration of Eq. (13), through the thickness, yields the following
equation:

2J 2j,y 6j 2j,x

m

[N

wf]
(2)

'fl)dQ = 0 (14)

where the stress resultants are defined as
rh/2

/

h/2
a™ZJ-ldz

•h/2

= f* a/V-'dz, <«= f* a^V-'
J-A/2 J-h/2

(15)

•ft/2
l dz, ^1 dz

Using Eqs. (1-4), the stress resultants in Eq. (15) can be expressed
in terms of the generalized displacements. Furthermore, replacing
the higher-order terms U^ and U$N_^ (i =0, 1,2 and a = 1,2)
with the expressions that are identified by solving Eq. (7), one can
write the final form of Eq. (14) in terms of the generalized displace-
ment variables, U$(j = 0 ,1 ,2 , . . . , N-2) and W(0. By collecting
terms involving the variations of functions U%] and W® separately,
a total of 3(2/V — 1) governing equations are obtained that are not
presented here because of length restrictions.
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1282 GU AND CHATTOPADHYAY

For the nonlinear postbuckling analysis, the principle of mini-
mum potential energy is written based on two integral regions, the
nondelamination region £2 — &d and the delamination region Qj,
as follows:

r rh2
Pl-f / I (°)£o(°8YI = I I aij °sij

Jto-toj J-h/2

+ 1
-L ph8ui dr = 0 (16)

The superscript i denotes the stress and strain components corre-
sponding to the variables U^] and W(l) in the displacement expres-
sion [Eq. (1)]. Combining Eq. (16) with the nonlinear Mushtari-
Vlasov-Donnell strain-displacement relations, Eq. (3), and the layer
constitutive equation, Eq. (4), one can express the equilibrium equa-
tion in terms of the displacements as follows:

k = 1,2, . . . , 3(2#

The associated boundary conditions are

(17)

ffc. F = l,2,. . . ,3(2AT+2) (18)

A separated solution is employed in the form of a double infinite
trigonometric series (see Ref. 16), and the Rayleigh-Ritz method is
used to obtain the nonlinear set of algebraic equations. In general,
the following matrix form is used to express the nonlinear governing
equations:

(KL+KN)a=f (19)

where/ is the load vector. The nonlinear equations are solved using
the Riks-Wempner incremental iterative scheme 18~20 to follow the
pre- and postbuckling paths even through the limit point. In matrix
notation, the buckling equations can be expressed as follows:

(KL + (20)

This eigenvalue problem associated with bifurcation (buckling)
analysis is solved to obtain the critical load of the composite cylin-
drical shell with delamination.

In postbuckling analysis, a linearized buckling analysis is per-
formed before the full nonlinear analysis to select those modes that
dominate the prebuckling and buckling behavior of the composite
shell.13'14 Numerical tests show that the criterion can be profitably
used to select the modes to be included in the displacement ex-
pansion, thus greatly reducing the required core size and the time
required for obtaining the numerical solution.14 In the following ex-
amples, 12 terms (or modes) in the double trigonometric series are
selected, in each case, to ensure numerical precision. Under the no
contact assumption, no normal surface traction is considered at de-
laminated surfaces during and after buckling regardless of whether
or not the buckling modes imply contact. Since the contact during
and after buckling may tend to increase the load-carrying capac-
ity, the current study presents the results under the more critical
condition.

III. Results and Discussions
An example of a cylindrical shell made of isotropic material with

clamped ends (u = v = w = w<x = 0) under axial compression
is presented to validate the proposed theory. The delamination lies
at 0.3/z from the outer surface and it spans the entire circumference
(Fig. 1). The dimensions of the shell are such that L/R = 5 and
R/h = 30. Each lamina of the shell is assumed to be isotropic.
The numerical results of variation of critical load with delamination

0.05 0.1 0.15 0.2
Delamination Length

0.25

Fig. 2 Effect of transverse shear on critical load for the isotropic shell
(validation example): n, classical laminate theory; A, first-order theory;
and o, present theory.

0.05 0.1 0.15 0.2
Delamination Length

0.25

Fig. 3 Effect of transverse shear on critical load for cross-ply composite
shells, R/h = 30: a, classical laminate theory; A, first-order theory; and
o, present theory.

length, obtained using the present theory, are compared with those
obtained using existing solutions as shown in Fig. 2. The square data
points indicate the solutions presented in Ref. 9, in which the trans-
verse shear effects are not included. It is shown that the critical load
computed from the classical laminate theory deviates substantially
from those derived using the proposed theory. In the example, where
the radius-to-thickness ratio is considerably large (R/h = 30) and
the material is isotropic, a case for which the classical laminate the-
ory is generally regarded to be accurate for plate, a deviation of
about 7.5% is observed in the value of the critical load. This indi-
cates that the transverse shear effect plays a very significant role in
cylindrical shells. The effects are even larger than those observed
in composite plates.15 This observation agrees with that reported
by Kardomateas,21 which is that for isotropic cylindrical shells the
refined theory predicts a much lower critical load than the simplified
Donnell shell theory.

The linear buckling analyses are performed with shells made of
frequently used composites. The shell is subjected to an uniform
in-plane axial compressive load. Examples are presented for cross-
ply laminates with a stacking sequence of [0/90/0] 10 and angle-ply
laminates with a stacking sequence of [—45/45] ss- Both ends are
assumed to be clamped. The material used is graphite/epoxy with
the following engineering constants:

EL-/ET = 40,

GTT/GLT = 1.0

GLT/ET = 0.5

VLT = 0.25

Comparisons of the transverse shear effect on the normalized
critical load, with changes in the magnitude of the delamination
length parameter ft, are presented in Fig. 3 for the [0/90/0] 10 shell and
in Fig. 4 for the [-45/45]8s shell. The delamination is positioned
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GU AND CHATTOPADHYAY 1283

0.05 0.1 0.15 0.2 0.25
Delamination Length

Fig. 4 Effect of transverse shear on critical load for the angle-ply com-
posite shell,Rlh = 30: n, classical laminate theory; A, first-order theory;
and o, present theory.

0.02 0.04 0.06 0.08
Axial deflection

0.1

Fig. 6 Variation of normalized load with axial deflection during post-
buckling for cross-ply composite shells: n, j3 = 0.01; o, j3 = 0.06; and
O, /3 = 0.095.

0.8-,

i 0.6-

0.4-

o 0.2-

0 0.015 0.03 0.045 0.06 0.075
Axial Deflection

Fig. 5 Variation of normalized load with axial deflection during post-
buckling for the composite shell: o, (3 = 0.005 and n, /3 = 0.035.

symmetrically in the axial direction. It is seen that transverse shear
effect becomes smaller as the delamination length increases. This is
because, with the increase in the delamination length, local buckling
of the delaminated layer becomes dominant, which causes the local
radius-to-thickness ratio to be larger. Therefore the transverse shear
effect decreases. Slightly larger transverse shear effect is seen in
Fig. 4 for the [-45/45]85 shell than for the [0/90/0]10 shell in Fig. 3.
Larger deviations between the first-order theory and the present
theory are also observed in the case of the angle ply, over a wide
range of Rf h values, in Fig. 4 than in Fig. 3 for the cross ply. Finally,
more significant deviations between the first-order theory and the
present theory are observed in cases of composite shells than in
isotropic shells.

The results of the postbuckling analysis is presented in Fig. 5,
which shows the variation of the axial load with the axial deflec-
tion for two different size of initial delamination, ft = 0.005 and
0.035. The delamination lies at the same position (0.3/0 as m the
preceding example. The shell considered here is moderately thick,
h = 2.54 cm, with dimensions R =.91.4 cm and L = 254 cm.
The axial load is normalized with respect to the critical load ob-
tained from linear buckling analysis for the same shell without de-
lamination. The maximum load for the short delamination case is
approximately two-thirds of the critical load predicted by the linear
analysis, whereas the minimum postbuckling load is about 0.6 times
the critical load. According to Pedersen,22>23 the maximum load can
be reached only for shells with very small imperfections. As shown
here, the maximum load can be reached only for shells with very
short delaminations. For longer delaminations, a gradual transition
from the pure membrane prebuckling behavior to the postbuckling
response occurs.

The equilibrium path for the cross-ply composite shell with a
stacking sequence of [0/90/0] 10 and the angle-ply composite shell

0.9-,

1
'«> 0.6-

I

0.3-

o

o-fl-
0.5 1 1.5 2

Axial deflection
2.5

Fig. 7 Variation of normalized load with axial deflection during post-
buckling for angle-ply composite shells: n, (3 = 0.01 and o, /3 = 0.05.

with a stacking sequence of [-45/45]8lS are plotted in Figs. 6 and 7,
where the compressive loads are normalized with respect to the crit-
ical load for the shell without delamination and the axial deflections
are normalized with respect to the thickness h. The dimensions of
the shell considered here are L/R = 5 and R/h = 30. It is seen that
as delamination length increases, the load capacity drops sharply in
both cases of cross-ply and angle ply shells. In the cross-ply case,
the load-carrying capacity of the shell with delamination parameter
ft = 0.95 is only about one-ninth of the shell with ft = 0.01. The
axial deflections (end shortening) for the angle-ply shell are much
larger than those for the cross-ply shell because of the weakness in
axial stiffness of the angle-ply shell. The trends displayed by these
load-displacement curves are similar to those presented by Yin24

for delaminated laminates. This implies the general agreement be-
tween the postbuckling behavior of delaminated thick composite
cylindrical shells and delaminated flat laminates.

Figures 8-10 illustrate the variations of the midpoint deflections,
normalized by the shell thickness h over a wide range of normalized
axial compressive loads for delaminated layers and bottom sublam-
inates. Both cross-ply and angle-ply cases are considered. For the
short delamination length (Fig. 8), the delaminated layer and the
bottom sublaminates are not separated even as the load increases.
This means that the shell fails at the global mode. However, for the
larger delamination length (Fig. 9), the deflections of the delami-
nated layer increase rapidly, whereas the deflections for the bottom
sublaminates are stable after reaching a certain value. In this case,
it is clear that the shell failure is governed by a local mode. Sim-
ilar trends are observed for the angle-ply case in Fig. 10. These
observations also agree with the discussions regarding the mode
shapes in delamination buckling of composite plates presented in
Refs. 15 and 25.
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1284 GU AND CHATTOPADHYAY

1.25-,

0.75-

0.5-

0.25-

0 0.3 0.6 0.9
Normalized compressive load

Fig. 8 Midpoint deflection of delaminated layer and sublaminates for
cross-ply shells, /3 = 0.01: n, bottom layer and o, delaminated layer.

0 0.05 0.1 0.15 0.2
Normalized compressive load

Fig. 9 Midpoint deflection of delaminated layer and sublaminates for
cross-ply shells, (3 = 0.095: D, bottom layer and o, delaminated layer.

0 0.1 0.2 0.3 0.4 0.5 0.6
Normalized compressive load

Fig. 10 Midpoint deflection of delaminated layer and sublaminates for
angle-ply shells, (3 = 0.05: Q, bottom layer and o, delaminated layer.

IV. Concluding Remarks
A new higher-order theory is developed to study the delamination

buckling and postbuckling problem in composite cylindrical shells.
The refined displacement field proposed in this paper is capable of
representing displacement discontinuity conditions at the interface
of the existing delamination as well as in satisfying the transverse
shear stress-free conditions at surfaces and at the delamination in-
terface. Numerical investigations of the transverse shear effect on
critical buckling load and nonlinear postbuckling equilibrium path
are performed. The following important observations are made from
this study.

1) The present theory provides an adequate framework for the
analysis of composite cylindrical shells with delaminations. Partic-
ularly, the theory is expected to obtain accurate displacement distri-
butions with lower computational cost for engineering applications.

2) For laminated composite shells, the transverse shear effect on
delamination buckling is very significant.

3) The maximum load can be reached only for shells with very
short delaminations. A gradual transition from the pure membrane
prebuckling behavior to the postbuckling response occurs for longer
delaminations.

4) Since delamination is a type of imperfection, even a small size
of the initial delamination reduces the load capacity very sharply.

5) Delamination plays an important role in the buckling and
postbuckling modes, thereby governing the cylindrical shell fail-
ure mechanism.

Appendix: Identification of Higher-Order Terms
The expression of identified higher-order terms solved in Eq. (7)

are given here for special case of N = 4:

_
23 ~

+ 4(16«2-/z2)t/2
(?)-8/M2l/2<°)}

<}> + W?] }

2(1-a)

2 /
= —— I

flu V
2[(8# - ha)(2R + h) + a3(SR -f- h)

x (2R - ha)]U^} + ha[(8R + h) x (4fl - te)

- «2(8/J - te)(4/? + h)]U$ + 4[8/? + h

+ a3($R - ha)][RW§\ - U$] + 2(8/? + h)

X{2R-"a-(48F^)[(1^2-fe2)

!
. .

^/2
(?)+te(8/? + ^)

\4R- ha -[4Rh(6R-ha)(4SR2 - h2) l

- a2(24R2 - h2)(SR - ha)]U H- 4(87? + h)

+ ha(8R - ] \\
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= - — (2[(6R + h)(2R - ha) - a2(6R - ha)
012 V

x (27? + h)]U$> + ha[(6R + h)(4R - ha)

+ a(6R - ha)(4R

X{2R-ha-(4SV-h2)l(l6R2-h2}

x (67? - ha) - 4Rha(8R - ha)]\U^ + ha(6R + h)

x {4ft- 4SR2 - h2 [4Rh(6R - ha) - a(24R2 - h2)

4a2

- te) - hix(8R -

= h2a2[(8R + h)(6R - ha) + a(8R - ha)(6R + h)]

, = /i3a2[(8/? + h)(6R - te) + a(8/? - ha)(6R + A)]

(Ala)

4 r . . r » » n ^

ha(l

tfff^

- te) - a3(SR - ha)

x (2/? + A)] + ha[(8R

x (4r - te) - a2(8/? - ha)(4R

x [RW™ -

'-/(2)

x (6/f - to) - 4Rha(SR -

(16/?2-/i2)

{4R~h«-W^)[4R^
- a2(24R2 - h2)(8R - + 4(8 J? + h)

x 1- -[8J?(6J?~te)

+ ha(SR - ha)][RW®> -

U™ = — [2[(6R + h)(2R - ha) - a2(6R - ha)
022 V

x (2R + h)]U$> + ha[(6R + h)(4R - ha) - a(6R - te)

x (4R + A)]^ + 4[6R + h- a2(6R - ha)]

x [RWV - U$>] + 2(6* + « 2 J ? - to -

x '[(16R2 - h2)(6R -ha) - 4Rha(SR - ha)]

x [4Rh(6R - ha) - a(24R2 - h2)(SR -

: - te) -)

02! = A2a2[(8J? + /0(6fl - Aa) - a(SR - ha)(6R + h)]

a22 = h3a2[(SR + /z)(6/? - ha) - a(SR - ha)(6R + h)]

with

a = '2z*/h (Alb)
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