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ABSTRACT: A two-way piezoelectric-mechanical coupled theory is used to investigate the multi-
ple field interactions of composite laminates with surface-bonded piezoelectric actuators and sen-
sors. A higher order electrical potential field is used to accurately describe the nonuniform distribu-
tion of electric potential through the thickness of piezoelectric layers. A higher order laminate theory
is used to describe the displacement fields of both composite laminate and piezoelectric layers to ac-
curately model transverse shear deformation which is significant in moderately thick constructions.
A finite element laminate model with surface bonded/embedded piezoelectric actuators or sensors is
developed to implement the theory. Induced deformation, charge and current are investigated to eval-
uate actuation and sensing effects of piezoelectric materials. The results obtained using this coupled
theory are compared with those obtained using an uncoupled theory. Numerical results indicate that
two-way coupling effects affect the prediction of structural deflection, stress distribution and electri-
cal signal significantly. The thickness ratio of piezoelectric layer to plate structure is a critical param-
eter that governs the significance of coupling effects. The coupled piezoelectric-mechanical theory is
capable of accurately modeling the characteristics of thick piezoelectric layers.

INTRODUCTION

THE development of smart composites offers great poten-
tial for advanced aerospace structural applications. Pi-

ezoelectric materials are employed as both actuators and sen-
sors in the development of these structures by taking
advantage of direct and converse piezoelectric effects. The
modeling of laminated structures with surface-bonded pi-
ezoelectric transducers can be enhanced in two ways, more
accurate mechanics model to address the characteristics of
composite laminates and more accurate piezoelectric mate-
rial model to address electrical characteristics and coupling
effects between mechanical and electrical fields of actuators
and sensors.

In the analysis of laminated structures using piezoelectric
materials, the classical laminate theory (CLT) which ignores
the transverse shear effects has been used extensively
(Crawley, 1987; Lee, 1990). A refined hybrid plate theory
that combines the layerwise theory and an equivalent single-
layer theory (ESL) along with linear piezoelectricity was
developed by Mitchell and Reddy (1995) to model smart
composite laminates. A higher order theory that proved to
be computationally more efficient and was capable of
accurately capturing the transverse shear effects, for both
thin and thick laminates, was developed by Chattopadhyay
and Gu (1994). The effectiveness of the theory has been illus-
trated in the analysis of composite laminated structures
(Chattopadhyay and Seeley, 1997; McCarthy and
Chattopadhyay, 1997).

In the study of actuation and sensing effects of piezoelec-
tric materials, two way coupling, which implies the mutual
interactions between piezoelectric and mechanical fields
(both direct and converse piezoelectric effects), plays an im-
portant role (Tiersten, 1969). However, this issue is ignored
in most applications. In most of the work (Detwiler et al.
1995; Cho and Parmerter, 1999; Chattopadhyay, Gu, and
Dragomir-Daescu, 1999), a one-way coupling, that only con-
siders either actuation effect (converse piezoelectric effect)
of known electrical field on mechanical field or sensing ef-
fect (piezoelectric effect) of known mechanical field on elec-
trical field, is used. Two-way coupling effects have been used
by Hagood and Von Flotow (1991) in the study of passive
electrical damping and later in the study of self-sensing actu-
ators (Anderson and Hagood, 1994). The two-way coupling
between piezoelectric and mechanical fields was included in
the hybrid plate theory developed by Mitchell and Reddy
(1995). Recently, a coupled thermal-piezoelectric-mechani-
cal model was developed in Chattopadhyay, Li, and Gu
(1999) and Gu et al., Zhou et al. (both in press), to address the
two-way coupling issues associated with mechanical, elec-
trical and thermal fields. Further investigation on the differ-
ence between the two-way coupled theory and the one-way
coupled theory, referred to as the coupled model and the un-
coupled model in this paper, and the relation between the
two-way coupling effect and structural parameters, is neces-
sary. The present paper employs the two-way coupled theory
to model smart composite plates with surface-bonded piezo-
electric layers. The higher order displacement theory is used
to describe the displacement field to properly account for the
transverse shear stresses that are important in anisotropic
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composites. The developed theory is therefore applicable to
both thin and moderately thick constructions. A higher order
potential field is developed to accurately describe the non-
uniform distribution of electric field through the thickness of
piezoelectric layers. The electric field distribution is now
consistent with the induced effects due to the higher order
displacement field. The governing equations are obtained
based on the higher order field assumptions and variational
principle of coupled fields. Numerical results are presented
to investigate the difference between the coupled piezoelec-
tric-mechanical model and the conventional uncoupled
model. The actuation effects of actuators including multiple
actuators, sensing ability of sensors and control authority,
using the two-way coupled theory, are studied.

MATHEMATICAL FORMULATION

In isothermal conditions, the linear electromechanical
multiple field problem for a domain V without free body
charge, based on displacement and electric potential as inde-
pendent state variables, can be described using variational
principle along with several constraints.

(1)

with constitutive relations

(2)

(3)

compatible conditions

(4)

(5)

and essential boundary conditions as follows:

(6)

(7)

where the quantities ui, εij and σij denote the components of
mechanical displacement, strain tensor and stress tensor, re-
spectively and φ, Ei and Di denote electric potential, and
components of electric field and electric displacement, re-
spectively. The quantitiesui ,t i , φ and q denote the prescribed

deformation on the displacement boundary Su, traction on
the stress boundary Sσ, voltage on the potential boundary Sφ
and surface charge on the charge boundary SD, respectively
and ρ, γ and fi denote mass density, structural damping and
components of external force per unit volume, respectively.
The quantities cijkl, eijk and bij represent elastic constants, pi-
ezoelectric constants and dielectric permittivity, respec-
tively.

An accurate and effective field assumption of structural
deformation and electric potential distribution is a key issue
in the implementation of the variational principle into finite
element governing equations. For laminated composite
plates, the transverse shear effects are important due to the
significant stiffness variation between different lamina. The
assumed potential distribution is also required to describe the
nonuniform potential distribution and match the field varia-
tion induced by mechanical deformation through piezoelec-
tric effect. The equipotential requirements on the surfaces of
piezoelectric transducers, the major electrical boundary con-
dition, must be satisfied accurately. Therefore, the higher or-
der assumptions for both displacement and electric potential
are appropriate.

The displacement field is modeled using the higher order
theory that incorporates the transverse shear effects. A lami-
nated plate element with coordinate x-y-z is shown in Figure
1. Through the element thickness, cubic variations are as-
sumed for in-plane displacements (u and v) and the out-of-
plane displacement (w) is assumed constant. The following
displacement field is obtained through the imposition of the
zero transverse shear stress conditions on the surfaces of the
laminate.

(8)

(9)

(10)
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Figure 1. Illustration of laminated element.



with

(11)

where u0, v0 and w0 are the displacements of a point in the
mid-plane of the laminate (z = 0). The terms –z(∂w0/∂x) and
–z(∂w0/∂y) represent the effects of section rotations with re-
spect to the y and –x axes, respectively. The quantities ψ1 and
ψ2 represent the mid-plane transverse shear strains and H in-
dicates the distance between the laminate surfaces (Figure
1). The transverse shear effects are addressed by the higher
order terms g(z,H)ψ1 and g(z,H)ψ2, which introduce the
warping effects into the rigid rotation of plate sections.

A cubic distribution of the potential field (φ) along the
thickness of piezoelectric layers is also assumed. The poten-
tial field must satisfy the surface boundary condition of ap-
plied voltages ( )φ j . The potential field (φ j) for the jth layer
can be written as follows:

(12)

with

(13)

where φ0
j is the potential of a point in the mid-plane of the jth

piezoelectric layer. The quantity E z
j denotes the electric field

of mid-plane and the term - -( )z z Ei
z
j

0 is used to address the
linear potential distribution along the thickness. The last
term in Equation (12) represents the higher order modifica-
tion addressing the nonuniform potential variation along the
thickness and satisfying the equilpotential surface boundary
conditions prescribed at electrodes. The quantity φ j denotes
the potential difference between the top and the bottom elec-
trodes covering the jth piezoelectric transducer and z j

0 and
h j denote the mid-plane position and the thickness of the jth
piezoelectric layer, respectively (Figure 1).

The finite element governing equations are obtained by us-
ing the assumed field functions in the variational principle
[Equation (1)]. The detailed procedure is illustrated in Ap-
pendix A. The element equilibrium equation is written as fol-
lows:

(14)

where M uu
e , Cuu

e and K uu
e are mass, damping and stiffness

matrices of the element, respectively. Matrix K φφ
e is the ele-

ment electrical stiffness matrix andK u
e
φ andK φu

e are element
stiffness matrices due to piezoelectric-mechanical couplings
describing converse piezoelectric and piezoelectric effects,
respectively. The external mechanical force vector is denoted
Fu

e and the induced force vector due to applied potential is
denoted FΛ

e . The electrical forces due to prescribed surface
charge and applied voltage are denoted Fφ

e and Fp
e , respec-

tively. The exact definitions of these matrices are presented
in Appendix B.

The governing equation [Equation (14)] must be solved si-
multaneously after element assembly. A scaling parameter
(λe) is introduced to avoid numerical problems due to scale
differences between the stiffness matrices K uu

e , K u
e
φ and

K φφ
e . This scaling parameter is chosen to make the magni-

tudes of the elements in the electrical components of the stiff-
ness matrix roughly equal to the magnitudes in the mechani-
cal components, K uu

e . Appropriate mechanical boundary
conditions are used to eliminate rigid body motion. It must be
noted that it is not necessary to impose boundary conditions
on the electrical variables. This is due to the fact that the es-
sential boundary conditions of the potentials, prescribed on
the surfaces of piezoelectric layers, have been incorporated
in the higher order potential assumption.

RESULTS AND DISCUSSION

Verification of the refined higher order laminate theory
and the concept of simultaneously solving the coupled equa-
tions was previously made in earlier work (Chattopadhyay,
Li, and Gu, 1999; Gu et al.; Zhou et al.) by comparison with
the results from a 3-D model using ANSYS. The present pa-
per, therefore, concentrates on the effects of the higher order
potential function and the interaction between multiple actu-
ators.

A cantilever rectangular fiber-reinforced laminated com-
posite plate (Graphite/Epoxy) with surface-bonded piezo-
electric transducers is considered in the numerical analysis
(Figure 2). The plate dimensions are such that length a =
0.30 m and width b = 0.25 m. The stacking sequence is
[0°/90°]s. The material constants for the composite and the
piezoelectric materials are listed in Table 1. The tip position
of the structure is denoted point C (Figure 2). The plate struc-
ture is uniformly discretized into 49 four-noded plate ele-
ments. Several numerical cases are studied to evaluate the
impact of coupling effects.

A comparison of piezoelectric actuation effect using the
coupled model and the uncoupled model is performed. First,
a plate with thickness h = 2 mm and top and bottom surface-
bonded actuators (A/S1 and A/S2, Figure 2) is considered.
The top and the bottom actuators are subjected to a static
voltage of equal magnitude but opposite directions, making
out-of-plane deformation dominant. It must be noted that the
nominal electric field, defined as the value of the voltage ap-
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plied on the actuator over its thickness (hp, Figure 2) in the
coupled model, is the same as the electric field used in the un-
coupled model. In the following studies, the nominal electric
field is maintained at 0.1 MV/m. The tip deflection of the
plate (point C, Figure 2) is used to evaluate the actuation ef-
fect. The variation of tip deflection with change in the thick-
ness ratio of actuator to plate structure is presented in Figure
3. It can be observed that initially the deflection increases
with increase in the actuator-to-plate thickness ratio. How-
ever, the trend reverses with further increase in this ratio.
This is due to the fact that increase in actuator thickness can
enhance actuation force if the strain in actuators holds. How-
ever, thick actuator also increases bending stiffness greatly,
which leads to smaller structural deformation. Therefore,
there exists an optimized actuator-to-plate thickness ratio

which can result in the largest deformation and thereby the
largest actuation effect. In the example structure, both the
coupled and the uncoupled theory predict the same opti-
mized thickness ratio of about 1.1 (Figure 3). Though this
thickness ratio results in the largest deflection, it is not al-
ways practical to implement. Unless the plate is rather thin,
thickness ratios greater than about one will result in thick,
heavy actuators. It can also be observed from Figure 3 that
there is little difference in the values of tip deflection, be-
tween the two theories, if thin actuators are used. However,
with increase in the actuator-to-plate thickness ratio, the dif-
ference between the predictions from two models becomes
significant. The uncoupled theory predicts larger deforma-
tion compared to the coupled theory. This is because more
transformation of mechanical energy into electrical energy
due to the two-way coupling effect is considered in the cou-
pled model. The uncoupled theory therefore overpredicts the
control authority. This result has been proved in previous
studies (Chattopadhyay, Li, and Gu, 1999; Gu et al.; Zhou et
al.). To illustrate the significance of the actuator-to-plate
thickness ratio, two plates with the same configuration as
shown in Figure 2 and different thickness (h = 2 mm and h =
0.4 mm) are investigated. Figure 4 presents the difference in
tip deflection by using the coupled and the uncoupled mod-
els. For both plates, little difference between the results from
the two theories is observed with small values of actuator-to-
plate thickness ratio. However, the thickness ratio of 1.1, the
best geometry for actuation effects, yields the largest differ-
ence in deflections between the two models. Figure 5 pres-
ents the normalized difference in tip deflection by using the
two models. Normalized difference is defined as the ratio of
the difference between the deflections obtained using the
two models to the deflection obtained using the uncoupled
model. This ratio is used to evaluate the difference between
the two theories. It can be observed that for both plates with
different thickness, the normalized difference increases with
increase in the actuator-to-plate thickness ratio. This results
from the fact that the uncoupled model mispredicts the non-
uniform distribution of electric field and the two-way inter-
actions between electrical and mechanical fields more
greatly in case of thick actuators. The normalized difference
between the two models is about 5 percent in the cases stud-
ied for the actuator-to-plate thickness ratio of 1.1. It must be
noted that the deviation between the two theories will vary
with structural configurations and material properties.
Larger piezoelectric coupling coefficients, implying more
coupling energy stored in piezoelectric materials, will have
the same effect as increased actuator-to-plate thickness ratio.
This will also lead to more deviation between the predictions
from the two models. The coupled theory will therefore be
more appropriate in the modeling of newly developed high-
actuation materials.

A plate thickness of 2 mm and the actuator-to-plate thick-
ness ratio of 1.1 is used in the following investigations. The
results presented for the coupled theory utilize the higher or-
der potential distribution and the results for the uncoupled
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Figure 2. Cantilever plate with actuators/sensors.

Table 1. Material properties of PZT and
graphite/epoxy composite.

PZT Graphite/Epoxy

Elastic moduli (GPa):
E11 63 144.23
E22 63 9.65
E33 63 9.65

Shear moduli (GPa):
G23 24.6 3.45
G13 24.6 4.14
G12 24.6 4.14

Poisson’s ratio:
ν 0.28 0.3

Density (kg/m3):
ρ 7600 1389.23

Piezoelectric charge constant (pm/V):
e31 = e32 253 —

Electric permittivity (nf/m):
b11 = b22 15.3 —
b33 15.0 —

Curie temperature (°C):
Tc 365 —



model use the standard linear description of the electric po-
tential and thus constant electric field. Figure 6 presents po-
tential and electric field distributions through the thickness
of the top actuator, at point B, subjected to a nominal electric
field of 0.1 MV/m. Note that the thickness coordinate of the
actuator varies from 1.0 mm to 3.2 mm, that is, from the bot-
tom surface to the top surface. The potential distribution ob-
tained using the coupled theory and higher order potential
field assumption deviates from the linear prediction in the
uncoupled theory. Though the difference in the electric po-
tentials is only a subtle curvature, this results in large diver-
gence in electric fields obtained from the two models since
the electric field is proportional to the slope of the potential.
The deviation is a maximum at the actuator surfaces with
about a 30 percent difference in electric field between the two
models.

One significant effect of the deviation in electric field be-
tween the coupled and uncoupled models is the prediction of
the charge accumulated on the surfaces of piezoelectric ma-
terials. Figure 7 presents the total charge accumulated on the
actuator surfaces (A/S1 and A/S2, Figure 2). The coupled
theory shows equal amount of charge on the top and the bot-
tom electrodes. However, the uncoupled theory presents dif-
ferent charge values on the actuator surfaces, violating the
conservative charge law. This is due to the incorrect assump-
tion of constant electric field in the uncoupled model. Equa-
tion (3) shows that if the electric field is assumed to be con-
stant while the strain varies through the thickness of the
piezoelectric, then the electric displacement will not be con-
stant through the thickness which is required to conserve
charge. If it is desired to use the uncoupled model to estimate
the actual charge on the electrodes then the magnitudes pre-
dicted for the electrodes could be averaged. For the example
in Figure 7 this would yield a value of 7.15 × 10–6 Coulombs
as opposed to 7.02 × 10–6 Coulombs predicted by the coupled
model. The small difference between these values is a result
of not simultaneously solving Equations (2) and (3) in the un-
coupled model. Figures 8 and 9 present the deflection and the
slope of the plate length (line AC, Figure 2). It is clearly seen
that a deviation between the two theories exists for both de-
flection and slope. These results demonstrate the inaccuracy
associated with the use of the one-way coupled theory for
modeling piezoelectric actuators.

Next, stress analysis is performed to investigate the effects
of two-way coupling. Figure 10 presents the distribution of
normal stress, σx, through laminate thickness obtained using
the coupled and uncoupled models for the structural element
with piezoelectric actuator A/S2 (Figure 2). The stress distri-
bution is obtained through Gaussian point averaging tech-
nique. It can be observed that the distribution of σx is
discontinuous at the layer interfaces. The results obtained us-
ing the two theories do not show much difference in the host
plate. However, significant deviation between the stress pre-
dictions, using the two theories, is observed in the region of
surface-bonded piezoelectric actuator. The different predic-
tions result from ignoring the two-way coupling effects and
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Figure 3. Tip deflection with variation in actuator-to-plate thickness
ratio (hp /h).

Figure 4. Difference in tip deflection between coupled and uncou-
pled models, with variation in actuator-to-plate thickness ratio (hp /h).

Figure 5. Normalized difference in tip deflection, coupled and un-
coupled models, with variation in actuator-to-plate thickness ratio
(hp /h).



the constant electric field assumption in the uncoupled
model. The electric field in the piezoelectric actuator is not
uniformly distributed. For example, the magnitude of the
electric field on the upper surface of the top actuator is
greater compared to that on the lower surface, as shown in
Figure 6. However, the uncoupled model uses the constant
electric field assumption resulting in significant
misprediction in electro-mechanical stress analysis. The
largest deviation in stress prediction occurs on the actuator
surfaces where the maximum deviation between the predic-
tions of electric field using the two theories occurs. Figure 11
presents the distribution of normal stress, σy, through lami-
nate thickness obtained using the coupled and uncoupled
models for the structural element with piezoelectric actuator
A/S2 (Figure 2). It can also be observed that there is a signifi-
cant deviation between the stress evaluations using the two
theories. The maximum deviation once again occurs at the
actuator surfaces.

The effect of coupling on the transverse shear stress, σxz, is
investigated in Figures 12–14. Figure 12 presents the distri-
bution of stress σxz through laminate thickness obtained us-
ing the coupled and uncoupled models for the structural ele-
ment with piezoelectric actuator A/S2 (Figure 2). It can be
observed that both the coupled and the uncoupled models
predict zero value at the top and bottom surfaces of the struc-
ture as expected. However, significant deviation occurs at the

interface of the piezoelectric actuator and the host plate. The
two theories also show difference in their predictions of the
transverse shear stress distribution in x-y plane. The trans-
verse shear stress σxz is evaluated at the midplane of the top
actuator (z = 2.1mm) as well as at six different sections in the
structural element A/S2 as shown in Figure 13. The compari-
son of stress σxz on the six sections is presented in Figure 14.
Although the two theories yield similar trends in the stress
variations, significant differences between the two theories
can be observed. Note that the other shear stresses are not in-
vestigated since they are not as significant in the case studied
here.

In practical applications, multiple actuators are used to
produce larger actuation capability for both shape control
and control of different vibration modes. The effect of the
two-way coupling on multiple actuators is investigated in
Figures 15 and 16. A plate thickness of 2 mm and actuator-to-
plate thickness ratio of 1.1 is used. Four cases with different
numbers of actuators are considered as shown in Figure 15.
The change in number of actuator implies change in struc-
tural surface areas covered by actuators. A nominal electric
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Figure 6. Variations of potential and electric field through actuator
thickness, coupled and uncoupled models.

Figure 7. Electric charge, top actuator.

Figure 8. Comparison of plate normalized deflection, coupled and
uncoupled models.

Figure 9. Comparison of plate slope, coupled and uncoupled mod-
els.
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Figure 10. Comparison of stress distribution (σx ) through thick-
ness, coupled and uncoupled models.

Figure 11. Comparison of stress distribution (σy ) through thick-
ness, coupled and uncoupled models.

Figure 12. Comparison of stress distribution (σxz ) through thick-
ness, coupled and uncoupled models.

Figure 13. Isoparametric illustration of sections in actuator element.

Figure 14. Comparison of transverse shear stress distribution in x-y
plane.

Figure 15. Illustration of multiple actuator cases.



field of 0.1 MV/m is applied in each case. The tip deflection
normalized by the plate thickness (h, Figure 2) is used to
evaluate the actuation effects. Comparisons of the normal-
ized tip deflections, for all cases, are presented in Figure 16.
As expected, both the uncoupled and the coupled theory pre-
dict larger tip deflection with increase in the number of actu-
ator. However, the uncoupled theory results in larger defor-
mation. The normalized differences between the two
theories, for these four cases, are 4.8, 5.0, 5.2 and 5.4 percent,
respectively. This indicates that the deviation between the
two theories varies marginally with increase in the structural
surface area covered by actuators or with change in actuator
position. This can be explained as follows. The difference be-
tween the predictions from the two models results from pi-
ezoelectric effect, which is neglected if the uncoupled theory
is used. The energy transferred from mechanical field to elec-
trical field and stored in piezoelectric materials is ignored in
the uncoupled model. Therefore, the deviation between the
two models depends on the ratio of electrical energy stored in
piezoelectric materials to mechanical energy stored in the
structure. The energy misprediction by the uncoupled theory
increases with increase in this ratio, resulting in increased de-
viation between the two theories. For the structure deformed
by piezoelectric actuation, the higher strain region, repre-
senting larger mechanical energy stored, is concentrated in
the region with piezoelectric actuators. Increase in the num-
ber of actuator will increase electrical energy stored in piezo-
electric materials. However, this also implies increase in re-
gions of high strain in the structure which leads to more
mechanical energy in the deformed structure. Thus, increase
in the number of actuator or change in actuator position does
not affect the ratio of electrical to mechanical energy and
therefore has marginal effect on the deviation between the
two models.

Numerical analysis is performed to investigate piezoelec-
tric sensing effects. The same cantilever plate with thickness
of 2 mm and the thickness ratio of 1.1 is considered. The sur-
face-bonded piezoelectric elements A/S1 and A/S2 are used
as sensors (Figure 2). Figure 17 presents the potential and the
electric field distributions through the thickness of the top
sensor, at point B, due to the static deformation of the plate
structure with a tip deflection of 5 mm. In the uncoupled
model, the potential and the electric field are assumed zero as
shown in Figure 17. The coupled model predicts nonzero val-
ues, which are induced by the mechanical deformation. The
largest deviation of potential and electric field occur in the
mid-plane and the surfaces of sensors, respectively. Figures
18 and 19 present the variations of charge accumulated on the
top and the bottom electrodes, with time, respectively when
the structure is released from the initial deformed state. It can
be observed that the summation of charge variations on the
two electrodes predicted by the coupled theory is zero, which
implies charge conservation. However, the prediction from
the uncoupled theory results in overestimation of the charge
on the top electrode and underestimation of the charge on the
bottom electrode.
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Figure 16. Comparison of normalized tip deflections.

Figure 17. Variations of potential and electric field through sensor
thickness, coupled and uncoupled models.

Figure 18. Charge variation, top electrode, coupled and uncoupled
models.



CONCLUDING REMARKS

A completely coupled piezoelectric-mechanical theory,
based on a higher order displacement field and a higher order
electric potential field, is developed to study the coupling ef-
fects of piezoelectric smart composite plates. The governing
equations are obtained using the higher order field assump-
tions and variational principle of coupled fields. The theory
is implemented using finite element technique that ensures
the application to practical geometry and boundary condi-
tions. Numerical results are presented for a cantilever com-
posite plate with piezoelectric transducers. The following
important observations are made from this study.

1. The developed approach provides a means to accurately
model the behavior of composite plates with piezoelectric
actuators and sensors.

2. For surface-bonded actuators, the difference between the
two theories is affected by a critical parameter, the thick-
ness ratio of actuator to plate structure. Increase in this ra-
tio leads to rapid increase in the deviation between the two
theories.

3. Two-way coupling affects stress distribution signifi-
cantly. The maximum deviation between stress pre-
dictions using the coupled and uncoupled theories oc-
cur at the top or the bottom surface of the piezoelectric
layers.

4. For laminated plates with multiple surface-bonded ac-
tuators, the normalized difference between the two mod-
els is not sensitive to the number and the position of actua-
tors.

5. The uncoupled model neglects the nonzero electric field
induced by mechanical deformation in sensor applica-
tions. This leads to a violation of the conservative charge
law. Furthermore, it also mispredicts the charge accumu-
lated on electrodes significantly.

6. Difference in the predictions by the two models is not sen-
sitive to increase in actuator size or number.
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APPENDIX A

The finite element formulation of an n-noded element with
m piezoelectric layers is considered. In-plane coordinates are
denoted x and y and the thickness coordinate is denoted z.
The position of the mid-plane of the jth piezoelectric layer is
denoted z j

0 (Figure 1).
The nodal unknowns of displacement field for the ith node

( )u u
i and electrical field for the ith node in the jth piezoelec-

tric layer ( ),u φ
i j are written as follows.

(A-1)

(A-2)

The displacement ( )u u
e and the jth layer electrical un-

knowns ( ),u φ
e j for the element e are written as follows.

(A-3)

(A-4)

The displacement field in the mid-plane of the element
(uu0(x,y)) and the electrical field in the mid-plane of the jth
piezoelectric layer ( ( , ))u φ 0

j x y are,

(A-5)

(A-6)

By using appropriate interpolation functions, the mid-
plane field functions can be written as follows.

(A-7)

(A-8)

where Nu(x,y) and Nφ(x,y) are the interpolation functions for
displacement and potential field, respectively.

Based on the higher order field assumption, the element
displacement field u(x,y,z), the strain ε(x,y,z), the potential
field φ j(x,y,z) and the electric field E j(x,y,z) can be written as
follows.

(A-9)
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0 0
0 0 0 1 2, , , , , ,

i i
i i i i i i
u

w w
u v w

x y
Ψ Ψu

È ˘∂ ∂= Í ˙∂ ∂Î ˚

, , ,
0[ , ]i j i j i j

zEφ φu =

1 2[ , , , ]e n T
u u u uu u u u�=

, 1, 2, ,[ , , , ]e j j j n j T
φ φ φ φu u u u�=

[ ]0 10 10 10 1 2( , ) , , , ,
T

u x y u v w Ψ Ψu =

00( , ) [ , ]j j j T
zx y Eφ φu =

0( , ) ( , ) e
u u ux y x yu N u=

,
0 ( , ) ( , )j e jx y x yφφ φu N u=

0( , , ) ( , )u ux y z x yu L u=

Figure 19. Charge variation, bottom electrode, coupled and uncou-
pled models.



(A-10)

(A-11)

(A-12)

where the higher order operators Lu, Lε, Lφ
j and LE

j are de-
fined as follows.

(A-13)

(A-14)

(A-15)

(A-16)

with

(A-17)

(A-18)

(A-19)

(A-20)

The element displacement field, the strain, the potential field
and the electric field can be written as follows.

(A-21)

(A-22)

(A-23)

(A-24)

where

(A-25)

(A-26)

(A-27)

(A-28)

The constitutive relations in vector form are as follows:

(A-29)

(A-30)

where � and D are the stress vector and the electric displace-
ment vector, respectively and � and E are the strain vector
and the electric field vector, respectively. The matrices Q, B
and P denote elastic constants, dielectric permittivity and pi-
ezoelectric constants, respectively.

Substitution of Equations (A-25)–(A-28) into the
variational principle yields the element governing equation
[Equation (14)]. The element matrices are defined in Appen-
dix B.

APPENDIX B

Element matrices in Equation (14) are defined as follows.

(B-1)

(B-2)

(B-3)
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u u u(x, y)B L N=

u(x, y)ε εB L N=

( , )j j x yφφ φB L N=

( , )j j
E E x yφB L N=

Q PE� �= -

TD P BE�= +

e T
uu u u

V
dVρM B B= Ú

e T
uu u u

V
dVγC B B= Ú

e T
uu

V
dVε εK B QB= Ú

( , , ) e
ux y z εε B u=

,
0( , , ) ( , )j e jj j

bx y z V z z φ φφ φ B u= - +

,
0( , , ) ( , , )j j e jj j j

b Ex y z z z h φφE F B u- = - +

1 0 0( , ) 1, ( )j j jjh z z h z zφL Í ˙= - - -Î ˚
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(B-4)

(B-5)

(B-6)

(B-7)

(B-8)

(B-9)

(B-10)

where f and t denote body force vector per unit volume and
surface traction vector, respectively. The superscripts 1 to m
denote corresponding piezoelectric layers.
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