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Abstract
This article presents a novel approach to model the mechanical response of smart polymeric materials. A cyclobutane-
based mechanophore, named ‘‘smart particle’’ in this article, is embedded in an epoxy polymer matrix to form the self-
sensing smart material. A spring–bead model is developed based on the results from molecular dynamics simulation at
the nanoscale to represent bond clusters of a smart polymer. The spring–bead network model is developed through
parametric studies and mechanical equivalence optimization to represent the microstructure of the material. A statistical
network model is introduced, which is capable of bridging the high-accuracy molecular dynamics model at the nanoscale
and the computationally efficient finite element model at the macroscale. A comparison between experimental and simu-
lation results shows that the multiscale model can capture global mechanical response and local material properties.
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Introduction

Interest in stimuli-responsive materials that exhibit spe-
cific chemical reactions upon external stimuli such as
temperature, pH, ion, light, and electric field has
increased significantly in the last decade (Bawa et al.,
2009; Qiu and Park, 2001; Richter et al., 2008; Suzuki
et al., 1996; Tanaka et al., 1982). Particularly of interest
are stress-sensitive materials responsive to mechanical
loading (also known as mechanophores), which open
novel ways to study post-yield behavior at the material
level (Chang and Chang, 1987; Thostenson and Chou,
2006; Wu et al., 2008). Cho et al. (2010) and Chung
et al. (2004) developed a cyclobutane-based mechano-
phore consisting of carbon–carbon covalent bonds.
Under mechanical loading, the cyclobutane transforms
into cinnamate groups, which emit green fluorescence.
The cyclobutane-based mechanophore is embedded in
an epoxy-based polymer matrix to form the self-sensing
smart material. Previous studies have reported the
experimental characterization and fabrication of
nanoparticle-embedded polymers (Gibson, 2010).
However, the determination of mechanical properties
through testing is labor intensive and expensive. Several
modeling techniques have also been developed to
understand the nano- and microscale phenomena
(Borodin et al., 2005; Fermeglia and Pricl, 2007; Ghosh

et al., 1995) in hierarchical materials. These models pro-
vide important constitutive formulations and are a key
to understanding the material response at the nano-
and microscale.

To model polymeric systems integrated with nano-
particles, numerous approaches have been developed.
These include homogenization techniques, molecular
dynamics (MD) simulation, Monte Carlo (MC) simula-
tion, and the Mori–Tanaka approach. In the epoxy-
based polymer, the bonds (cross-linking) between the
resin and the hardener molecules generate a large net-
work structure. The heterogeneous cross-linking degree,
which is defined as the percentage of actual cross-linked
covalent bonds over all potential cross-linked bonds,
has an important effect on the local mechanical proper-
ties (Fan and Yuen, 2007; Flory and Rehner, 2004;
Krumova et al., 2000). In the last decade, a large
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number of MD simulations on epoxy-based systems
have been reported to understand material behavior at
the molecular level (Hossain et al., 2010; Varshney
et al., 2008). Yarovsky and Evans (2002) investigated
the strength and molecular mechanisms of adhesion
between an inorganic substrate and a cured epoxy resin
using MD simulation. A method was presented in their
work to predict cross-link density in the resin and cur-
ing agent molecules. Fan and Yuen (2007) conducted
molecular level simulations to estimate the material
properties of the cross-linked epoxy resin compound.
Their work predicted the glass transition temperature
(Tg), linear thermal expansion coefficients, and Young’s
modulus of the cross-linked epoxy resin compound.

The high computational cost associated with
large-scale MD simulations limits its use beyond the
nanoscale whereas the use of micromechanical homo-
genization techniques in a multiscale framework can
lead to the propagation of large errors across length
scales. Therefore, efforts have been made to maximize
computational efficiency and maintain high accuracy
while investigating the material behavior of polymers
at the microscale. Techniques that rely on discrete
material distribution and simplified analyses have been
developed (Buxton and Balazs, 2002; Iwata, 2003;
Schwarz et al., 2006). Underhill and Doyle (2005)
developed a spring–bead model in which each bead rep-
resents a large segment of molecular chains, to model
the mechanical response of a polymer. Furthermore,
Gao et al. (2007) applied the spring–bead model to cre-
ate a network model that can simulate larger polymer
chains and microstructures; the network model was
found to be more accurate than micromechanical
approximation techniques for characterizing amor-
phous materials.

A review of multiscale modeling approaches for
polymer nanocomposites has been presented by Zeng
et al. (2008). The authors review simulation techniques
such as MD and MC at the atomistic scale; Brownian
dynamics, dissipative particle dynamics, and dynamic
density functional theory method at the microscale;
and equivalent continuum approach and finite element
analysis (FEA) at the macroscale (Lin et al., 2012a,
2012b; Neerukatti et al., 2014; Peng et al., 2013). A
major challenge is how to scale material behavior from
the nano- and microscale to the macroscale in order to
investigate the effect of the smart material at the struc-
tural scale. Despite the accuracy of MD simulations,
computational inefficiency prohibits their use within a
multiscale analysis framework. Recently, a multiscale
analysis approach was employed to investigate the
effect of carbon nanotubes (CNTs) embedded in poly-
mer matrix for aerospace structural applications
(Hasan et al., 2014). The composite cylinder assem-
blage method and the Mori–Tanaka theory were used
to compute effective properties at the nanoscale and
the microscale, respectively; the information served as

inputs to the macroscale FEA of composite stiffeners.
Although this was an important step toward integra-
tion of the relevant length scales within a multiscale
framework, the methodology is not capable of captur-
ing the interactions at the atomistic scale.

This article presents a spring–bead model and a net-
work model which are developed to bridge nanoscale
information to higher length scales for modeling epoxy
polymers embedded with smart particles. Because
mechanical properties are determined by inter/intra-
molecular potential energy and there is no reported
literature on the mechanical properties of the smart
polymer, MD simulation is the most appropriate
approach to understanding the material properties of
the smart polymer at the nanoscale. A series of MD
simulations are performed to capture the generation of
cross-linked bonds in the smart polymer; this informa-
tion is further used to construct the probability distri-
bution of cross-linking degrees. At the microscale, the
material is partitioned into discrete mass beads which
are linked using linear springs. By integrating multiple
spring–bead models, a network model is generated to
represent the elastic material properties. The experi-
ments are conducted to validate the mechanical
response predicted by the multiscale model. The devel-
oped methodology is computationally efficient and
provides a possible means to bridge various length
scales without significant loss of accuracy.

Spring–bead model to represent bond
clusters of polymer at the nanoscale

Micromechanical techniques allow the mechanical
behavior of polymers to be understood through the
continuum approximation of heterogeneous micro-
structures. The variation in microstructural properties
leads to variable macroscopic properties. Because the
mechanical behavior in nanocomposites is affected
more by discrete phenomena, the application of conti-
nuum mechanics is not a suitable option at the micro-
scale. The FE method and spring–bead-based method
are the most widely used numerical methods for discre-
tizing the continuum mechanical description of a mate-
rial (Buxton and Balazs, 2002). The FE method
incorporates a complex preprocessed mesh which
allows detailed investigations of complex geometries at
hot spots, while enabling complex constitutive relations
to be incorporated. However, the accuracy and effi-
ciency of FE method are dependent on mesh sizes, and
therefore limitations exist on the level of complexity
that can be simulated (Tomar et al., 2004). In order to
simulate more heterogeneous microstructures, new
technique may be adopted. The spring–bead model is
considered as a two-dimensional (2D) or three-
dimensional network of interconnecting one-
dimensional linear springs. The continuous material is
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lumped into discrete beads. The neighbor springs are
linked together by the nodes fastened in the centers of
the beads. The principal advantages of the model are
the ease with which the microstructural heterogeneity
can be incorporated through the local variation in
spring characteristics and the simulation of crack pro-
pagation through the iterative removal of springs.

In this work, a spring–bead model is developed to
characterize the elastic deformation of a cross-linked
cluster of polymer chains with inputs from MD simula-
tions that define local material properties. It should be
clarified the spring–bead model is different from the
traditional Rouse bead–spring model (Rouse and
Prince, 1953). In this developed network model, the
springs and beads are used as components in the cross-
linked network. Springs are cross-linked to represent
mechanical behavior of the material and bridge MD
model and FEA model. The beads represent material
mass of cluster bonds. Each spring is used to represent
a cluster of polymer chains, instead of part of a single
polymer chain. This simplification allows to bridge dif-
ferent models at multiple length scales and improves the
simulation efficiency significantly. At each iteration
step in the simulation, forces in the springs are applied
to the nodes at the center of the beads, and the equili-
brated nodal displacements throughout the system are
calculated. Different from the traditional FE method
for obtaining stress and strain, the spring–bead model
provides the displacements of the nodes and forces in
the springs. The equivalent strain and strain energy of
spring–bead based network model can be defined and
calculated using the displacements of nodes and the
spring characteristics. Furthermore, the results from the
network model can be scaled up to obtain the structural
response at the macroscale using FEA (see Figure 1).

In this spring–bead model, each of the two beads
serves as half of the mass of the bond cluster; the linear

spring is used to represent the mechanical response (ten-
sile and compressive) of the bond cluster, and the
potential energy stored in the spring due to extension or
compression captures the elastic strain energy in the
deformed material. Variable spring stiffness (ratios of
force to relative displacement) is used to represent bond
clusters with different cross-linking degrees. It should
be noted that the definition of this spring–bead model is
dependent on the size of the bond cluster. To represent
a bond cluster with a larger size, the mass of beads will
be increased, and the spring stiffness will be increased
as well. The linear relation between force and relative
displacement can be expressed in equation (1)

F = k � Du ð1Þ

where F is the attractive/repulsive force in the spring,
Du is the relative displacement of the two beads com-
pared to their original state, and k represents the spring
stiffness. The elastic energy stored in the spring can be
expressed as

E =
1

2
� k � (Du)2 ð2Þ

where E is the elastic energy stored in the spring. The
elastic energy is used to calculate the equivalent strain
energy density of the network model. However, the
spring–bead model can only carry load in the uniaxial
direction of the spring. At each point in the amorphous
polymer material, there should be tensile, compressive,
and shear load-carrying ability in all directions.
Therefore, it is important that the network model with
cross-linked springs and beads accurately represents
the load-carrying capacity in all directions.

The existing setup of the spring–bead model can be
extended to characterize the elastic–plastic material
behavior by replacing the linear springs with

Figure 1. Modeling of polymer materials at the nanoscale, microscale, and macroscale.
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appropriate nonlinear ones. Dampers can also be added
in the spring–bead model to represent the nonlinear
and viscoelastic properties of some materials. However,
experimental tensile tests on the smart polymer material
in this research record brittle behavior. There is no
obvious plasticity region observed from these experi-
mental tensile tests. Therefore, the spring–bead model
and the subsequent network model developed in this
study use linear springs to capture the mechanical
response of the smart polymer. To construct a spring–
bead model that can represent various cross-linking
degrees at the molecular level, MD simulation is needed
to obtain two important features of the material: statis-
tical distribution of cross-linking degree and corre-
sponding mechanical properties.

MD simulation results to construct spring–
bead model at the nanoscale

MD simulation of cross-linked bond clusters

MD simulation is used to characterize the mechanical
response of this smart polymer at the molecular level.
A stochastic approach is used to estimate the most
likely cross-linking degree of the polymer system. Some
relevant research efforts (Bandyopadhyay et al., 2011;
Li and Strachan, 2010; Tack and Ford, 2008) estimated
the cross-linking degree indirectly by comparing the Tg

obtained from MD simulations and from differential

scanning calorimetry (DSC). In this study, a direct
approach to estimate the local cross-linking degree is
introduced; this direct method mimics the experimental
curing process using inter/intra-molecular potentials.
The inter/intra-molecular potentials are determined by
a force field, which is a set of functions and parameters
achieved from experimental or quantum mechanical
studies to describe material properties at the molecular
level. The Merck molecular force field (MMFF) devel-
oped for general organic molecules is used for this
study. The MD simulations are performed using the
large-scale atomic molecular massively parallel simula-
tor (LAMMPS) package (Plimpton et al., 2007).

The smart material used in this work comprises tris-
(cinnamoyloxymethyl)-ethane (TCE) monomer to
synthesize cyclobutane—a mechanophore formed by
exposing the TCE monomer to ultraviolet (UV) light
(wavelengths of range 330–380 nm), as shown in
Figure 2. With local damage, the physical discontinu-
ities break the covalent bonds in cyclobutane.
Subsequently, the cyclobutane transforms into the TCE
monomer, which consists of cinnamoyl groups that
emit visible light of wavelengths ranging from 450 to
600 nm under UV excitation (Cho et al., 2008, 2010;
Chung et al., 2004). Figure 3 shows the results observed
from a uniaxial loading test. The UV fluorescence
images were taken at different stages of the loading.
There is no fluorescence observed in the elastic range of
the smart polymer (see Figure 3(a)); slight fluorescence

Figure 3. Fluorescence observation of smart polymer with increasing load: (a) no crack and no fluorescence observation, (b) micro
crack and slight florescence intensity, and (c) major crack and higher florescence intensity.

Figure 2. Schematic of UV-initiated cyclobutane generation and damage-induced cinnamoyl group generation.
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can be observed when micro cracks initiate in the speci-
men (Figure 3(b)). The intensity of the fluorescence
keeps increasing with the growth of the micro cracks
(Figure 3(c)). This observation provides evidence that
the mechanophoric smart material is capable of captur-
ing various levels of damage progression. MD simula-
tion is adopted to further understand the interactions
between the epoxy/hardener and the smart material,
which could affect the color changing phenomena and
the mechanical properties significantly.

Statistical cross-linking degree in MD simulation

The molecular structures of the epoxy resin and the
hardener that form the polymer used in this study are
di-glycidyl ether of bisphenol F (DGEBF) and di-
ethylene tri-amine (DETA), respectively (see Figure
4(a) and (b)). To simulate the variability in the cross-
linking degree and the mechanical properties of the
polymer system, a stochastic approach is proposed; a
representative volume element (RVE) is constructed
with molecules (of the resin, the hardener, and the
smart particle) distributed randomly in the initial con-
figuration (Figure 4(d)). The weight percentages of the
components in this smart polymer are 70.9% for
DGEBF, 19.1% for DETA, and 10.0% for TCE.
Table 1 shows the respective chemical formulae,
weights, and numbers of component molecules.

The epoxy-based polymer is an extensively cross-
linked structure; additionally, the extent of cross-
linking significantly affects the mechanical properties.
A schematic epoxy network structure is shown in
Figure 5 based on covalent bonds (represented by a
black solid line in Figure 5(c)). The ellipse R (Figure
5(a)) and the circle H (Figure 5(b)) represent the epoxy
resin and hardener, respectively. For epoxy resin parti-
cles, there are two active sites (Figure 5(a)), and for
hardener particles there are five active sites (Figure
5(b)). A covalent bond will be generated when the dis-
tance between the active sites of the epoxy resin and the
hardener is shorter than a critical value. The two active
sites can share their electrons to stabilize the potential
energy. The process of bond formation between the
epoxy resin and the hardener molecules is also known
as ‘‘curing’’ in polymer science.

A total of 500 MD simulations were performed,
each with a randomly generated initial configuration
(42,350 atoms in each RVE, 14 nm 3 14 nm 3 14
nm). After the initial configuration, an energy minimi-
zation based on the conjugate gradient algorithm is
performed to avoid undesired repulsive forces between
atoms. Periodic boundary conditions (PBCs) were
applied to the boundaries of the RVE. Next, the
isobaric–isothermal (NPT) ensemble simulation is con-
ducted to equilibrate the RVE at standard room condi-
tions (300 K and 1 atm) for 150 ps, which makes all
the molecules grouped under the van der Waals and
Coulomb interactions. Each RVE was cured using a
bond formation command in LAMMPS and a cross-
linking cut-off radius of 4.0 Å; this cut-off radius was
selected because it is more than twice the length of a
carbon–nitrogen covalent bond (Varshney et al., 2008;
Yu et al., 2009). The resulting cross-linking degree is
different for each RVE due to the random initial con-
figuration. The frequency distribution of resulting
cross-linking degrees (Figure 6) from the 500 MD

Figure 4. Components of smart polymer: (a) epoxy resin, (b) hardener, (c) smart material to form, and (d) RVE model.

Table 1. Components in the smart polymer.

Formula Weight (g/mol) Molecule number
in one RVE

DGEBF C19H20O4 313 650
DETA C4H13N3 103 550
TCE C32H30O6 510 50

RVE: representative volume element; DGEBF: di-glycidyl ether of

bisphenol F; DETA: di-ethylene tri-amine; TCE: tris-

(cinnamoyloxymethyl)-ethane.
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simulations is statistically smooth. The simulation
results indicate a quasi-normal distribution with cross-
linking degrees ranging between 40% and 65%. The
average cross-linking degree is 52.72% for the polymer
system containing the smart material. These results are
used to construct the statistical network model at the
microscale.

Mechanical properties of smart polymer in MD
simulation

MD simulations were further performed on the cross-
linked polymeric systems to obtain the tensile, compres-
sive, and shear moduli. Uniaxial tensile/compressive
tests were simulated on the atomistic systems with

different cross-linking degree from 30% to 70%. The
resulting RVEs with different cross-linking degrees were
equilibrated at zero-atmospheric pressure to relieve resi-
dual stresses. The equilibrated RVEs were deformed
along x-, y-, and z-axes independently under the NPT
ensemble (300 K and 0 atm on the other axes). Based
on the MD simulation result, Young’s modulus of the
polymer system is calculated in the elastic region. To
determine the bulk modulus, triaxial deformation tests
were simulated. The hydrostatic pressure on each RVE
was varied from 0 to 5000 atm at room temperature;
the change in volume was measured to obtain the bulk
modulus based on equation (3)

K =
Dp

DV=V0

ð3Þ

Figure 6. Statistical distribution of crossing-linking degrees based on MD simulations (N = 500).

Figure 5. Schematic of cross-linked structure of epoxy resin and hardener: (a) molecular structure of epoxy resin with two active
sites, (b) hardener with five active sites, and (c) epoxy resin and hardener are cross-linked to generate polymer structure. Black solid
lines represent covalent bonds.
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where K is the bulk modulus, V0 is the original volume
of the RVE, and Dp and DV are the change in pressure
and change in RVE volume, respectively. From
Young’s modulus E and the bulk modulus K obtained
from MD simulation, the shear modulus G of the poly-
mer system can be calculated using equation (4)

G=
3KE

9K � E
ð4Þ

Figure 7 shows the variation in elastic properties
with cross-linking degree based on MD simulation
results. These results provide the input for the spring–
bead model and the network model at the microscale.

The moduli as a function of cross-linking degree u

are described in equations (5)–(7) using linear fitting
functions

Etensile = 0:01456u+ 0:911 ð5Þ

Ecompressive = 0:01857u+ 0:839 ð6Þ

Gshear = 0:00507u+ 0:309 ð7Þ

where Etensile, Ecompressive, and Gshear are the tensile, com-
pressive, and shear moduli, respectively; u represents
the cross-linking degree.

Spring–bead-based network model at the
microscale

Development of spring–bead-based network model

The construction, evaluation, and the parametric stud-
ies of different network models are discussed in this sec-
tion. Different kinds of network models, named
according to the number of neighbor beads surround-
ing each bead (i.e. a 6 neighbor-based network model
implies that each bead is connected with six neighbor
beads using springs), are designed and compared. The
network model, consisting of a series of beads and
springs connected to neighboring beads, is used to rep-
resent larger cross-linked polymer chains and capture

Figure 7. Relationship between cross-linking degree and (a) tensile modulus, (b) compressive modulus, and (c) shear modulus.
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the omnidirectional mechanical responses of the mate-
rial. In addition, the network model serving as a simpli-
fied mechanical equivalent of MD simulations leads to
significant reduction in computational cost and time
compared to MD simulations.

Different combinations of spring–bead arrangements
are studied to understand the mechanical response of
the material. Several combination strategies (including
3, 4, 6, 8, and 12 neighbor-based connections) are
shown in Figure 8. For example, in the 3 neighbor-
based combination method (Figure 8(a)), one bead is
linked with three neighbor beads. The bead located at
the center of the gray area is used to represent the total
mass of the corresponding area. The spring stiffness is
equivalent to the load-carrying ability of the related
bond cluster calculated from MD simulation. In the
candidate network models, the spring length is defined
as 0.8 mm; this value is also used as the lower bound if
there is more than one kind of spring. The densities of
springs and beads in the network models are listed in
Table 2. It must be noted that complex network models

with more neighbors will reduce simulation efficiency;
therefore, network models with more than 12 neighbors
are not considered in this study.

The candidate network models are listed in Figure 8.
The optimal arrangement is the one that is capable of
carrying tensile, compressive, and shear loads. Among
the candidate combinations, the 3 and 4 neighbor-based
models are not stable structures because they do not
exhibit shear load-carrying capacity. Figure 9 illustrates
the three remaining candidate network models (6, 8,
and 12 neighbor-based arrangements). The optimized
configuration is evaluated by how well a candidate
model can represent the mechanical response at the
microscale.

Parametric study of isotropic representation of
network model

The smart polymer is assumed to be homogeneous and
isotropic at the macroscale. Therefore, the representa-
tion of isotropic property is considered to be an

Figure 8. Different arrangements of spring–bead models to form a (a) 3 neighbor-based, (b) 4 neighbor-based, (c) 6 neighbor-
based, (d) 8 neighbor-based, and (e) 12 neighbor-based network model.

Table 2. Configuration and evaluation of network models with different combination methods.

Network model Number of beads per 100 mm2 Number of springs per 100 mm2 Evaluation Optimal isotropic index

3 neighbors 120 181 Not stable Not applicable
4 neighbors 156 313 Not stable Not applicable
6 neighbors 180 541 Anisotropic 1.1490
8 neighbors 156 625 Optimal model 1.0008
12 neighbors 180 1081 Anisotropic 1.1490
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important criterion for evaluating the optimal network
configuration. In all the network models proposed
above, the springs are aligned along specific directions,
depending on the type of the network configuration.
For example, in the 8 neighbor-based network model
(see Figure 9(b)), all the springs are at an angle of 0�,
45�, 90�, or 135�. Consequently, the mechanical
response of all combined network models is dependent
on orientations.

A 6 neighbor-based network model is set up with
springs of uniform length, whereas the 8 and the 12
neighbor-based network models are made up of two
types of springs (long and short). Since changes in the
spring stiffness leads to the variations in mechanical
response, the polymer material at different cross-linking
degrees can be represented effectively by appropriately
varying the k1 (long spring) or k2 (short spring) values.
This feature provides the possibility of generating an
equivalent isotropic network model using a specific
ratio of spring stiffnesses. Additionally, an isotropy
index is defined to describe the orientation dependence
of mechanical response in the network model

I(u)=
Ex

E(u)
ð8Þ

In equation (8), Ex represents Young’s modulus in the
principal direction (x-direction of the network model in

Figure 9), E(u) represents Young’s modulus along an
arbitrary direction at an angle u with respect to the x-
direction, and I(u) is the isotropy index that shows the
variation in material property along different direc-
tions. For a perfectly isotropic material, the isotropy
index I(u) is equal to 1. An isotropic index approaching
unity is indicative of good isotropic material property
representation.

The 6 neighbor-based network model fails to repre-
sent good isotropic property because it uses a single
spring configuration; the average isotropy index of a 6
neighbor-based network model is 1.149 and the root
mean square deviation (RMSD) between different
directions is 7.45%. For the 8 and the 12 neighbor-
based network models, a parametric approach was
adopted to find the relation between the RMSD of
mechanical responses in different directions and the
stiffness ratio of long springs to short springs. From
the simulation results, it can be observed that the aver-
age isotropy index is a continuously increasing function
of stiffness ratio of springs. For the 8 neighbor-based
network model, the RMSD is 0.04% when the stiffness
ratio is 0.6002 (see Figure 10(a)). The maximum differ-
ence between mechanical responses along different
directions is 0.08%. For the 12 neighbor-based config-
uration, the minimum isotropy index is 1.149 and the
RMSD is 7.45% (same as 6 neighbor-based network
model). Therefore, the 12 neighbor-based network

Figure 9. (a) Six neighbor based network model; (b) Eight neighbor based network model; (c) 12 neighbor based network model.
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model cannot adequately represent the isotropic
property.

The evaluation of candidate network models is listed
in Table 2. To summarize the results in this section, the
3 and the 4 neighbor-based network models cannot
carry loads owing to their unstable structures, whereas
the 6 and the 12 neighbor-based network models lack
good isotropic representation capability. In addition,
the 12 neighbor-based network model consists of a high
number of springs and beads, which will increase simu-
lation time and cost. The 8 neighbor-based network
model is found to be the optimal one considering struc-
tural stability, representation of isotropic property, and
computational efficiency. The 8 neighbor-based net-
work model is equivalently isotropic when the ratio of
long spring stiffness k2 to short spring stiffness k1 is
given as 0.6002. It must be noted that a 2D spring–
bead-based network model represents a polymer plate
of unit thickness (1 mm). The spring stiffness will be
redefined by multiplying a factor (ratio of material
thickness to 1 mm) to represent different material
thickness.

Bridging MD simulation and network model using
mechanical equivalence optimization

The network model integrated results from molecular
level simulations to the microscale. Mechanical equiva-
lence of the network model with the actual MD system
also validates the approximation at the microscale. The
next step is to determine the spring strengths that
ensure minimal deviation of the mechanical response
obtained from the network model and MD simulation.
A multiobjective optimization technique is used to

address this problem. The methodology also helps
establish a relation between spring stiffness (k1 or k2)
and the local cross-linking degree.

To obtain the relation between spring stiffness k1
and the corresponding cross-linking degree u, a set of
parametric studies are performed. First, a series of 8
neighbor-based network models are generated. The
stiffness ratio of the springs is 0.6002 to ensure that the
isotropic index is close to unity. The equivalent tensile,
compressive, and shear strengths of network models
are calculated for different spring stiffnesses. The simu-
lation results and fitting curves indicate a linear relation
between equivalent modulus of network model and
spring stiffness k1 (see Figure 11). The moduli (GPa) as
functions of k1 (N/m) are described by equations (9)–
(11)

E0tensile = 0:001494k1 + 0:003286 ð9Þ

E0compressive = 0:001476k1 � 0:000210 ð10Þ

G0shear = 0:000423k1 + 0:000469 ð11Þ

The calculated value of all three moduli from the
network model must match the corresponding values
obtained from the MD simulation at a fixed cross-
linking degree. A multiobjective optimization algorithm
is formulated where the objective is to minimize the
deviation for each loading condition

F1(x)=
fT (k1)

E0tensile

� 1 ð12Þ

F2(x)=
fC(k1)

E0compressive

� 1 ð13Þ

Figure 10. Isotropic representation of (a) 8 neighbor-based and (b) 12 neighbor-based network models corresponding to stiffness
ratio of long spring to short spring.
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F3(x)=
fG(k1)

G0shear

� 1 ð14Þ

It must be noted that the objectives are competing as
well as coupled; that is, the design variable, k1, has a
different degree of impact on each of the three objective
functions, and the minimization of one objective could
lead to an increase in the value of another objective.
Therefore, a robust technique is required to determine
the optimal spring stiffness at each cross-linking degree.
The Kreisselmeier–Steinhauser (KS) function approach
is used to solve the multiobjective optimization prob-
lem. Using the KS function, a composite envelope func-
tion is formulated to transform the original multiple
objectives and constraints to a single unconstrained
objective function (Chattopadhyay and McCarthy,
1991; Chattopadhyay and Seeley, 1994). Formulating
the objective function in this approach involves the
transformation of the original objective functions into
reduced objective functions. The reduced objective
functions are of the form

F�(x)=
Fk(x)

Fko

� 1� gmax� 0 k = 1, 2, . . . , nobj ð15Þ

where Fk0 corresponds to the value of Fk calculated at
the start of each iteration; ‘‘gmax’’ is the maximum value
among all the constraints and remains constant
throughout the iteration. The KS function combines
the objectives and constraints (nobj + m = M) to
form the single objective function, described in equa-
tion (16)

~F(x)= gmax +
1

r
log

XM

k = 1

er gk (x)�gmaxð Þ ð16Þ

The algorithm attempts to satisfy the constraints of
the reduced objective function by maximizing Fk. The
multiplier ‘‘r’’ is analogous to the draw-down para-
meter of penalty function formulations and controls the
distance from the surface of the KS objective function
to the surface of the maximum function value. A large
value of ‘‘r’’ causes the KS function to closely follow

Figure 11. Fitting curves of modulus as a function of spring stiffness: (a) tensile modulus, (b) compressive modulus, and (c) shear
modulus.

Zhang et al. 1471



the surface of the largest constraint function; a small
value causes the inclusion of violated constraints to the
KS function (Haftka and Gürdal, 1992).

Figure 12 compares the performance of the optimi-
zation algorithm with respect to the results from MD.
The optimal k1 value overestimates the values of the
tensile and compressive moduli at lower cross-linking
degrees. However, at the most likely cross-linking
degree (;52.72%), the errors between the tensile and
the compressive responses are quite balanced. The
norm of the maximum constraint violation is within the
specified tolerance of 1 3 1024. Figure 13 illustrates
the variation in optimal spring stiffness with cross-
linking degree. The relationship is a close linear approx-
imation; this result is consistent with the inference from
MD simulation that the tensile, compressive, and shear
moduli vary linearly with cross-linking degree.

Development of statistical network model

The relation between cross-linking degree and spring
stiffness, obtained using the optimization technique, is
used to construct the statistical network model. The
springs with different stiffness are distributed stochasti-
cally in the representative network model (Figure 14(a))
to show the equivalent local variation in mechanical
properties. The 8 mm 3 8 mm area is divided into 100
(10 3 10) square grids. The numbers in the square
grids in Figure 14(b) represent local cross-linking
degrees of the corresponding subareas in network
model in Figure 14(a). Table 3 shows the weight per-
centages of cross-linking degrees in the network model
based on MD simulation. The spring–bead-based net-
work model is implemented using the commercial FE
software ABAQUS�. For the 8 neighbor-based net-
work model with 8 mm 3 8 mm area, there are 121
beads, 220 short springs, and 200 long springs.

In the simulation, tensile and compressive represen-
tative loads are applied to the square network model.
The simulation result of strain distribution under ten-
sile load is shown in Figure 14(c). It can be observed
that the deformation of the springs is dependent on its
location. Based on the cross-linking degree distribution
shown in Figure 14(b), there is an obvious relationship
between local strain and cross-linking degree: high
strain concentration (the upper hot color band in
Figure 14(c)) occurs mostly where low cross-linking
degree is observed (the upper blue rectangular area in
Figure 14(b)), particularly where the cross-linking
degree is under 50%. The results also show that the sto-
chastic representative network model is capable of cap-
turing heterogeneous properties of the material at the
microscale. The high strain concentration sites are also
related to potential local defects, which are influenced
by both loading condition and local cross-linking
degrees.

The mechanical response of a network model at the
microscale is important for application of this model at

Figure 12. Comparison between MD simulation and
optimization results.

Figure 13. Linear fitting curve of spring stiffness based on
optimization results.

Table 3. Weight percentages of different cross-linking degrees
based on probability distribution results from MD simulation.

Cross-linking degree (%) Weight percentage (%)

40–43 1
43–46 3
46–49 9
49–52 23
52–55 32
55–58 19
58–61 9
61–63 3
63–65 1

MD: molecular dynamics.
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the structural scale. The statistical representative net-
work models are constructed by assembling subareas
(segmented and distributed in Figure 14(b)) whose
spring stiffness is statistically sampled from a pool of
probable characterization data based on MD simula-
tion. Three stochastic representative network models
were generated and the corresponding mechanical
responses were compared between different network
models to validate the reliability of the model, as shown
in Table 4. The result shows that the errors in mechani-
cal responses between different statistical representative
network models are less than 1%, establishing the
validity and robustness of the developed models.

A set of uniaxial compressive experiments were per-
formed to determine Young’s modulus of this smart
material. An MTS Bionix 370.02 test frame (with the
maximum loading capability 22.2 kN) was used to con-
duct the compressive tests. The comparison of results
from the experiments and the simulations, shown in

Figure 14. (a) Springs and beads’ distribution, (b) cross-linking degree distribution, and (c) strain distribution in one statistical
network model.

Table 4. Simulation results from different network models.

Material property Model 1 Model 2 Model 3

Young’s modulus (GPa) 1.77 1.76 1.77
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Table 5, demonstrates that the error in Young’s modu-
lus prediction is 2.7%, making the spring–bead-based
network model a good representation of the smart
polymer material. It should be noted that the spring–
bead-based network model improves the computational
efficiency significantly. For a similar uniaxial tensile/
compressive loading simulation, 20 h of runtime is
required using MD simulation whereas a network
model completes the simulation in 4 min. The simula-
tion efficiency is thus improved by 300 times.

Conclusion

A spring–bead-based network model was developed to
represent the material properties of a polymeric mate-
rial. At the nanoscale, the spring–bead model was
developed to represent mechanical response and a mass
of cluster bonds. MD simulation was implemented to
provide necessary information to construct the model.
At the microscale, a computationally efficient stochas-
tic representative network model was developed; these
models were implemented in a general-purpose FE sol-
ver to obtain the macroscale response. Parametric stud-
ies and multiobjective optimization were conducted to
construct an optimal combination of an 8 neighbor-
based network model and to determine the correspond-
ing spring stiffness. The results show that the network
model is capable of capturing both local heterogeneous
property at the nanoscale and homogeneity at the
microscale. The results representing the material prop-
erties obtained from the simulations and from the
experiments are found to be in good agreement. The
results from the network model provide insight into the
relationship between low cross-linking degree and
possible local damage zones. Compared to MD simula-
tions, the spring–bead-based network model signifi-
cantly improves the simulation efficiency while
maintaining sufficient accuracy. The developed sto-
chastic representative network model can successfully
represent the material behavior of the polymeric mate-
rial at relevant length scales.
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