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ABSTRACT: A computationally efficient, layerwise shear-deformation theory for improving the
accuracy of stress and strain predictions in the analysis of laminated shells with arbitrary thickness is
presented. The theory is two-dimensional and displacement-based. The in-plane displacement field is
modeled using the superposition of overall first-order shear deformation and layerwise functions
that accommodate the complexity of zigzag-like in-plane deformation through the laminate
thickness. By imposing the inter-laminar shear traction continuity, which is ignored by most
conventional laminate theories, the accuracy of stress and strain predictions is improved. Moreover,
the relations between structural variables that are defined for each layer are obtained through the use
of inter-laminar continuity of stress and displacement. The relations are used to reduce the number
of independent variables such that the number of structural variables is independent of the number
of layer, which makes the model computationally attractive. The developed theory is implemented
using finite-element technique. The accuracy and the range of application of the present theory are
evinced using a cylindrical shell and a laminated plate with different thickness, for which exact
elasticity solutions exist.
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INTRODUCTION

L
AMINATED-COMPOSITE MATERIALS ARE increasingly being used in the aeronautical
and aerospace structures because of their high stiffness to weight ratio. More and

more research work has been done on the modeling of laminates. Generally, the use of the
principle of virtual work in conjunction with a preassumed displacement field is an
effective approach. Therefore, the capability of the preassumed displacement field to
capture the characteristics of structural deformation and stress and strain distributions is
essential in the development of a laminated shell theory. This issue has generated a number
of research in the past two decades.

For the deformation of laminated structures, the layerwise distribution of mechanical
properties in the thickness direction leads to the fact that displacement and transverse-
stress fields are continuous, but their derivatives with respect to the thickness coordinate at
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layer interfaces are discontinuous. Modeling of this phenomenon, that is, a zigzag-like
form of displacements and an interlaminar continuity of transverse stresses, remains a
challenging problem. Failure to capture these characterizations will result in unreasonable
predictions of stress and strain fields in the analysis of multilayered composite structures.

Conventionally, classical laminate theory (CLT) has been used to model laminated
structures [1–3]. The effectiveness of CLT has been shown in many engineering problems.
However, the CLT analysis, which is based on the Love–Kirchhoff assumptions, is
inadequate for structures with a high ratio of in-plane Young’s modulus to transverse-
shear modulus. It has been also concluded that CLT ignores the influence of transverse-
shear deformation. Therefore, it is not capable of predicting the overall response for thick
structures where the effect of transverse-shear deformation is significant. As a result, first-
order shear-deformation theory (FSDT) [4–6] and higher-order theory (HOT) [7–11] have
been proposed to capture transverse-shear effects. Through the use of shear-correction
factors and tangential-traction-free boundary conditions, respectively, FSDT and
HOT can improve the predictions of deformation [9,10] and buckling and postbuckling
[10,12] behavior in the analysis of moderately thick structures. However, because of a
single polynomial for the distribution of the in-plane displacement through the entire
laminate thickness assumed, the aforementioned theories (including CLT) do not have the
ability to represent zigzag-like form of displacements and an inter-laminar continuity of
transverse stresses. Librescu and Lin [13] accomplished a study on flat and curved panels
subjected to thermomechanical loading. They concluded that the violation of interlaminar
shear traction continuity requirement yields under/overestimation of the load carrying
capacity of the panel.

The evaluations of stress and strain predictions through the laminate thickness, which
are critical in the analysis of structural integrity, demand more accurate analysis methods.
The layerwise approach is the one that researchers focused on because it can reproduce the
characteristics of zigzag behavior through the use of piece-wise displacement fields for the
different layers of the laminate. Reddy and Barbero [14] and Reddy [15] proposed
generalized theories for a laminated plate and cylinder, respectively. In their formulations,
the desired approximation of the in-plane displacement can be obtained through the use of
an appropriate selection of the variables and functions. Also, layerwise mixed theories
were proposed to improve the accuracy of the through-the-thickness predictions [16–18].
However, the procedure presented in their papers is computationally expensive due
to the fact that the number of structural variables depends on the number of layers. To
overcome this difficulty, Di Sciuva [19] developed an equivalent single-layer formulation
for a piece-wise linear zigzag model by imposing the continuity conditions for in-plane
displacements and transverse-shear stresses. The paper did not include the solutions to
benchmark problems to assess the accuracy of his model. Later on, Bhaskar and Varadan
[20] and Xavier et al. [21] proposed higher-order zigzag models with nine variables and five
variables, respectively. They applied their models in the bending analysis of laminated
revolutionary and cylindrical shells.

The present study aims to develop an efficient theory that can be used to analyze
laminated shells of arbitrary thickness. Although no transverse normal stress is
considered, the layerwise displacement field proposed in the paper can take into account
transverse-shear effects while maintaining interlaminar transverse-shear stress continuity.
Furthermore, through the use of transverse-shear stress continuity and in-plane displace-
ment continuity at ply interfaces, the number of structural variables used in the model is
reduced such that it is independent of the number of layers, which makes the present
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theory computational attractive. The present paper outlines finite element implementa-
tion. Also, the paper presents the first step of validation of the developed theory. The
bending of a cylindrical laminate and a laminated plate subjected to sinusoidal loading
is investigated. Results from the present theory are compared with those from exact
solutions.

THEORY

Consider an N-layered laminated composite shell as shown in Figure 1. The layers are
assumed in perfect bond, implying that no slip or debonding between two adjacent layers
may occur. The shell space referred to a set of curvilinear normal coordinates � and �
along the shell midsurface. The thickness coordinate, z, is measured from the midsurface
and R� and R� are the principal radii of curvature of the � and �-curves. The area
of an infinitesimal rectangle dS and the volume of an infinitesimal parallelepiped dv are
defined as follows:

dS ¼ A�ð1þ z=R�ÞA�ð1þ z=R�Þ d� d� ð1Þ

dv ¼ A�ð1þ z=R�ÞA�ð1þ z=R�Þ d� d� dz ð2Þ

where A� and A� are Lamè parameters. Also, the terminology of in-plane and out-of-plane
displacements will be used in the present paper. In-plane displacements are defined as the
displacements that are in the tangent plane at a point of the shell reference surface. Out-of-
plane displacements are the displacement normal to the tangent plane at a point of the
shell reference surface.

The shell is limited to the linear elasticity range. In shell structures, the curvature for
each parallel surface through the thickness of the shell is different. For example, consider a
spherical shell with a midsurface radius of R. The curvature of a surface located at a
distance z from the midsurface, whose curvature is 1/R, is 1/(Rþ z). Therefore, to take into
account the initial curvature effect in thick laminates, the terms (1þ z/R�) and (1þ z/R�)
in kinematic relations, which address the variation of curvature for the surfaces with
different values of thickness coordinate, must be retained. The importance of this effect is
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Figure 1. Shell lamination.
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obvious when z/R is of the same order as 1. The incorporation of the initial curvature
should not be ignored for an accurate and reliable thick shell theory. In the present paper,
the following kinematic relations are used.

"k� ¼
1

A�ð1þ z=R�Þ
Uk
�, � þ

A�, �U
k
�

A�
þ
A�U

k
z

R�

 !
ð3Þ

"k� ¼
1

A�ð1þ z=R�Þ
Uk
�, � þ

A�, �U
k
�

A�
þ
A�U

k
z

R�

� �
ð4Þ

�k�z ¼
1

A�ð1þ z=R�Þ
Uk

z, � �
A�U

k
�

R�

 !
þUk

�, z ð5Þ

�k�z ¼
1

A�ð1þ z=R�Þ
Uk

z, � �
A�U

k
�

R�

� �
þUk

�, z ð6Þ

�k�� ¼
1

A�ð1þ z=R�Þ
Uk
�,� �

A�, �U
k
�

A�

� �
þ

1

A�ð1þ z=R�Þ
Uk
�,� �

A�, �U
k
�

A�

 !
ð7Þ

The present laminated shell theory will account for a zigzag-like form of displacements
and an interlaminar continuity of transverse stresses. To achieve this, the displacements of
a point with the coordinates (�,�, z) are described using the superposition of first-order
shear deformation and layerwise functions, as shown in Equation (8). The first-order shear
deformation is used to address the overall response of the entire laminate. The layerwise
functions are used to accommodate the complexity of zigzag-like in-plane deformation
through the laminate thickness, and to satisfy the interlaminar shear traction continuity
requirement.

Uk
i ð�,�, zÞ ¼ ð1þ z=RiÞuið�,�Þ þ �ið�,�Þzþ �

k
i ð�,�ÞgiðzÞ þ  

k
i ð�,�ÞhiðzÞ ð8Þ

where the superscript k denotes the kth layer of the laminate. The subscript i denotes the
coordinate � or �. The unknowns are ui, �i, �

k
i and  

k
i . Note that the latter two are defined

for each layer.
Neglecting transverse normal strain, out-of-plane displacement is only a function of the

in-plane coordinates, which is expressed as follows.

Uk
z ð�,�, zÞ ¼ uzð�,�Þ ð9Þ

There is no need for the use of shear-correction factors in the assumed displacement
field (Equations (8) and (9)), however the equations provide 4N þ 5 structural unknowns.
That is, the total number of structural variables is dependent on the number of layers,
implying that computational effort will increase greatly if multilayered laminates are used.
A reduction in the number of structural variables is essential for the model to be
computationally efficient and useful for practical applications. Therefore, a procedure is
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developed to reduce the number of variables by enforcing continuity of the transverse-
shear stresses and the in-plane displacement at ply interfaces, as described next.

The substitution of the displacement field assumption (Equations (8) and (9)) and the
kinematic relations (Equations (3)–(7)) into Hooke’s law gives the stresses. The conditions
of no tangential traction at the top and the bottom surfaces, and continuity of the
transverse-shear stresses and in-plane displacements at interlaminar surfaces are imposed.
The tangential-traction-free boundary conditions on the outer bounding surfaces are
written as follows:

�1izð�,�, z
1Þ ¼ 0 ð10Þ

�Niz ð�,�, z
Nþ1Þ ¼ 0 ð11Þ

where the quantities zNþ1 and z1 denote the thickness coordinates of the top and the
bottom surfaces, respectively.

Furthermore, for the interface between the (k� 1)st layer and the kth layer, with the
coordinate zk (shown in Figure 1), continuity of in-plane displacements and transverse-
shear stresses at interlaminar surfaces must be satisfied as follows:

�kizð�,�, z
kÞ ¼ �k�1

iz ð�,�, zkÞ ð12Þ

Uk
i ð�,�, z

kÞ ¼ Uk�1
i ð�,�, zkÞ ð13Þ

Through the use of Equations (10)–(13), the structural variables of the kth layer are
related to those of the (k� 1)st layer. For an N-layer laminated composite shell, 4N
constraint conditions are obtained. By substituting the 4N equations into the assumed
displacement field (Equations (8) and (9)), the out-of-plane displacement keeps the same
expression as indicated in Equation (9). The in-plane displacements are expressed as
follows:

Uk
�ð�,�, zÞ ¼ ð1þ z=R�Þu� þ ðzþ Ck

1��g� þ Ck
1 �h�Þ�� þ ðCk

2��g� þ Ck
2 �h�Þ��

þ ðCk
3��g� þ Ck

3 �h�Þ@w=@�þ ðCk
4��g� þ Ck

4 �h�Þ@w=@�
ð14Þ

Uk
�ð�,�, zÞ ¼ ð1þ z=R�Þu� þ ðCk

1��g� þ Ck
1 �h�Þ�� þ ðzþ Ck

2��g� þ Ck
2 �h�Þ��

þ ðCk
3��g� þ Ck

3 �h�Þ@w=@�þ ðCk
4��g� þ Ck

4 �h�Þ@w=@�
ð15Þ

Therefore, the displacement field, ranging from the first layer to the Nth layer, can be
expressed in terms of only five variables, u�, u�, uz, �� and ��, which is independent of
the number of layers. Note that in Equations (14) and (15), both the tangential-traction-
free boundary conditions on the outer bounding surfaces and continuity of the
transverse-shear stresses and in-plane displacements at interlaminar surfaces are satisfied
by using the layerwise coefficients, Ck

ijm, where the index i ranges from 1 to 4, j denotes
the coordinate or  , and m denotes the coordinate � or �. The coefficients are expressed
in terms of laminate geometry and material properties. The definition is presented in
Appendix A.
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FINITE ELEMENT IMPLEMENTATION

Finite element technique is used for the implementation of the present theory. In the
current study, the through-the-laminate-thickness functions in Equations (14) and (15),
giðzÞ and hiðzÞ, are assumed as follows:

giðzÞ ¼ sinhðzÞ ð16Þ

hiðzÞ ¼ coshðzÞ ð17Þ

Note that the present laminated shell theory uses the superposition of first-order shear
deformation and layerwise functions to account for a zigzag-like form of displacements
and an interlaminar continuity of transverse stresses. The hyperbolic functions in
Equations (16) and (17) represent odd and even through-the-thickness distributions of the
deviation from overall first-order shear deformation, respectively. The magnitudes of the
deviation depend on the multiplication of the hyperbolic functions and the layerwise
unknowns, as shown in Equation (8).

The following principle of virtue work is applied to the N-layer laminated shell whose
infinitesimal parallelepiped occupies domain dv, as defined in Equation (2).

X
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k
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k
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k
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k
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where the quantity vk denotes the volume of the kth layer. The first term of the left-hand
side of Equation (18) denotes the virtual strain energy. The second term, �W , represents
the external virtual work.

To develop finite element formulation of an n-noded element, the displacement field at
the reference surface of the element, u0ð�,�Þ, is written as follows.

u0 ¼ ½u�ð�,�Þ, u�ð�,�Þ,��ð�,�Þ,��ð�,�Þ, uzð�,�Þ�
T

ð19Þ

The vector of nodal unknowns for the node i is written as follows:

ui ¼ ½ui�0, u
i
�0,�

i
�,�

i
�, u

i
z, u

i
z, �, u

i
z, ��

T
ð20Þ

Thus, the displacement for the element, e, is expressed using the following form:

ue ¼ ½u1, u2, . . . , un�T ð21Þ

Through the use of interpolation functions, the field function of the reference surface can
be written as follows:

u0 ¼ Nð�,�Þue ð22Þ
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where Nð�,�Þ is the interpolation function for the displacement field. Thus, the element
displacement field ukð�,�, zÞ and the strain field "kð�, �, zÞ for the kth layer can be written as
follows:

ukð�,�, zÞ ¼ Luu0ð�,�Þ ð23Þ

"kð�,�, zÞ ¼ L"u0ð�,�Þ ð24Þ

where Lu and L" are operators. Note that the operators developed in the present paper
feature the characteristics of layerwise distributions for both the displacement and strain
fields. The operators developed feature the present layerwise theory. Also, the developed
operators satisfy continuity requirements of the transverse-shear stresses and in-plane
displacements at interlaminar surfaces. The definitions are provided in Appendix B.

Substitution of Equations (22)–(24) into the principle of virtual work (Equation (18))
yields the following element equilibrium equation.

Keue ¼ Fe ð25Þ

The element matrices are defined as follows.

Ke ¼
X
k

Z
vk
NTLT

" Q
kL"NdV ð26Þ

Fe ¼
X
k

Z
vk
NTLT

u f dV þ

Z
S

NTLT
u tdS ð27Þ

where f and t denote body force vector per unit volume and surface traction vector,
respectively.

RESULTS AND DISCUSSION

The preliminary validation of the developed theory is presented in this part. To examine
the accuracy of the developed theory, the bending problems of a laminated cylinder and a
laminated plate are considered. The studies will focus on both structural deformation and
stress distributions.

First, a laminated cylindrical shell, simply supported and composed of orthotropic
layers, is considered, as shown in Figure 2. The shell is infinite in the � direction. The
radius of curvature R� ¼ R ¼ 10 and the span angle ’ ¼ 	=3. The material properties are

EL ¼ 172GPa, ET ¼ 6:9GPa,

GLT ¼ 3:4GPa, GTT ¼ 1:4GPa,


LT ¼ 
TT ¼ 0:25

where the subscripts L and T denote the fiber direction and transverse direction,
respectively. A transverse normal loading, q0 sinð3�Þ, is applied to the top surface. To
validate the developed theory using this benchmark problem, the finite element approach
using the present theory is employed to obtain convergent numerical results. This problem
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has also been studied by Ren [22] through solving a stress function which satisfies the
equilibrium and the compatibility equations. The exact elasticity solutions and the CLT
results for a three-layer symmetric and a two-layer antisymmetric cylindrical shells are
presented in his paper, which will be employed to validate the present theory. To access the
limitation of the present theory, the cylindrical shell with value of radius-to-thickness
ratio, R/H, ranging from 2 to 100, that is, from thick to thin, will be investigated. The
validation will be made through comparison of transverse deflection at the structural
center ð� ¼ ’=2Þ, transverse-shear stress at the edge (� ¼ 0), the in-plane normal stress at
the structural center ð� ¼ ’=2Þ: The presentation of the results is normalized as follows:

�WWðzÞ ¼
10ETUzð’=2, zÞ

q0HS4
ð28Þ

����zðzÞ ¼
��zð0, zÞ

q0S
ð29Þ

����ðzÞ ¼
��ð’=2, zÞ

q0S2
ð30Þ

where the quantity S is defined as the ratio of the radius of curvature to the total thickness,
that is, R/H. The results obtained from CLT, which only provides correct predictions for
the shells with high radius-to-thickness ratio, will be also presented.

Consider a three-layer symmetric cylindrical shell with layers of equal thickness and
fibers parallel to the � and � directions in the outer and central layers, respectively. For
different values of R/H, Table 1 presents comparison of transverse deflections at the
structural center, in-plane normal stress at the bottom and top surfaces, and edge
transverse-shear stress at the midplane of the laminate, that is, �WWð0Þ, ����ð�H=2Þ and ����zð0Þ.
Note that �WWð0Þ and ����ð�H=2Þ are the maximum deflection and stresses while the
maximum values of ��z do not always occur at the fixed points. From the table, it can be
observed that for values of R/H� 50 (thin constructions), the predictions of �WWð0Þ obtained
from both the present theory and CLT agree with the exact elasticity values, as expected.
For the moderately thick shell (R/H¼ 10), where the prediction from CLT begins to
deviate from the exact elasticity value (in error by 46.0%), the present theory exhibits

R

β

z

α ϕ

Figure 2. Laminated cylindrical shell.
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agreement with the exact solution with a difference of only 4.4%. For values of R/H� 4
(thick constructions) which are outside the CLT’s validity range, the present theory
remains since the predictions agree with the exact elasticity values. At R/H¼ 4 and 2, the
differences between the results obtained from the present theory and the exact values are
7.0 and 6.9%, respectively.

The maximum in-plane normal stress occurs at the top or bottom surface for the current
bending problem of the symmetric cylinder. For ����ðH=2Þ, which indicates the in-plane
normal stress at the top surface, the same trend as �WWð0Þ can be observed. The present
theory provides the predictions that agree with the exact values not only for thin shells, for
example, a difference of 0.2% for R/H¼ 100, but also the moderately thick structures, for
example, a difference of 2.6% for R/H¼ 10. For the cylinder with low radius-to-thickness
ratio which is completely out of the validity range of CLT, for example, R/H¼ 4 and 2, the
differences between the results obtained from the present theory and the exact elasticity
solutions are 0.5 and 15.5%, respectively. Table 1 also presents the predictions of in-plane
normal stress at the bottom surface, ����ð�H=2Þ. For R/H¼ 100, 50, 10, 4, and 2, the
present theory provides the predictions which are in error by 0.3, 0.6, 0.9, 1.7, and 16.1%,
respectively. Therefore, it can be concluded that, for values of R/H� 4, the present theory

Table 1. Nondimensionalized deflection of and stresses in the [0/90/0] cylindrical shell
subjected to sinusoidal loading.

R/H �WWð0Þ ����ð�H=2Þ ����zð0Þ

CLT 2 0.0799 � 0.870
0.686

Elasticity 1.436 � 3.467 0.394
2.463

Present 1.5356 � 4.0249 0.3825
2.0815

CLT 4 0.0781 � 0.824
0.732

Elasticity 0.457 � 1.772 0.476
1.367

Present 0.4888 � 1.8024 0.4863
1.3744

CLT 10 0.0777 � 0.796
0.759

Elasticity 0.144 � 0.995 0.525
0.897

Present 0.1503 � 0.9865 0.5319
0.9201

CLT 50 0.0776 � 0.792
0.774

Elasticity 0.0808 � 0.798 0.526
0.782

Present 0.0814 � 0.7936 0.5325
0.7857

CLT 100 0.0776 � 0.779
0.776

Elasticity 0.0787 � 0.786 0.523
0.781

Present 0.0788 � 0.7839 0.5314
0.7798
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provides excellent correlations with the exact solutions for both deflection and in-plane
normal stress. However, with an increase in the shell thickness up to R/H¼ 2 (very thick),
the accuracy of the current two-dimensional theory degenerates with the prediction of the
maximum in-plane stress in error by greater than 10.0%. Furthermore, the table presents
the values of ����zð0Þ for R/H¼ 100, 50, 10, 4, and 2. The present theory predicts the results
which are erroneous by 1.6, 1.2, 1.3, 2.2, and 2.9%, respectively. Note that CLT ignores
transverse-shear effects.

Figure 3 presents the variations of the maximum transverse deflection, �WWð0Þ, as a
function of the radius-to-thickness ratio, R/H. The x-axis in the figure denotes LnðR=HÞ,
representing change in the laminate thickness. It can be observed that all solutions
converge for thin laminates. The present theory predicts the global structural response
accurately for R/H ranging from 2 to 100. Figure 4 presents the distributions of
nondimensionalized in-plane normal stress, ����, through the laminate thickness using the

− 2 − 2 0 1 2
− 0.5

− 0.25

0

0.25

0.5

Elasticity

Present

σ β

z/
H

Figure 4. Nondimensionalized normal-stress distributions, ����, for the [0/90/0] laminated cylinder.
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Figure 3. Nondimensionalized maximum deflection, �WWð0Þ, for the [0/90/0] laminated cylinder.
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present model and the elasticity solutions for R/H¼ 4. Note that the thickness coordinate
is normalized by the total laminate thickness H. The curves of stress distribution with
discontinuities at interlaminar surfaces are observed, which is due to the layerwise
distribution of mechanical properties in the thickness direction. The present model exhibits
agreement with elasticity solutions. The result at the top and the bottom surfaces is in
error by 0.5 and 1.7%, respectively. Figure 5 presents the distributions of nondimensio-
nalized transverse-shear stress, ����z, through the laminate thickness for R/H¼ 4. A
continuous distribution through the thickness is obtained from the present theory.
A good simulation is observed for the center layer of the laminate while differences
occur for the outer layers. The exact elasticity solution indicates that the point with
the maximum value of transverse-shear stress occurs in the bottom layer. At this
point, the present theory underestimates the transverse-shear response with a difference
of 18.4%.

Furthermore, a two-layer antisymmetric cylindrical shell with layers of equal thickness
and fibers parallel to the � and � directions in the bottom and the top layers, respectively,
is investigated. Again, the quantities �WWð0Þ and ����ðH=2Þ represent the nondimensionalized
values for maximum transverse deflection and in-plane normal stress, respectively.
For transverse-shear stress, the value at z ¼ H=4, which is close to the point where
the maximum value occurs, is used. Table 2 presents comparison of �WWð0Þ, ����ðH=2Þ
and ����zðH=4Þ with values of R/H ranging from 2 to 100. Compared to the exact elasticity
solutions for R/H¼ 100, 50, 10 and 4, for �WWð0Þ, the present theory is in error by 2.9,
2.6, 0.4 and 2.2%, respectively. For ����ðH=2Þ, the differences are 0.1, 0.3, 1.5 and
8.7%, respectively. However, for R/H¼ 2, the present theory gives error of 1.6% for �WWð0Þ
and 11.7% for ����ðH=2Þ. For ����zðH=4Þ, a significant deviation between the present
theory and the exact values is observed. The reason will be elucidated in the discussion of
Figure 7.

For R/H¼ 4, which represents a thick cylinder, the stress distributions through the
laminate thickness are presented in Figures 6 and 7. Figure 6 presents comparison of
nondimensionalized in-plane normal stress distributions obtained from the present theory
and the exact elasticity solutions. The results show that the predictions of the present

0 0 .25 0 .5 0.75 1
-0.5

-0.2 5

0

0.25

0.5

Elasticity

Present

τβz

z/
H

Figure 5. Nondimensionalized transverse-shear stress distributions, ����z, for the [0/90/0] laminated cylinder.
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Table 2. Nondimensionalized deflection of and stresses in the [90/0] cylindrical shell
subjected to sinusoidal loading.

R/H �WWð0Þ ����ð�H=2Þ ����zðH=4Þ

CLT 2 0.499 �0.265
2.280

Elasticity 2.079 �0.644 0.851
3.348

Present 2.1121 �0.4377 0.5996
3.7383

CLT 4 0.447 �0.249
2.216

Elasticity 0.854 �0.384 0.871
2.511

Present 0.8353 �0.3136 0.5236
2.7299

CLT 10 0.417 �0.240
2.177

Elasticity 0.493 �0.277 0.879
2.245

Present 0.4909 �0.2716 0.4788
2.2797

CLT 50 0.402 �0.235
2.157

Elasticity 0.409 �0.240 0.869
2.165

Present 0.3984 �0.2466 0.4553
2.1711

CLT 100 0.400 �0.234
2.154

Elasticity 0.403 �0.237 0.867
2.158

Present 0.3913 �0.2347 0.4531
2.1602

− 3 − 2 −1 0 1 2 3
− 0.5

− 0.25

0

0.25

0.5

σβ
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Presentz/
H

Figure 6. Nondimensionalized normal stress distributions, ����, for the [90/0] laminated cylinder.
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model agree with the exact elasticity solutions. The deviation at the top surface, where the
maximum value occurs, is 8.7%. Figure 7 presents the distributions of nondimensionalized
transverse-shear stress. The distribution obtained from the present theory is continuous at
the interlaminar surface. Also, both the present theory and the exact elasticity solutions
predict that the maximum value occurs in the top layer. However, it can be observed that
the present theory underestimates transverse-shear stress for the top layer while
overestimates for the bottom layer. The maximum value obtained from the present
theory deviates from the exact elasticity value significantly. Recall the theory development,
the present theory employs the assumption of layerwise displacement. After imposing
continuity of transverse-shear stresses and in-plane displacement, the integration
through the laminate thickness is used to obtain structural stiffness, which is called
equivalent single-layer approach. In other words, as indicated by Equation (8), the
equilibrium is considered for the entire laminate instead of each layer to reduce
computation effort, which is one of the objectives of the present theory. However,
equivalent single-layer approach homogenizes layerwise characteristics such that the
slopes of transverse-shear stress distribution at interlaminar surfaces are averaged
(see Figure 7), which makes the deviation occur. Compared to the results of the three-
layer symmetric cylinder shown in Figure 5, the deviation presented in Figure 7 is
significant due to the fact that increased anisotropy through the laminate thickness
exists in the current two-layer antisymmetric case. The postprocess method to obtain
transverse-shear stresses using three-dimensional equilibrium equations with the obtained
in-plane results can be used to provide better results. However, it is out of the scope of the
present paper.

Next, validity of the present theory is extended to a two-dimensional structure. A
rectangular plate is considered as shown in Figure 8. The simple support boundary
conditions are expressed as:

at x ¼ 0, a : �xx ¼ Uy ¼ Uz ¼ 0,

at y ¼ 0, b : �yy ¼ Ux ¼ Uz ¼ 0,

0 10.25 0.5 0.75 1.25
− 0.5

− 0.25

0
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0.5
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τβz

z/
H

Figure 7. Nondimensionalized transverse-shear stress distributions, ����z, for the [90/0] laminated cylinder.
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where the quantities a and b denote the length and the width of the plate, respectively.
The material properties are:

EL ¼ 25� 106 psi, ET ¼ 106 psi,

GLT ¼ 0:5� 106 psi, GTT ¼ 0:2� 106 psi


LT ¼ 
TT ¼ 0:25:

A transverse normal loading, q0 sinð	x=aÞ sinð	y=bÞ, is applied to the top surface.
Pagano [23] investigated this problem and the exact solutions of a three-layer laminate

with stacking sequence of [0/90/0] and equal layer thickness were obtained. The following
results were presented in [23], and they are normalized as:

�WWðx, y, zÞ ¼
100ETUzðx, y, zÞ

q0HS4
ð31Þ

���xxðx, y, zÞ ¼
�xxðx, y, zÞ

q0S2
ð32Þ

���xyðx, y, zÞ ¼
�xyðx, y, zÞ

q0S2
ð33Þ

���xzðx, y, zÞ ¼
�xzðx, y, zÞ

q0S
ð34Þ

where the quantity S is defined as the ratio of the plate length to the total thickness, that
is, a/H.

a

b

z
x

y

H/2
H/2

Figure 8. Laminated plate.
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First, the maximum transverse deflection, �WWða=2, b=2, 0Þ, is investigated for different
values of R/H. The geometry of b ¼ 3a in [23] is used. The finite element studies are
conducted through the use of the present theory providing convergent solutions for each
value of R/H. Figure 9 presents the variations of �WWða=2, b=2, 0Þ as a function of a/H. The
x-axis in the figure denotes Lnða=HÞ, representing variation in the laminate thickness. It
can be observed that the results obtained from the present theory correlates with the exact
elasticity solutions for a/H ranging from 2 to 100. For a/H¼ 100, 50, 20, 10, 4, and 2; the
present theory predicts the results which are in error by 1.2, 1.5, 2.2, 5.6, 8.9, and 9.2%,
respectively.

The predictions on stress distributions using the present theory are investigated in
Figures 10–12. The geometry of b ¼ a and S ¼ 4, which denotes a thick, is used. Figure 10
presents the through-the-thickness distribution of in-plane normal stress, ���xx, at the plate
center. It can be observed that ���xx in central lamina (90� fiber orientation) is close to zero
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Figure 10. Nondimensionalized normal stress distributions, ���xx, for the [0/90/0] laminated plate, a ¼ b.
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Figure 9. Nondimensionalized maximum deflection, �WWða=2,b=2,0Þ, for the [0/90/0] laminated plate, b ¼ 3a.
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value because of symmetric lamination. The present model exhibits agreement with the
elasticity solutions. The present theory gives deviation of 2.0% at the top surface and
15.7% at the upper interlaminar surface. For the through-the-thickness distribution of in-
plane shear stresses, ���xy at x ¼ 0 and y ¼ 0 is presented in Figure 11. At the midplane of
the plate, a close-to-zero value of ���xy is observed for both the present theory and the exact
elasticity solution. At the top surface, there is a difference of 6.3%. For transverse-shear
stresses, the distribution of ���xz at x ¼ 0 and y ¼ b=2 is presented in Figure 12. The
distributions show symmetric trend for both the present theory and the exact elasticity
solution. Although the distribution obtained from the present theory is continuous at the
inter-laminar surface, the present theory underestimates transverse-shear stress for the
outer layers while overestimates for the center layer. Also, the exact solution shows that
the values of ���xz in the center layer is less than that in the outer layers, which is mispre-
dicted by the present theory. For the maximum value of ���xz, a difference of 11.8% is
observed.
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Figure 11. Nondimensionalized in-plane shear stress distributions, ���xy, for the [0/90/0] laminated plate, a ¼ b.
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Figure 12. Transverse-shear stress distributions, ���xz, for the [0/90/0] laminated plate, a ¼ b.
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CONCLUDING REMARKS

A simplified layerwise, shear-deformation theory for improved accuracy in stress and
strain predictions while retaining computational efficiency in the analysis of composite
laminates has been presented. The in-plane displacement field is represented by using
layerwise functions to account for zigzag-like in-plane deformation and interlaminar
transverse-shear stress continuity. Tangential-traction-free boundary conditions on the
outer bounding surfaces and continuity of the transverse-shear stresses and the in-plane
displacement at ply interfaces are used to render the assumed displacement field
independent of the number of layer. The principle of virtual work is used to obtain the
equilibrium equations. The theory was implemented using a finite-element technique.
Numerical results have been presented on the bending problems of a cylindrical and a
laminated plate. The results from the present model are compared with the available exact
elasticity solutions. The following important observations are made from this study.

It is impractical to discretize an entire laminate with layerwise elements for many
applications. Based on a superposition of a FSDT displacement field and a layerwise
displacement field, the present theory provides a simplified approach to model zigzag-like
deformation through the laminate thickness. Also, through the use of interlaminar
continuity conditions, the number of structural variable is reduced, which makes the
developed theory computationally efficient.

The numerical study conducted on the bending of cylindrical shell shows that the
present theory accurately predicts transverse deflections and in-plane normal stress
distribution for value of radius-to-thickness ratio ranging from 2 to 100, implying that the
present theory is appropriate for the analysis of both thin and thick shells. Also, for the
predictions of transverse-shear stresses, continuous distributions through the laminate
thickness are obtained. For the symmetric case of [0/90/0], the results agree with the exact
elasticity solutions while deviation is observed for the antisymmetric case of [90/0] because
of increased anisotropy. Improvement of the developed theory on the prediction of
transverse-shear stresses will be conducted and reported in the future.

In the analysis of a laminated plate, the present theory also provides accurate
predictions for value of length-to-thickness ratio ranging from 2 to 100. Even for the thick
plate with S ¼ 4, satisfactory results on stress distributions are obtained.

In the current finite element implementation, hyperbolic functions are used to represent
through-the-thickness distributions of the deviation from overall first-order shear
deformation. More research will be done to find better representation. Also, further
validation will be achieved and reported in the future.

NOMENCLATURE

A�, A� ¼Lamè parameters
Bu,B" ¼ operator matrices

Fe ¼ element force vector
f ¼ body force per unit volume

fiðzÞ, giðzÞ, hiðzÞ ¼ through-the-thickness functions, i¼ �, �
H ¼ laminate thickness
Ke ¼ element stiffness matrix

Lu, Lu0, Lu1, L", L"0, L"1, L"2 ¼ operator matrices
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Nð�,�Þ ¼ interpolation matrices

Qk ¼ reduced-stiffness matrix of the kth layer

R¼ radius of cylindrical shell

R�, R� ¼ principal curvature radii of the � and � curves,
respectively

S ¼ radius to thickness ratio, R/H

t¼ traction vector

Ui, Uz ¼ in-plane displacement field and out-of-plane
displacement field, respectively, i¼ �, �

u, ue, ui, u0 ¼ displacement field, nodal unknowns of displacement for
element, nodal unknowns of displacement for node i and
displacement field at reference surface, respectively

ui, uz ¼ in-plane displacement field and out-of-plane
displacement field at reference surface, respectively,
i¼ �, �

W ¼ central deflection

�, �¼ lines-of-curvature coordinates along reference surface

e, "ij ¼ strain vector and its normal components, i, j¼ �, �, z
�ij ¼ engineering shear strain, i, j¼ �, �, z

�i, �
k
i ,  

k
i ¼ structural unknowns, i¼ �, �
�ij ¼ normal stresses, i, j¼ �, �, z
�ij ¼ shear stresses, i, j¼ �, �, z

ð Þ
T
¼ transpose

ð Þ0 ¼ first derivative with respect to coordinate z
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APPENDIX A

First, some functions are defined. Note that the subscript i denotes the coordinate � or �.

FiðzÞ ¼ f 0i ðzÞ � fiðzÞ=ðRi þ zÞ ðA-1Þ

HiðzÞ ¼ H 0
i ðzÞ �HiðzÞ=ðRi þ zÞ ðA-2Þ

GiðzÞ ¼ G0
iðzÞ � GiðzÞ=ðRi þ zÞ ðA-3Þ

The present study considers the laminate constructed of monoclinic layers. The reduced-
stiffness matrix of the kth layer is expressed as follows:

Qk ¼

Qk
11 Qk

12 0 0 Qk
16

Qk
21 Qk

22 0 0 Qk
26

0 0 Qk
44 Qk

45 0

0 0 Qk
54 Qk

55 0

Qk
61 Qk

62 0 0 Qk
66

2
666664

3
777775 ðA-4Þ
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Through the use of the assumed displacement field (Equations (8) and (9)), the
tangential-traction-free boundary conditions are identified as follows:

Q1
55G�ðz

1Þ�1� þQ1
45G�ðz

1Þ�1� þQ1
55H�ðz

1Þ 1
� þQ1

45H�ðz
1Þ 1

�

¼ �P�Q
1
55uz, � � P�Q

1
45uz, � �Q1

55F�ðz
1Þ�� �Q1

45F�ðz
1Þ��

ðA-5Þ

Q1
45G�ðz

1Þ�1� þQ1
44G�ðz

1Þ�1� þQ1
45H�ðz

1Þ 1
� þQ1

44H�ðz
1Þ 1

�

¼ �P�Q
1
45uz, � � P�Q

1
44uz, � �Q1

45F�ðz
1Þ�� �Q1

44F�ðz
1Þ��

ðA-6Þ

QN
55G�ðz

Nþ1Þ�N� þQN
45G�ðz

Nþ1Þ�N� þQN
55H�ðz

Nþ1Þ N
� þQN

45H�ðz
Nþ1Þ N

�

¼ �P�Q
N
55uz, � � P�Q

N
45uz, � �QN

55F�ðz
Nþ1Þ�� �QN

45F�ðz
Nþ1Þ��

ðA-7Þ

QN
45G�ðz

Nþ1Þ�N� þQN
44G�ðz

Nþ1Þ�N� þQN
45H�ðz

Nþ1Þ N
� þQN

44H�ðz
Nþ1Þ N

�

¼ �P�Q
N
45uz, � � P�Q

N
44uz, � �QN

45F�ðz
Nþ1Þ�� �QN

44F�ðz
Nþ1Þ��

ðA-8Þ

Also, the continuity requirements of the in-plane displacements and transverse-shear
stresses at interlaminar surfaces are written as follows.

g�ðz
kþ1Þ�k� � g�ðz

kþ1Þ�kþ1
� þ h�ðz

kþ1Þ k
� � h�ðz

kþ1Þ kþ1
� ¼ 0 ðA-9Þ

g�ðz
kþ1Þ�k� � g�ðz

kþ1Þ�kþ1
� þ h�ðz

kþ1Þ k
� � h�ðz

kþ1Þ kþ1
� ¼ 0 ðA-10Þ

Qk
55G�ðz

kþ1Þ�k� �Qkþ1
55 G�ðz

kþ1Þ�kþ1
� þQk

45G�ðz
kþ1Þ�k�

�Qkþ1
45 G�ðz

kþ1Þ�kþ1
� þQk

55H�ðz
kþ1Þ k

� �Qkþ1
55 H�ðz

kþ1Þ kþ1
�

þQk
45H�ðz

kþ1Þ k
� �Qkþ1

45 H�ðz
kþ1Þ kþ1

�

¼ P��Qkþ1
55 uz, � þ P��Qkþ1

45 uz, � þ�Qkþ1
55 F�ðz

kþ1Þ��

þ�Qkþ1
45 F�ðz

kþ1Þ��

ðA-11Þ

Qk
45G�ðz

kþ1Þ�k� �Qkþ1
45 G�ðz

kþ1Þ�kþ1
� þQk

44G�ðz
kþ1Þ�k�

�Qkþ1
44 G�ðz

kþ1Þ�kþ1
� þQk

45H�ðz
kþ1Þ k

� �Qkþ1
45 H�ðz

kþ1Þ kþ1
�

þQk
44H�ðz

kþ1Þ k
� �Qkþ1

44 H�ðz
kþ1Þ kþ1

�

¼ P��Qkþ1
45 uz, � þ P��Qkþ1

44 uz, � þ�Qkþ1
45 F�ðz

kþ1Þ��

þ�Qkþ1
44 F�ðz

kþ1Þ��

ðA-12Þ
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with

Pi ¼
1

Aið1þ z=RiÞ
; i ¼ �,� ðA-13Þ

�Qkþ1 ¼ Qkþ1 �Qk ðA-14)

Note that Equations (A-5)–(A-12) denote the relations between the structural variables of
adjacent layers. For an N-layered laminate, they indicate a set of 4N linear equations. It is
convenient to obtain the solution as follows:

��
��
 �
 �

2
664

3
775

k

¼

C1�� C2�� C3�� C4��

C1�� C2�� C3�� C4��

C1 � C2 � C3 � C4 �

C1 � C2 � C3 � C4 �

2
664

3
775

k
��
��
uz,�
uz,�

2
664

3
775 k ¼ 1, . . . ,N ðA-15Þ

The solution indicates that the structural variables that defines for each layer, �ki and  k
i ,

are related to the structural variables that are defined for the reference surface of the
laminate, uz, i and �i. The substitution of these relations into Equation (8) will render the
displacement field with the number of structural variables independent of the number of
laminae, as described in Equations (14) and (15).

APPENDIX B

The functions for the definition of the layerwise operators in finite element
implementation are expressed as follows:

FijðzÞ ¼ �ij fiðzÞ þ Ck
j�igiðzÞ þ Ck

j ihiðzÞ ðB-1Þ

GijðzÞ ¼ �ðiþ2ÞjPi þ F 0
ij ðzÞ �

Fij

ðRi þ zÞ
ðB-2Þ

where i ¼ 1, 2 and j ¼ 1, 2, 3, 4. Note that i ¼ 1 and i ¼ 2 correspond to the coordinate �
and �, respectively. The quantity �ij denotes the Kronecker delta. The layerwise operators
Lu and L" can be expressed as follows:

Lu ¼ Lu0 þ Lu1 ðB-3Þ

L" ¼ L"0 þ L"1 þ L"2 ðB-4Þ

where

Lu0 ¼

1þ z=R� 0 F�1 F�2 0

0 1þ z=R� F�1 F�2 0

0 0 0 0 1

2
64

3
75 ðB-5Þ
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Lu1 ¼

0 0 0 0 F�3@=@�þ F�4@=@�

0 0 0 0 F�3@=@�þ F�4@=@�

0 0 0 0 0

2
64

3
75 ðB-6Þ

L"0 ¼

0 0 0 0 P�A�
0 0 0 0 P�A�
0 0 G�1 G�2 0
0 0 G�1 G�2 0
0 0 0 0 0

2
66664

3
77775 ðB-7Þ

L!1 ¼

@=@�

A�
0 P�F�1@=@� P�F�2@=@� 0

0
@=@�

A�
P�F�1@=@� P�F�2@=@� 0

0 0 0 0 G�3@=@�þ G�4@=@�

0 0 0 0 G�3@=@�þ G�4@=@�

P�@=@�

P�A�

P�@=@�

P�A�
P�F�1@=@� P�F�2@=@� 0

þP�F�1@=@� þP�F�2@=@�

2
66666666666666664

3
77777777777777775

ðB-8Þ

L"2 ¼

0 0 0 0 P�F�3@
2=@�2 þ P�F�4@

2=@�@�

0 0 0 0 P�F�3@
2=@�2 þ P�F�3@

2=@�@�

0 0 0 0 0

0 0 0 0 0

0 0 0 0 P�F�3@
2=@�2 þ P�F�4@

2=@�2 þ ðP�F�4 þ P�F�3Þ@
2=@�@�

2
6666664

3
7777775

ðB-9Þ
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