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Abstract
The development of a reliable structural damage prognostics framework, which can accurately predict the fatigue life of
critical metallic components subjected to a variety of in-service loading conditions, is important for many engineering
applications. In this article, a novel integrated structural damage localization method is developed for prediction of cracks
in aluminum components. The proposed methodology combines a physics-based prognosis model with a data-driven
localization approach to estimate the crack growth. Specifically, particle filtering is used to iteratively combine the pre-
dicted crack location from prognostic model with the estimated crack location from localization algorithm to probabilis-
tically estimate the crack location at each time instant. At each time step, the crack location predicted by the prognosis
model is used as a priori knowledge (dynamic prior) and combined with the likelihood function of the localization algo-
rithm for accurate crack location estimation. For improving the robustness of the localization framework, online tem-
perature estimation is carried out. The model is validated using experimental data obtained from fatigue tests preformed
on an Al2024-T351 lug joint. The results indicate that the proposed method is capable of tracking the crack length with
an error of less than 1 mm for the majority of the presented cases.
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Introduction

One of the primary research areas in structural health
monitoring (SHM) (Farrar et al., 2004; Farrar and
Worden, 2007) is that of damage localization and prog-
nosis (Kim et al., 2011; Soni et al., 2010). The goal is to
reliably locate and predict damage in complex struc-
tures, while accounting for the uncertainties in sensor
measurements and maintaining robustness to variation
in environmental parameters such as temperature.
Guided wave–based localization methods (Kim et al.,
2011; Kishimoto et al., 1995; Lu et al., 2006) utilize
time-of-flight information for estimating the damage
location and have gained significant popularity in the
recent years. In the Lamb wave localization method,
feature extraction is first applied to measured sensor
signals in order to obtain the time-of-flight informa-
tion. Time–frequency (Papandreou-Suppappola, 2002)
signal processing techniques allow joint time- and
frequency-domain analysis of signals and have been uti-
lized for extracting time–frequency features capturing
the time-of-flight information in structures. Two of
the most popular time–frequency feature extraction

techniques are the continuous wavelet transform
(CWT) (Kishimoto et al., 1995) and the matching pur-
suit decomposition (MPD) (Mallat and Zhang, 1993).
The CWT algorithm decomposes a signal by matching
it with shifted and scaled wavelets and has been success-
fully used for time-of-flight extraction (La Saponara et
al., 2011; Lu et al., 2006; Niri and Salamone, 2012;
Yan, 2013) and damage detection (Bagheri et al., 2013).
In contrast, the MPD algorithm iteratively decomposes
a signal into a linear expansion of weighted basis func-
tions from an overcomplete dictionary using the inner
product. Similar to the CWT, the MPD has been used
to decompose Lamb wave modes (Lu and Michaels,
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2008, 2009; Xu et al., 2009), for detecting fatigue dam-
age (Kim et al., 2011; Soni et al., 2010) and composite
delamination (Das et al., 2005). A modified version of
the MPD algorithm that uses computationally simple
Gaussian atoms grouped together to create dispersive
Lamb wave signals has been shown to successfully
extract time-of-flight information (Hensberry et al.,
2012, 2013). Liu et al. (2012) proposed a damage assess-
ment methodology using this time–frequency approach
for detecting damage in composite structures with mul-
tiple stiffeners. Delaminations were detected through
identifying the mode conversions due to the structural
imperfections. Based on this information, the delamina-
tion was quantified using an energy-based damage
index.

Reliable extraction of time-of-flight information in
geometrically complex parts and small structures, how-
ever, is challenging. This is because in complex geome-
tries, with holes and boundaries, the sensors used to
measure the guided waves sense boundary-reflected
waves in addition to the waves that interrogate the
damage. In smaller structures, these reflections can
often arrive at the same or similar time as wave carry-
ing information related to the damage, making the
extraction of information about damage difficult or
sometimes impossible. Another difficulty in time-of-
flight extraction arises due to temperature variation.
Temperature variations affect the wave speed, which, if
not accounted for, can have an adverse impact on the
time-of-flight estimates and the localization results.

After the time-of-flight information has been
extracted from the Lamb wave signals, it is input to one
of many types of localization algorithms. Traditional
localization techniques triangulate a damage location
using intersecting ellipses and least squares estimates
(Soni et al., 2010). The major limitation of these tradi-
tional techniques is that they only provide a point, or
deterministic, solution for the damage location and
provide no information on the error or uncertainty in
the estimates. In order to model measurement, wave
velocity, and sensor placement uncertainties, probabil-
istic methods have been investigated. In Su et al. (2009)
and Zhou et al. (2011a, 2011b), advanced baseline-free
localization techniques were developed, and the esti-
mation error is quantified by introducing probability
theory in the localization equations. The use of prob-
abilistic localization algorithms has been expanded to
include the use of the extended Kalman filter (EKF)
(Niri et al., 2012, 2013, 2014; Niri and Salamone,
2012), Markov chain Monte Carlo (MCMC) method
(Yan, 2013), and particle filters (Yan, 2014). Each of
these advanced techniques estimates the actual wave
velocity to account for temperature variation in the
localization system.

In this article, a novel integrated method is devel-
oped for effective damage localization and prognosis in
complex metallic structures. The proposed method uses

sequential Bayesian techniques to combine a physics-
based damage prognosis model with a data-driven
probabilistic damage localization approach.
Specifically, particle filtering (PF) (Doucet, 2001) is
used to iteratively update crack length predictions
obtained using a prognosis model (Neerukatti et al.,
2012, 2014) with the estimated crack location from a
Lamb wave–based probabilistic crack localization algo-
rithm (Hensberry et al., 2013). The prognosis model
uses information from physics-based modeling to accu-
rately predict the crack propagation and combines it
with a data-driven approach to account for the varia-
bility in loading conditions and material scatter. The
localization algorithm uses a probabilistic framework
to account for uncertainty in the time-of-flight mea-
surements. Robustness to multipath effects and
unknown temperature variations is achieved using
multi-sensor time-of-flight information in conjunction
with data association (Bar-Shalom et al., 2009; Bar-
Shalom and Fortmann, 1988), and the technique has
been shown to be capable of localizing fatigue damage
in complex structures at unknown temperatures
(Hensberry, 2013). However, a key limitation in the
algorithm is the use of a fixed and generic prior over
the entire probable damage region (Hensberry, 2013).
In the case of fatigue loading where the crack length
increases with the number of cycles, this fixed and gen-
eric prior lead to inaccuracies and high variance in the
damage location estimates. Therefore, in this work, a
dynamic and more informative prior obtained from the
physics-based prognosis model is incorporated into the
localization framework for dynamic damage estimation
and prediction. Use of this dynamic prior is expected to
significantly increase the overall effectiveness of the
algorithm since the domain of probable damage loca-
tions is smaller than when a fixed prior is used. Even
though there is a small computational overhead in con-
stantly adapting the prior, that is, using the prognosis
model at every time step, it was observed that the over-
all efficiency remains high since the proposed prognosis
model is very efficient. Thus, the sequential Bayesian
framework utilized in this article optimally combines
the predicted and estimated crack tip locations dynami-
cally with uncertainty quantification.

The proposed method is validated experimentally on
an aluminum 2024-T351 lug joint subjected to uniaxial
fatigue loading. The growing crack length was mea-
sured at different instances of time using high-
resolution images, and the corresponding Lamb wave
measurements were recorded. The crack location esti-
mates obtained with and without the dynamic prior are
then compared in order to demonstrate the benefits of
integrating the damage prognosis model and localiza-
tion algorithm using PF.

This article is organized as follows: in section
‘‘Probabilistic framework for damage localization,’’ the
probabilistic damage localization framework is
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introduced. Section ‘‘Integrated approach’’ provides
details about the integrated approach that uses a prog-
nosis model to predict the crack lengths and its integra-
tion with localization method explained in section
‘‘Probabilistic framework for damage localization’’
using dynamic prior. The final results are discussed in
section ‘‘Results.’’

Probabilistic framework for damage
localization

Time-of-flight extraction using grouped MPD

A complete description of the grouped MPD algorithm
used in this investigation for time-of-flight extraction
can be found in the literature (Hensberry, 2013;
Hensberry et al., 2013). One of the main difficulties in
applying signal processing techniques to SHM wave
signals is that the portion of the signal that contains
information about the damage often has a small
amount of energy compared to the dominant modes in
the signal. For the MPD algorithm, this means that a
large number of iterations must be completed before
finding the damage perturbation in the signal. One
technique to remove the dominant A0 and S0 modes
from a signal, and increase the relative energy of the
damaged portion, is to separately actuate and sense
from both transducers in a sensor pair and then sub-
tract their signals (Park et al., 2009). By subtracting the
signals, any structurally linear wave (e.g. any direct S0
or A0 modes) can be removed. This leaves only waves
that have interacted with a structural nonlinearity, such
as damage or a boundary. With only the information
on damages and boundary reflections remaining in a
signal, the damaged features are easier to extract by the
MPD algorithm for use in detection or localization.

The MPD algorithm iteratively decomposes a signal
into a weighted linear expansion of elementary basis
functions or atoms (Mallat and Zhang, 1993).
Specifically, a signal x(t) can be expressed using the
MPD algorithm as

x tð Þ=
XNitr�1

i= 0

aigi tð Þ+ rNi
tð Þ ð1Þ

where ai is the ith expansion coefficient, gi(t) is the ith
basis function, and rNi

(t) is the residual signal after Ni

iterations. The basis functions gi(t) are iteratively
selected from a predefined set or dictionary to maxi-
mize the magnitude of the match (coefficients a) with
desired signal components, such that after a sufficient
number of iterations, the MPD representation extracts
the main signal components of interest and filters out
the noise (Chakraborty et al., 2009; Soni et al., 2010).
Previous work that utilized the MPD algorithm to
decompose Lamb wave signals used a dictionary

consisted of simple basis functions of Gaussian time–
frequency shifted and scaled harmonics of the form

g dð Þ tð Þ= 8kl=pð Þ1=4
e�kl t�lnð Þ2 cos 2pymtð Þ ð2Þ

where d = ln, vm, kl is the set of all atoms time shifted
by ln (n = 1,..., Nd), frequency shifted by vm

(m = 1,..., Md), and time scaled by kl (l = 1,..., Ld)
(Chakraborty et al., 2008; Soni et al., 2010).

While the Gaussian basis functions are attractive
due to the analytical and computational simplicity
afforded, for effective time-of-flight characterization
from dispersive guided wave measurements, it is highly
desirable to formulate basis functions that can capture
the generalized dispersive shape of Lamb wave modes.
In order to create such dispersive (or more generally
shaped) atoms, while retaining the benefits of the
Gaussian basis, a new grouped MPD algorithm is pro-
posed here in which many simpler Gaussian time–
frequency shifted and scaled atoms are grouped
together (Hensberry et al., 2013). Hilbert transform is
used to create an envelope of the signal, and each peak
in this envelope corresponds to the approximate center
of a mode present in the signal. To improve this
approximation, the Gaussian atoms closest to the peak
in the envelope are grouped together to create a
new dispersive atom. To complete the time-of-flight
calculation, the time shifts of the Gaussian atoms con-
tributing to the grouped atoms are combined to obtain
the time-of-flights for the new grouped atoms. The
combination is accomplished using the mean time shift,
defined as

�t=

Ð
t x tð Þj j2dtÐ
x tð Þj j2dt

ð3Þ

Damage localization approach

The structural damage localization algorithm proposed
here is based on probabilistic analysis of dispersive wave
propagation in materials and has been presented in the
literature (Hensberry, 2013; Hensberry et al., 2012). In
this approach, time-of-flight information is first
extracted from Lamb wave sensor measurements using
the grouped MPD algorithm with a Gaussian time–
frequency (Papandreou-Suppappola, 2002) dictionary
(see section ‘‘Time-of-flight extraction using grouped
MPD’’). The extracted time-of-flight of the A0 mode
reflecting off of the damage is then utilized in a Bayesian
probabilistic framework to localize damage with uncer-
tainty quantification. The probabilistic damage localiza-
tion algorithm uses a Bayesian framework to optimally
combine information from prior knowledge about
the damage location with that from (noisy) time-of-flight
measurements obtained from wave-based sensor data.

Let t denote the time-of-flight of a damage-reflected
wave, obtained using grouped MPD from a sensor
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signal corresponding to damage located at coordinates
Xc =(xc, yc). Assuming simple isotropic propagation of
the wave from the transmitter to the damage and from
the damage to the receiver, we can write

t =
jjX t � X rjj

vA0

+ e ð4Þ

where Xt =(xt, yt) and Xr =(xr, yr) are the respective
positions of the transmitter and receiver, vA0

is the A0

mode wave velocity, and e is the measurement noise
term that models the uncertainty in the time-of-flight
obtained via MPD. A Gaussian probability distribu-
tion with zero mean and variance s2 is used for e

e;N 0,s2
� �

=
1ffiffiffiffiffiffi

2p
p

s
exp � e2

2s2

� �
ð5Þ

The Gaussian model was verified using a chi-square
test on the time-of-flights extracted from the measured
sensor signals. Different standard deviation values were
needed to model the time-of-flights measured for differ-
ent sensor paths. Together, equations (4) and (5) define
the likelihood function for the damage location, given
by

p tjX c

� �
=

1ffiffiffiffiffiffi
2p
p

s

exp � 1

2s2
t � jjXt � X c

vA0

� jjX r � Xcjj
vA0

� �2
" # ð6Þ

where the notation p(�j�) denotes conditional probabil-
ity. A grid-based approach is employed for efficiently
evaluating the relevant distributions and estimates.
Specifically, the domain D of interest is discretized
using a set of M grid points
f(xc, 1, yc, 1), (xc, 2, yc, 2), . . . , (xc,M , yc,M )g 2 D. In this
work, a mesh consisted of 1 3 1 mm2 was used to
approximate the test specimen. Using Bayes’ theorem
(Duda et al., 2001; MacKay, 2003; Trees, 2001), the
likelihood function in equation (6) is combined with a
prior probability distribution Pr (X c =X c,m) defined
over the interrogation region to obtain the posterior
probability distribution of the damage location given
the time-of-flight as

Pr X c =X c,mjt
� �

=
p tjX c,m

� �
Pr X c =X c,m

� �
PM

m9 = 1

p tjX c,m9

� �
Pr X c =X c,m9

� � ,
m= 1, 2, . . . ,M ð7Þ

The prior probability distribution can be chosen
based on a priori knowledge of the general stress
distribution in the structure (Hensberry, 2013). In this
article, the prior distribution is obtained through a
physics-based damage prognosis model (discussed in

section ‘‘Integrated approach’’) and constantly adapted
with fatigue cycles as the damage progresses.

Probabilistic data association

The grouped MPD of a received sensor signal contains
several wave components with respective time-
of-flights. However, it is not known which of these cor-
respond to the A0 wave reflected from the damage and
which to boundary reflections and other paths unre-
lated to the damage. Since the localization algorithm
specifically requires time-of-flight information for the
damage-reflected waves, this uncertainty needs to be
quantified and addressed. In this article, the technique
of probabilistic data association (PDA) (Bar-Shalom et
al., 2009; Bar-Shalom and Fortmann, 1988) is utilized
in order to account for this measurement origin uncer-
tainty within the estimation framework.

The measurement uncertainty–adjusted likelihood
function for the damage location can be written as the
mixture

p tjX c

� �
=
XL

l = 1

p tljX
� �

Pr Aljtð Þ ð8Þ

where t = ft1, t2, . . . , tLg is the set of time-of-flight
measurements, and Pr(Aljt) is the probability of the
event Al given the measurements, written as

Pr Aljtð Þ= p tljAlð ÞPr Alð ÞPL
l9 = 1

p tl9 jAl9ð ÞPr Al9ð Þ
ð9Þ

with

p tljAlð Þ=
XM

m= 1

p tljX c,m

� �
Pr X c =X c,m

� �
ð10Þ

Here, the association events corresponding to bound-
ary reflections and other modes have been ignored for
simplicity, and Pr(Al) is the prior probability of event
Al (taken here as 1/L). The damage location can be esti-
mated using the likelihood given in equation (8) to
obtain the posterior distribution

Pr X c =X c,mjt
� �

=
p tjX c,m

� �
Pr X c =X c,m

� �
PM

m9 = 1

p tjX c,m9

� �
Pr X c =X c,m9

� � ,
m= 1, 2, . . . ,M ð11Þ

Sensor fusion

The time-of-flight information obtained from a single
transmitter-damage-receiver path is usually insufficient
for localizing damage. Data are, therefore, collected
from multiple sensor paths distributed on the structure,
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and the time-of-flight information from the various sen-
sor paths is fused to estimate the damage location with
higher accuracy. Let T = ft1, t2, . . . , tNg be a set of
time-of-flight measurements obtained from the signals
received via N different sensor paths. Here, tn denotes
the set of L time-of-flight measurements obtained from
the MPD of the received signal for path n. Assuming
conditional independence of the time-of-flight measure-
ments from the different sensor paths given the damage
location, the fused likelihood function can be expressed
as the product of the individual likelihoods

p T jX c

� �
=
YN

n= 1

p tnjX c

� �
ð12Þ

The posterior probability distribution of the damage
location given the time-of-flight measurements of the
various sensor paths is obtained by combining the like-
lihood in equation (12) with the prior using Bayes’
theorem

p X c =X c,mjT
� �

}p T jX c,m

� �
p X c =X c,m

� �
,

m= 1, 2, . . . ,M
ð13Þ

And the sensor-fused estimate X̂ c =(x̂c, ŷc) of the
damage location is computed as the mean or mode of
this posterior

X̂ c,mean

	 

=
XM

m= 1

X c,m

� �
Pr X c =X c,mjt
� �

X̂ c, mode

	 

= argmax

X c,mð Þ
Pr X c =X c,mjt
� � ð14Þ

The covariance of the posterior distribution given by

Cov X cjt
� �

=
XM

m= 1

X c,m � X̂c

h i

X c,m � X̂c

h iT

Pr X c =X c,mjt
� � ð15Þ

provides a measure of the uncertainty in the damage
location based on the available information. In particu-
lar, the probability pDs

that the damage is located in
any sub-region Ds � D is given by

pDs
=

X
m: X c,mð Þ2Dsf g

Pr Xc =Xc,mjtð Þ ð16Þ

Temperature estimation and velocity compensation

In conventional time-of-flight-based damage localiza-
tion schemes, a known fixed wave speed is used assum-
ing it to be representative of the true wave speed in the
structure. In reality, however, structural components
are often interrogated at unknown and varying

temperatures, and the wave speed is thus unknown and
can change with the temperature. Furthermore, even a
small change in the wave speed can result in signifi-
cantly different time-of-flights and damage localization
results. When attempting to localize damage at
unknown temperatures, the largest factor contributing
to error is uncertainty in the speed of the wave that is
interrogating the damage (Raghavan and Cesnik,
2008). In order to achieve damage localization capabil-
ity that is robust to unknown temperature variation
effects, the temperature estimation and velocity com-
pensation algorithm presented in Hensberry et al.
(2013) and Hensberry (2013) are utilized. As described
below, this approach estimates the temperature to
determine the actual velocity of the waves in the struc-
ture and utilizes this temperature-compensated velocity
in the damage localization algorithm. In order to loca-
lize damage at unknown temperatures, a model is first
created that describes how the group velocity changes
with temperature. In this study, the material used is
aluminum 2024-T351, and the temperature range of the
localization system is chosen to be between 260 �C and
160 �C, which represents a maximum temperature
range over which a guided wave system using lead zir-
conium titanate (PZT) transducers is expected to oper-
ate. Using material properties from MIL-HDBK-5
(Rice, 2003), theoretical dispersion curves for the alu-
minum are calculated over this temperature range. The
curves are pre-computed offline and stored in a lookup
table, in order to save on computational complexity
during damage localization. The dispersion curves
show that the velocity of the waves decreases with an
increase in temperature, which is expected because the
stiffness of the material decreases with increasing tem-
perature. In addition, the dispersion curves also show
which frequencies and modes are best suited for the
task of temperature estimation. For the material and
geometry of the specimen used in this work, the velo-
city of the S0 mode actuated at 250 kHz was found to
be very sensitive to temperature and was thus chosen
for temperature estimation. The 250-kHz S0 mode
was also the fastest (first arriving) mode, which sim-
plified the calculation of its time-of-flight for tem-
perature estimation. Note that the frequency and
mode used for damage localization can be different
from the one used for temperature estimation, and in
this work, the 500-kHz A0 mode is used for the pur-
pose of localization due to better resolution afforded
by the higher frequency. Complete description about
the temperature and velocity estimation algorithm
can be found in Hensberry (2013). Velocity estimates
are obtained from grouped MPD time-of-flights using
maximum likelihood (ML) estimation with the
Gaussian model. Specifically, the ML estimate of the
velocity v� is given by
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v�ML = argmax
vð Þ

ln P
N

i= 1

1ffiffiffiffiffiffi
2p
p

s
e
� ti�di=v

	 
2

=2s2

0
@

1
A ð17Þ

where N is the number of sensor–actuator pair paths, di
is the distance between sensor and actuator for sensor
path i, ti is the time-of-flight for sensor path i, s is the
standard deviation in the time-of-flight measurements,
and v is velocity. For this Gaussian setting, the expres-
sion for the estimated velocity using the ML method
can be simplified to

v�ML =

PN
i= 1

d2
i

PN
i= 1

tidi

ð18Þ

Summary of the damage localization algorithm

The main steps of the probabilistic damage localization
algorithm are summarized in Figure 1. The localization
algorithm can be separated into two stages: temperature
estimation and damage location estimation. For tem-
perature estimation, first a 250-kHz signal is actuated
and sensed using several sensor–actuator pairs. The S0
mode wave speed at 250 kHz is next estimated using its

time-of-flight obtained via grouped MPD analysis of
the received sensor signals, and the operating tempera-
ture is determined using pre-calculated temperature–
velocity dispersion curves. The estimated temperature is
then mapped to a velocity for the 500-kHz A0 mode
using the temperature–velocity profiles, and the 500-
kHz estimated A0 velocities are used in the damage
localization algorithm.

The first step in the damage location estimation pro-
cedure is to discretize the domain being interrogated.
Next, the structure is interrogated using a 500-kHz
actuation signal, and the received signals are analyzed
using the grouped MPD algorithm for each sensor
path. Time-of-flights of the A0 mode are extracted from
the grouped MPD algorithm and then input to the
Bayesian probabilistic localization algorithm. Finally,
the localization results from each sensor path are fused
to obtain the final probabilistic damage location
estimate.

Integrated approach

Prognosis model

The structural damage localization and prognosis
framework presented in this article uses simple physics-

Figure 1. Flowchart of the probabilistic damage localization algorithm with temperature estimation.
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based models integrated with the data-driven probabil-
istic localization approach to estimate and predict fati-
gue crack length. The strength of this method comes
from effectively using information from physics-based
modeling that accounts for the proper fracture mechan-
ism and the sensor data-driven probabilistic approach
that measures the damage using Lamb waves and
accounts for material and model uncertainties. The
crack growth rate can be expressed as a function of the
stress intensity factor (SIF) range as

da

dN
= f DKð Þ

DK =Kmax � Kmin

ð19Þ

where Kmax and Kmin are the maximum and minimum
SIFs, respectively. As the nature of the crack growth is
exponential or nonlinear depending on the type of load-
ing, the relationship between the crack growth rate and
SIF is described using log–log transforms. The typical
stages in the crack growth regime for constant ampli-
tude loading are shown in Figure 2.

Prognosis algorithms are typically applied in stage II
crack growth regime where the relationship between
crack growth rate and SIF is linear on a log–log scale
for constant amplitude loading. However, in the case
of random loading and overloading, this behavior is no
longer linear. In this article, the adaptive prognosis
model developed in Neerukatti et al. (2014) is utilized,
which is able to predict the crack growth under random
and overloading conditions with high accuracy. Note
that the crack needs to be at least around 1 mm in size
in order to be resolved by the Lamb wave sensor mea-
surements. Here, this condition is ensured using infor-
mation from models (Zhang et al., 2013, 2014) that
predict crack initiation in metallic structures and the

number of fatigue cycles at which the crack reaches
1 mm in size based on multiscale modeling taking into
account the grain geometry and orientation in the
material.

The adaptive prognosis model uses nonconstant
coefficients C1, and C2 and updates them adaptively at
each time step based on the previous crack length ver-
sus fatigue cycle data. Specifically, the crack growth
rate at a given instant of time is written as

log
da

dN
=C1 aN�1,Mp,PN ,N + 1,N

� �
+C2 aN�1,Mp,PN ,N + 1,N

� �
log DKð Þ

ð20Þ

where Mp denotes material parameters, P represents
loading, and subscripts N - 1, N, and N + 1 denote
previous, current, and next fatigue loading cycles. The
SIF can be expressed as a function of the current crack
length (aN) and current loading (PN) as

DK = f1 aN ,PN , Sð Þ ð21Þ

where S is a geometric parameter. The crack length at a
given cycle N is given by

aN =

ðN
0

eC1 +C2 log (DK)dN ð22Þ

The load states are discrete and thus equation (22)
can be written as a summation. Therefore, the predicted
crack length after DN cycles is given by

aN +DN = aN +
XN +DN

N =N + 1

eC1 +C2log(DK)DN ð23Þ

The SIF in equation (23) is calculated based on finite
element (FE) analysis, and the associated uncertainty is
captured as a predicted crack length distribution
p(aN +DN jaN ) obtained using probabilistic regression
(Neerukatti et al., 2014).

At every measurement instant (specific number of
fatigue cycles), the crack length is predicted using equa-
tion (23). The prediction starts from the third measure-
ment (obtained from the pictures using the camera)
point. The first two points are used to initialize the
algorithm and identify the parameters C1 and C2 in
equation (20), and the crack length is first predicted at
the third point. Once the crack length is predicted at the
third point, it is incorporated into the training set and
the parameters C1 and C2 are re-evaluated before the
fourth prediction is made. This process repeats at every
instant the experimental crack length is measured.

Integrating prognosis with localization

As mentioned earlier, the integrated structural damage
localization and prognostic method proposed in

Figure 2. Relationship between SIF and crack growth for
constant amplitude loading.
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this article optimally combines the Lamb wave
measurement–based localization method with the
physics-based adaptive prognosis model in a sequential
Bayesian framework. Specifically, PF (Doucet, 2001) is
used to adaptively track the position of the growing
crack by combining the likelihood function obtained
from the probabilistic localization method with the pre-
dicted prior distribution from the prognosis model.

The predicted crack distribution obtained from the
prognosis model is a specification for the crack length
a (equation (23)) and needs to be converted to crack
position X =(x, y). In this study, the increment in crack
length has been used to predict the crack tip location as
follows:

The increment in crack length at time N is

DaN = aN +DN � aN =
XN +DN

N =N + 1

eC1 +C2log(DK)DN ð24Þ

The predicted crack tip location at (N + DN) cycles
is then given by

�XN +DN = �XN +DaN 3 sin u, cos uð Þ ð25Þ

where u denotes the angle of propagation of the crack,
determined at each time step by averaging the previous
crack directions. Furthermore, the standard deviation
of the predicted crack length (�s =(sx,sy)) is

�sN +DN =sN +DN 3 sin u, cos uð Þ ð26Þ

where sN +DN is the standard deviation in the predicted
crack length at (N + DN) cycles.

Together, equations (23) to (26) define the
Markovian state dynamics model used for tracking the
crack tip location with the particle filter

�XN +DN j�XN ; p �XN +DN j�XNð Þ ð27Þ

The measurement model relating the time-of-flight
extracted from sensor data to the crack location is given
by

tN +DN j�XN +DN ; p tN +DN j�XN +DNð Þ ð28Þ

Given the probabilistic damage evolution and mea-
surement models, and the time-of-flight extracted from
measured sensor data, the crack location can be opti-
mally estimated in a sequential Bayesian framework
using stochastic filtering. For the nonlinear and non-
Gaussian state–space model here, the sequential Monte
Carlo technique of PF (Doucet, 2001) is suitable. The
PF estimates the posterior distribution of the state vari-
ables in a sequential Bayesian framework by represent-
ing the distributions using particles and weights. In
this article, we utilize the PF to integrate information
from the damage prognosis (state dynamics) model and
the damage localization (measurement) model with

time-of-flight sensor data to adaptively estimate the
crack tip location. The sequential Bayesian framework
for iteratively computing the posterior distribution on
the crack location p(X N jtN ) can be written as

p X N jtN

� �
}p X N jtN

� � ð
p X N jX N�1

� �
p X N�1jtN�1

� �
dX N�1

ð29Þ

where N denotes fatigue cycles. The PF representation
of the posterior probability distribution is an approxi-
mation using particles and associated weights w

(k)
N given

by

p X N jtN

� �
’
XO
k = 1

w
(k)
N d X N � X

(k)

N

	 

ð30Þ

where O is the number of particles and d( � ) is the Dirac
delta function. The PF iteratively updates the particles
and weights via sequential importance sampling (SIS)
(Gordon et al., 1993). Following the sequential impor-
tance resampling procedure (Gordon et al., 1993), at
each time step (fatigue cycles), particles are sampled
from the state distribution p(X N +DN jX N ), and the
weights are updated using the measurement likelihood
p=(tjX N +DN ), and resampling is performed as needed
to avoid degeneracy. The crack location estimate ( ^x, y)N
given tN , is then computed as the expected value of the
estimated posterior as

X̂ N =E X N jtN

� �
’
XO
k = 1

w
(k)
N X

(k)

N ð31Þ

Using multiscale modeling (Zhang et al., 2014), the
crack initiation location and cycles required for the
crack to reach a length of 1 mm can be predicted with
high accuracy. Based on this information, the algo-
rithm is initialized using a Gaussian distribution for the
crack location with a mean of (208.5, 84.5) and a stan-
dard deviation of 1 mm.

In summary, the crack length at any given cycle is
predicted using equation (23). It is then converted to
crack tip location using equations (25) and (26). The
posterior over the predicted crack tip location is
obtained using equation (27). The crack tip location is
estimated using this posterior as a prior to the localiza-
tion algorithm (equation (13)). Therefore, at any given
cycle, the predicted and estimated crack tip locations
are available. These values are combined using the par-
ticle filter, and the crack tip locations are updated using
equation (31).

Results

In order to study the performance of the proposed inte-
grated structural damage localization and prognostic
method, a bulk aluminum 2024-T351 lug joint was
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instrumented and subjected to fatigue loading and
interrogated. The dimensions of the lug joint are shown
in Figure 3.

Circular PZT transducers of 6.33 mm diameter and
0.25 mm thickness from American Piezo Ltd were
installed on the specimen for collecting Lamb wave
data. The PZT sensors were bonded to the specimen
using an off-the-shelf cyanoacrylate adhesive. Seven
PZT transducers were instrumented on the lug joint
with a symmetric configuration about the lug joint’s
plane of symmetry. The locations of the PZT transdu-
cers can be seen in Figure 4.

The aluminum lug joint, which was machined from a
bulk Al 2024-T351 plate, was cyclically loaded between
1.3 and 13 kN (load ratio of 0.1) at a rate of 5 Hz.
After crack initiation, the loading frequency was
reduced in order to more easily interrogate the structure
at multiple crack lengths. To track the crack growth, a
camera with a macro lens was mounted in front of the
specimen and was focused in one of the two hot spots
(top and bottom shoulders); another camera was placed
behind the fatigue frame and focused on both hot
spots. Images were captured along with the sensor data.
The images were used to compute the crack length
through digital measurements using calibrated images.
The fatigue experiment setup is shown in Figure 5.

The fatigue crack length was measured at different
time instances (fatigue cycles), and corresponding

Lamb wave data were collected using the PZT sensors.
A National Instruments data acquisition system (model
NI PXI 1042) with a 14-bit arbitrary waveform genera-
tor (AWG; model NI PXI-5412) and a 12-bit high-
speed digitizer (DIG; model NI PXI-5105) was utilized
to interrogate the specimen. The actuation signal is a
windowed cosine with 250 kHz central frequency for
temperature estimation and 500 kHz central frequency
for damage localization. A round-robin approach was
used to collect data from all sensor paths. The response
along each sensor path was measured 10 times and
averaged in order to increase the signal-to-noise ratio.

In order to test the robustness of the damage locali-
zation algorithm to temperature variations, Lamb wave
data were collected from the lug joint over a range of
temperatures using a Cascade-TEK forced air lab oven.
Specifically, at 13 different stages of fatigue load, the
lug joint was removed from the fatigue frame, placed in
the oven, and interrogated using the PZT transducers
at temperatures of 20 �C, 40 �C, 60 �C, and 80 �C.
Temperatures higher than 80 �C were not investigated
due to the limited temperature operation range of the
bonding adhesive and the PZT wiring. After each
round of sensor data collection, the lug joint was cooled
to room temperature and reinstalled on the fatigue
frame, and the test was continued. The data from the
lug joint fatigue experiment are used to validate the
damage localization and prognosis algorithms.

First, the prognosis model discussed in section
‘‘Integrated approach’’ is applied for prediction of the
crack length in the lug joint. This approach is purely
physics based and does not use sensor data like the
localization algorithm of section ‘‘Probabilistic frame-
work for damage localization.’’ The prediction results
over the entire crack growth regime are shown in
Figure 6. It can be seen that the crack length is pre-
dicted with very high accuracy (error � 1 mm), and
the error in the prediction decreases toward the end of
the crack growth regime as more data are used. The
confidence intervals in Figure 6 show that the

Figure 5. Lug joint fatigue experiment setup.

Figure 4. Instrumented aluminum lug joint with PZT sensors
(dimensions in millimeter).

Figure 3. Dimensions (mm) of the aluminum 2024-T351 lug
joint used as the test specimen.
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algorithm is able to predict the crack length with 95%
confidence over the entire crack growth regime. Note
that the experimental crack length curve remains the
same for all the temperatures (20 �C, 40 �C, 60 �C, and
80 �C) because the fatigue test was performed at room
temperature (the sample was removed from the fatigue
frame, heated in an oven only when collecting PZT sig-
nals at different temperatures, and cooled to room tem-
perature before continuing the fatigue test). Therefore,
thermal effects were not considered in the prognosis
model.

Next, the damage localization method discussed in
section ‘‘Probabilistic framework for damage localiza-
tion’’ is applied for prediction of the crack length in the
lug joint. Following the steps described in Figure 1, the
temperature is estimated at each fatigue cycle for which
PZT sensor data are available. The time-of-flight and
corrected velocity for each sensor path is used to calcu-
late a temperature estimate, and the estimates from all
of the sensor paths are averaged to obtain the overall
estimated temperature. This process is applied to the
experimental lug joint data available for the tempera-
tures of 20 �C, 40 �C, 60 �C, and 80 �C. Figure 7 shows
the result of the temperature estimation.

It can be seen that the temperature estimation
method is very accurate for the 20 �C, 40 �C, and 60 �C
cases, with a mean deviation of roughly 5 �C. The inac-
curacy of the temperature estimates for the 80 �C case
can be attributed to the use of PZT transducers beyond
their rated temperature operation range of 70 �C.

The prior crack location probability distribution
used in the probabilistic localization algorithm is next
defined using a fixed prior that covers the entire
expected area of crack tip locations. From FE simula-
tions and previous work on lug joints (Soni et al.,
2010), it has been shown that under the specified load-
ing conditions, the hot spots for fatigue crack growth
are the shoulders of the lug joint. Therefore, a

truncated multivariate Gaussian prior probability was
applied to the lug joint near the shoulder at which the
crack originated with a mean location of (211, 80) mm
(see Figure 4) and covariance parameters of sxx, syy,
sxy, and syx as 15, 15, 0, and 0 mm, respectively. A
brief discussion of the performance using the localiza-
tion method with the fixed prior is given here; a more
complete discussion can be found in previous works
(Hensberry, 2013; Hensberry et al., 2013). Figure 8(a)
and (b) shows the experimental and estimated crack tip
locations on the lug joint at a temperature of 20 �C for
86,106 and 90,417 fatigue cycles, respectively. The mar-
ker ‘‘X’’ shows the experimental crack tip location and
‘‘diamond marker’’ the estimated crack tip location.

For the 4 temperatures and 13 crack lengths tested,
the average crack tip localization error was found to be
approximately 9 mm. The significant error and uncer-
tainty in the localization are due to the assumed general
fixed prior distribution that covers the entire crack
growth area. With an adaptive and more focused prior,
both the bias and variance would decrease significantly,
resulting in a more useful and robust damage localiza-
tion system.

Finally, the proposed integrated damage localization
algorithm is applied to estimate the crack tip location in
the lug joint specimen. The prognosis model is used to
compute a physics-based prior that is adaptively com-
bined with the likelihood function of the data-driven
localization algorithm using the particle filter for accu-
rate crack location estimation. The number of particles
in the particle filter was set to 1000, which was found to
be sufficient to obtain accurate estimates of the poster-
ior crack length distribution. Figure 9(a) to (d) shows
the experimental and estimated crack tip locations at
20 �C for four different fatigue loading stages.

A comparison of Figure 8(a) with Figure 9(a) and
Figure 8(b) with Figure 9(d) shows a significant
increase in the prediction accuracy (and decrease in

Figure 6. Prediction of the fatigue crack length in the lug joint
specimen using the physics-based prognosis model. Figure 7. Temperature estimation in the aluminum lug joint.
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Figure 9. Crack location estimation at 20 �C using the proposed integrated damage localization approach: (a) experimental and
estimated crack tip location for 86,106 cycles (20 �C), (b) experimental and estimated crack tip location for 88,208 cycles (20 �C),
(c) experimental and estimated crack tip location for 89,557 cycles (20 �C), and (d) experimental and estimated crack tip location
for 90,417 cycles (20 �C).

Figure 8. Crack location estimation performance at 20 �C using the probabilistic localization method with a fixed prior: (a)
experimental and estimated crack tip for 86,106 fatigue cycles and (b) experimental and estimated crack tip locations for 90,417
fatigue cycles.
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uncertainty) with the use of the dynamic prior. The
crack tip locations were estimated using the integrated
method for all the temperatures (20 �C, 40 �C, 60 �C,
and 80 �C). The results show that the crack tip location
is predicted with high accuracy and low uncertainty,
even for a temperature of 80 �C. The results of crack
tip location prediction for 20 �C, 40 �C, 60 �C, and
80 �C are shown in Figure 10(a) to (d), respectively.

Figure 11(a) to (d) shows the estimation of crack
length using the proposed integrated approach. It can
be seen that the proposed integrated algorithm is able
to predict the crack tip locations more accurately (to
within 1 mm of the experimentally observed values)
than the probabilistic localization algorithm alone.
Using the proposed algorithm, the search domain for
the crack tip location is significantly smaller, and
hence, the framework is more computationally effi-
cient. The tradeoff for this method is the computational
time for using the prognosis model as a prior

knowledge. Since the prognosis model uses the results
from FE simulations, the parameters of which are
stored in the form of dictionary, it is very computation-
ally efficient. Overall, the total computational time is
significantly reduced using the proposed approach.
Figure 12(a) and (b) shows the absolute and relative
error in crack location prediction for different tempera-
tures at various crack lengths. Absolute error is mea-
sured as the error in estimation of crack length.
Relative error is measured as the error in estimated
crack length with respect to the actual crack length.
The maximum error in prediction of crack length is
observed to occur when the temperature is 20 �C, as
opposed to 80 �C, which is not intuitive. The maximum
error at 20 �C is due to the fact that the estimated crack
length is in a zigzag pattern (see Figure 10(a)). Since,
the error is calculated using the crack length, and the
crack length for 20 �C is larger due to the zigzag pat-
tern, the error shown in Figure 12 is larger for 20 �C.

Figure 10. Crack location estimation using the proposed integrated damage localization approach: (a) crack tip locations at 20 �C,
(b) crack tip locations at 40 �C, (c) crack tip locations at 60 �C, and (d) crack tip locations at 80 �C.
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(a) (b)

(c) (d)

Figure 11. Crack length estimation using the proposed integrated damage localization approach: (a) crack length estimation at
20 �C, (b) crack length estimation at 40 �C, (c) crack length estimation at 60 �C, and (d) crack length estimation at 80 �C.

(a) (b)

Figure 12. Error in the estimated crack length at different temperatures: (a) absolute error and (b) relative error.
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The zigzag pattern can be attributed to the PF scheme,
where the particles are generated randomly having values
higher or lower than the crack length. The data were first
collected for all the temperatures, and the analysis was
run for each temperature separately. Since, all the simu-
lations corresponding to 20 �C were run at the same time,
we believe that the initial generation of particles propa-
gated the zigzag pattern. Figures 10(a) to (d) and 11(a)
to (d) show that although the crack length estimation
error is large for 20 �C, the estimated crack tip locations
are much closer to the actual crack tip locations. The
results for temperatures 40 �C, 60 �C, and 80 �C show
that the average absolute and relative errors in prediction
of crack length are less than 1 mm and 8%, respectively.

Figure 13(a) to (d) shows the comparison of crack
length predicted using different methods, that is,

prognosis, localization, and integrated approach. The
results show that although the error in estimation of
crack length using the localization algorithm is large,
the integrated approach combines it with the predicted
value (prognosis) and estimates the crack length, which
is closer to the experimental crack length. Even though
there is a large uncertainty associated with the localiza-
tion algorithm, when combined with the dynamic prior,
the uncertainty in prediction reduces as shown in
Figure 11(a) to (d). All the simulations have been run
on a 2.3-GHz Intel Core i5 Processor. The computa-
tional time for the prognosis model was 2.31 s. For the
first run of the localization algorithm without
prior knowledge, the computational time was 4519 s,
and using dynamic prior, the computational time was
925 s.

Figure 13. Comparison of crack length prediction using prognosis, localization, and integrated approach: (a) crack lengths at 20 �C,
(b) crack lengths at 40 �C, (c) crack lengths at 60 �C, and (d) crack lengths at 80 �C.
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Conclusion

A novel integrated framework has been developed for
effective damage localization and prognosis in metallic
structures. The method combines a physics-based dam-
age prognosis model with a data-driven damage locali-
zation approach to estimate the crack growth robustly
under unknown temperatures. The Lamb wave
measurement–based localization algorithm requires an
appropriate prior knowledge of the probable damage
location for reliable estimation performance. Instead of
the generic and fixed prior used in previous works, the
proposed method incorporates a dynamic prior
obtained from the highly accurate prognosis model.
Using PF, the predicted crack locations from the prog-
nostic model are iteratively combined with the esti-
mated crack locations from the localization algorithm
to obtain improved estimates. Online temperature esti-
mation is performed for achieving robust localization
performance.

The developed methodology has been validated on
an Al2024-T351 lug joint subjected to fatigue loading.
PZT sensor data were collected at temperatures of
20 �C, 40 �C, 60 �C, and 80 �C. Results from applica-
tion of the algorithm to the experimental data show
that temperature estimates for 40 �C, 60 �C, and 80 �C
are accurate to within 65 �C. Proceeding with crack
localization using the estimated temperature, it is
observed that when a generic and fixed prior is used
for the probable crack location, the average crack
localization error obtained is approximately 9 mm.
On the other hand, when the proposed integrated
dynamic prior approach is employed, it is seen that the
crack length can be predicted with an error of less than
1 mm for most of the presented cases at various tem-
peratures, demonstrating the benefit of incorporating
the dynamic prior within the localization framework.
Using the dynamic prior reduces the computational
time significantly, while increasing the accuracy, since
the search domain is smaller and closer to the actual
crack location.
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