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A three-dimensional theory is developed to model composite box beams with arbitrary wall thicknesses. The 
theory, which is based on a refined displacement field, approximates the three-dimensional elasticity solution so 
that the beam cross-sectional properties are not reduced to one-dimensional beam parameters. Both in-plane and 
out-of-plane warping are included automatically in the formulation. The model can accurately capture the 
transverse shear stresses through the thickness of each wall while satisfying stress-free boundary conditions on the 
inner and outer surfaces of the beam. Numerical results are presented for beams with varying wall thicknesses and 
aspect ratios. The static results are correlated with available experimental data and show excellent agreement. 
Results presented for thick-walled box beams show the importance of including transverse shear in the 
formulation and the difficulty of defining a 'beam' twist for the entire cross-section. © 1997 Elsevier Science 
Limited. 
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zeroth-order laminate stiffness matrix (lb in i) 
first-order laminate stiffness matrix (lb) 
beam width (in) 
second-order laminate stiffness matrix (lb in) 
beam height (in) 
third-order laminate stiffness matrix (lb in 2) 
forcing vector (lb.) 
fourth-order laminate stiffness matrix (lb in 3) 
wall thickness (in) 
sixth-order laminate stiffness matrix (lb in 5) 
stiffness matrix (lb in -I) 
beam length (in) 
mass matrix (slugs) 
nodal degree-of-freedom vector 
constitutive matrix (psi) 
nodal displacement relationship matrix 
kinetic energy (lb in) 
applied surface tractions (lb in-2) 
strain energy (lb in) 
local displacements (in) 
strain energy density (psi) 
displacements at midplane of walls (in) 
applied external work (lb in) 
body forces (lb in-3) 
global coordinate system 
nodal strain relationship matrix 
local coordinate system 
strain tensor 
zeroth-order strain tensor 
higher-order strain tensors (in -1 and in -2) 
stress tensor (psi) 
higher-order displacement functions (rad) 

INTRODUCTION 

Composite materials are becoming increasingly popular for 
use as structural members in aircraft applications. Owing to 
the high strength-to-weight ratio offered by composites, 
structural weight is much less of an issue than it is for 
isotropic materials. Therefore it is no longer necessary to 
use thin-walled sections to model the load-carrying sections. 
Thus, it is essential to develop a general framework for the 
comprehensive analysis of such composite structures of 
arbitrary wall thickness. 

Beam theories associated with isotropic materials have 
been well understood for years and these theories tend to 
predict the structural and dynamic response quite accu- 
rately t. Recently research has also been reported in deriving 
composite beam theories 2-1°. Among these, the more 
comprehensive anisotropic theories rely on a full three- 
dimensional finite element solution which can become very 
computationally intensive t'z. W6mdle 4 addresses compre- 
hensive modeling of beams with solid cross-sections by 
using a full three-dimensional finite element solution 
technique. In 5, a comprehensive finite element method 
based on the variational asymptotical approach is used to 
model beams of arbitrary cross-sections. The theory 
includes warping terms, in addition to the extension and 
rotations of the beam, in which the average contribution of 
the warping over the cross-section of the beam is 
assumed to be zero. In the variational asymptotical 
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approach, the three-dimensional properties of the beam are 
reduced to one-dimensional beam properties (extension, 
twist and two bending terms) and the beam response is then 
approximated on the basis of a one-dimensional analysis. 
Results presented for thin-walled composite beams with this 
technique show very good correlation. 

In other analysis of closed sections 6-1°, as well as in some 
of the three-dimensional finite element models 2, the 
classical laminate theory (CLT) is used to model the 
individual plate elements of each beam. This theory, which 
neglects transverse shear effects, is only appropriate for thin 
laminates. However, as shown by Gu and Chattopadhyay 11, 
in the case of anisotropic material, the changes in 
interlaminar stiffnesses lead to transverse shear stresses 
even for "so-called" thin laminates. 

The objective of this research is to develop a more 
general, but computationally efficient, theory for the 
adequate analysis of composite box beam sections with 
moderately thick walls. A refined higher-order displacement 
field is used to represent accurately the transverse shear 
stress distribution in composite laminates of arbitrary 
thickness. On the basis of this, a procedure is developed 
for the analysis of moderately thick-walled rectangular 
composite box beam sections with pretwist, taper and sweep 
to model load-carrying structural members used in aero- 
space applications. Unlike the beam theory described in 5, 
the proposed theory approximates the three-dimensional 
elasticity solution rather than reducing the beam properties 
to one-dimensional quantities. Further, the warping of the 
cross-section in this theory is determined such that stress- 
free boundary conditions are exactly satisfied on the inner 
and the outer surfaces. 

PROBLEM FORMULATION 

A single-celled composite box beam analysis is developed 
by using a higher-order composite laminate theory 12 which 
accounts for the distributions of shear strains through the 
thicknesses of each wall. Individual displacement fields are 
assumed for each of the four box beam walls (Figure 1). 
Continuity between the displacement fields is enforced at 
each of the four comers throughout the thickness of each 
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Figure 1 Composite box beam 

d 

plate. By using the higher-order laminate theory in each 
wall, the solution of cross-sectional deformations are an 
approximation of the three-dimensional exact elasticity 
approach. In this regard, the standard beam degrees of 
freedom (extension, twist and two bending terms) are not 
used. However, the three-dimensional cross-sectional defor- 
mation of the beam is fully described by stretching, bending, 
twisting, sheafing and both in-plane and out-of-plane 
warping. Since the analysis is capable of modeling composite 
box beams of moderately large thicknesses, the model will 
accurately describe moderately thick-walled load-carrying 
members currently being used in aerospace applications. The 
procedure is developed for beams of short aspect ratio; 
therefore, by using a two-dimensional finite element model, 
the beam is discretized with unequal element sizes to 
describe accurately arbitrary spanwise distributions. 

COMPOSITE STRUCTURAL MODELING 

The box beam is modeled by composite laminates 
representing the four walls (Figure 1). Several different 
coordinate systems are used throughout this paper and are 
defined as follows. The global coordinate system (x, y, z) is 
defined on the beam centroid (Figure 1). There are also 
coordinate systems which are defined locally in each wall of 
the box beam. The local coordinate system of the ith wall is 
denoted by (Xi, 7i, fi) as depicted in Figure 2. 

Higher-order theory 

The displacement field for each wall is defined in the 
local coordinate system (X, 7, ~') as follows, where the 
subscript 'i' has been omitted for convenience throughout 
the remainder of the paper. 

Ou3(x, 7) 
ul(X,7,~)=uo(X,7)+~ OX 

2 + 
+ ~ 6x(X, 7) ~x(X, 7) 

u2(X, 7, ~) = VO(X, 7) + ~" ( 
Ou3(x, 7) 

\ 07 

+ ~2~)y(X, 7) 71- ~'Yy(X, 7) 

--+~x(X,7)) 
(la) 

--+fy(X,@ 
(lb) 

u3(x,n)=Wo(X,n) (lc) 

q3 

~ X  3 

Figure 2 Beam cross section and axis of rotation 
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where u0, v0 and w0 represent the displacements at the mid- 
plane of each plate and ~b~ and ~y represent the rotations of 
the normals to the midplane. The beam warping in each 
plate is represented by the functions 4)x, ~by, % and 3% 

Boundary conditions 

The higher-order functions (4)x, 4)y, Tx and yy) are 
determined on the basis of the condition that the transverse 
shear stresses, o.xt and %~, vanish on the inner and outer 
surfaces of the beam. For composite laminates made up of 
layers of orthotropic lamina, this is equivalent to the 
requirement that the corresponding strains be zero on these 
surfaces. By using the stress-free boundary conditions, it 
can be shown that the original displacement field [eqn (1)] is 
reduced to the following set of equations: 

( w0) 43 
ul = Uo + ~" - + Cx - ~-~f  ~bx (2a) 

U 2 - - v 0 W ~ ( -  OWo-q - ~ y )  - 4 3 
W 3-~"  ~y (2b) 

u3 = w0 (2c) 

where the functions u0, v0, w0, ~b~ and @y represent unknown 
functions of X and ~. 

Stress-strain relations 

Owing to the fact that the stress and strain tensors are 
symmetric there are only six unique values of these quantities. 
Therefore, the following notation is used to define the stress 
and strain tensors in the local coordinate system: 

'O-1 T T " T ] T  OX x ' 81 8XX 

O2 o'nn 82 8~n 

o. 3 o.ft 83 8~  
= and . . . .  ~ (3a,b) 

0"4 [ O-~" 84 2enr 

o,5 ] o,xr e5 2ex~ 

• O'6 o'xn , g6 , , 2ex, 

The generalized Hooke's law is used to relate the stress and 
strain. Assuming the products of the derivatives of the dis- 
placements to be small in the strain formulation, the local 
in-plane strains in the absence of pretwist are derived as 
follows: 

81 = 8 0 "Jr- ~'KI 0 "~- ~'3K2 (4a) 

e2 = e ° + ~'r ° + ~'3r22 (4b) 

86=80 -F ~K 0 "-F f K 2 (4C) 

The out-of-plane strains are expressed similarly as: 

83 = 0 (4d) 

0 , ~.2 2 84 ----- 84 -t- ~ K4 (4e) 

= e 0 + ~'2K2 (4f) 85 5 ~ 5 

where the individual strain components are described in 
Appendix A. 

Energy formulation 

The beam equations of motion are derived by using 
Hamilton's principle 03 which assumes the following form: 

6 (V -- T -- We) dt = 0 (5) 
tl 

where 6( ) represents the variation of ( ) and U, T and We 
represent the total beam strain energy, kinetic energy and 
extemal work, respectively. By using variational principles, 
eqn (5) may be rewritten in terms of the individual plate 
quantities as follows: 

t2 ( "~ 
ft ,  ~" 6Ui-tSTi-6Wei ) dt=O (6) 

i=1 j 

where N is the total number of walls (N = 4 for a box beam). 
The individual strain energy density (U0) in each plate is 
calculated as follows: 

I e' I ei QiJSJ dsi :1 U o = a i de i = = (7) 0 0 2 Qijeiej 

where repeated indices ( i j  = 1,2 ..... 6) indicate summation, 
ai is the strain tensor and Qij are the full three-dimensional 
material properties in the local coordinate system. The total 
strain energy of the ith wall (Ui) is then written as 

I 'I U i= vUoi dV= ~ ve,nQmnen dV (8) 

where V indicates integration over the volume of the wall. 
The strain energy can be rewritten by using eqn (4) and (8) 
as: 

Ui = ~ a {e ° r ° rzi } Bij Dij Fij K 0 da 

Eij Fij Hij K 2 

, 1 I Am. Dm. en dr, 
+ 2 f l{eOr2}[Dmn Fmn rn 2 

i , j= 1,2,6 and re, n = 4 , 5  (9) 

where d r  is the differential area (dr  = dxd*/) and the lami- 
nate stiffness matrices (A-H)  are defined in each of the 
walls as follows: 

(Amn,Bmn,Dmn, Emn, Fmn,Hmn) 

= _h12Qmn(1,Z, Z2,Z3,Z4, Z 6) d f  (10) 

The external work due to applied loads and body forces (We) 
in the ith wall is written as 

W e =  Iv:,'¥jujdV + fs~JUjdS, ./= 1,2,3 (11) 

where uj is the displacement vector defined as [u v w]T; :~1, 
X2 and ~3 are the body forces in the x, y and z directions, 
respectively; and V represents the volume of the wall. 
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Applied surface tractions over the region of the surface S are 
denoted tl, t2 and t3 along the respective directions. The 
total kinetic energy of the beam is expressed as: 

1 I T~=~ vPVjvjdV, j = 1 , 2 , 3  (12) 

where v is the velocity vector defined as 

v = [f~ ~, q¢]T (13) 

and the notation (") denotes a derivative with respect to 
time. 

Variational method 

The variation of strain energy is written as follows: 

w i :  I . (  o o 8ij Fij ° dn 

Eij Fij Hij &¢2 

+ t~ { eO K2 } Dmn Fmn 6K2n dn, 

i ,j= 1,2,6 and m , n = 4 , 5  (14) 

The variation of the potential energy of the applied loads is: 

,~we, = jv~/~us dV + js?/~uj d5, j =  1,2,3 (15) 

Finally, the variation of the kinetic energy is written as: 

6Ti = J [vPVjfVj dV, j = 1, 2, 3 (16) 

SOLUTION PROCEDURE 

The equations of motion are discretized by using a two- 
dimensional finite element formulation in the local coordi- 
nate system of each individual plate (X, */, ~'). A four-noded 
plate element is used to discretize the individual plates of 
the beam. This element is C 1 continuous in the zeroth-order 
displacements (u0, v0, w0) and is C O continuous for the 
higher-order terms (~bx, ~by). As a result, the element contains 
11 degrees of freedom per node which are defined in terms 
of the nodal degree of freedom vector as follows: 

OU 0 OU 0 0p 0 0p 0 OW 0 OW 0 IT 
~-- U0' 0 X'  0~ '  1;0' 0 X' 0 4 ' W0' 0 X '  071'~x'~Y / 

(17) 

Continuity conditions 

To maintain the continuity of displacements throughout 
the entire beam, constraints are imposed at the comers of 
each individual plate as follows: 

lu0 (X, 17 = bl)  = 2u0(x, 7/= 0) 

l V0 (X, r /=  bl)  = -- 2w0(x, r /=  O) 

lwo (X, ~' = bl) = 2vo(X, r /= O) 

(18a) 

(18b) 

(18c) 

where the preceding superscripts '1 '  and '2'  denote walls 1 
and 2, respectively, and b 1 is the width of wall 1. It must be 
noted that these equalities are valid for all x and therefore 
the partial derivatives of the above equalities, with respect 
to x, also represent constraints. To ensure that the walls 
remain perpendicular to each other after deformation, the 
following constraints are imposed on the rotations about the 
x-axis: 

lwo, n(X, r l = b l )  ---= 2w0,~(X, ~'/= 0 ) (19a) 

l~by(X,~l=bl) = 2~by(X, ~ = 0 ) (19b) 

Similar sets of constraints are derived at each of the four 
comers of the beam cross-section. 

Finite element formulation 

The finite element approach is used to solve the 
complete beam equations of motion [eqn (6)]. Denoting q 
as the nodal degree-of-freedom vector, it is possible to 
express the strain [eqn (4)] in the following form: 

ei =/3ijqj, i = 1,2 . . . . .  6 and j = 1,2 . . . . .  NDOF (20) 

where NDOF is the total number of degrees of freedom. The 
partial derivatives of the strain with respect to qj are then 
written as 

~ = /3ij (21/ 

Note that the matrix /3 can be expanded in terms of ~" as 
follows 

/3ij [/30 1 2 /33].{1 ~. f ~-3 : /3ij /3ij } (22) 

Similarly, the displacement vector u may be written as 

ui=Sijqj, i =  1,2,3 and j =  1,2 . . . . .  NDOF (23) 

such that partial derivatives of the displacements with 
respect to qj are as follows 

Oui _ S.. (24) 
Oqj-- 'j 

By using the above relationships, the beam equations of 
motion are written in matrix form as: 

Mq+Kq=f 

where the mass and stiffness matrices are denoted 

(25) 

[ o sTs M =  Z d~ 
i=1 

and the forcing vector is 

(26) 

(27) 

(28) 
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Results 
To demonstrate the accuracy of the higher-order composite 
theory, results are presented first for an orthotropic plate for 
which an exact solution is available. Next, the results of the 
box beam analysis are verified by performing static 
correlation tests with available experimental results and 
other beam theories. Finally, results are presented for 
composite beams with thick-walled cross-sections. 

Higher-order plate correlation 

To show the importance of the shear terms in the 
individual plates and how well the present theory can 
capture them, results from a simply supported square, 
orthotropic plate under a uniform load are presented. The 
material properties of the plate are listed in Table 1. Figure 
3 shows the normalized center deflection of the plate for 
various plate thicknesses. The normal stress and the shear 
stress are shown in Figure 4. Note that, in Figure 4, results 
from the classical laminate theory (CLT) are not presented 
because in case of the normal stress, they are nearly 
identical to the results from the higher-order theory and, in 
case of the transverse shear stress, they are zero. From these 
figures, two important conclusions are drawn. First, the 
higher-order plate theory correlates extremely well with the 
exact elasticity solution 14. Also, for moderately thick to 
very thick plates, the normal stress and the shear stress are 
significant and therefore CLT should not be used in such 
cases. 

Table 1 Summary of orthotropic material properties 14 

El ( X 106 psi) 20.83 
E2 ( × 106psi) 1.094 
GI2 ( × 10°psi) 6.10 
G13 ( × 106psi) 3.71 
# i z  0.44 
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Figure 3 Normalized center deflection of fixed orthotropic square plate 
under uniform distributed load 
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Figure 4 Normalized stresses of fixed orthotropic square plate under 
uniform distributed load 
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Bending slope of cross ply beam under 1 lb. tip bending load 

Static results: thin-walled beams 

To validate the developed procedure, correlations are 
made with available experimental results on a thin-walled 
box b e a m  14 and a previously developed analytical model ~5. 
The analytical model developed in 15 is a one-dimensional 
thin-walled beam model based on CLT in which the out-of- 
plane warping effects are based on a contour analysis. The 
details of the beams studied are presented in Table 1. The 
cross-ply and symmetric beams are all subjected to two 
different loading conditions: a 1 lb bending load at the tip 
and a 1 lb in tip moment. The antisymmetric beams are 
subjected to a 1 lb axial load at the tip and 1 lb in tip 
moment. 

Cross-ply. The bending slope of the cross-ply beam under 
a 1 lb tip bending load is presented in Figure 5, which 
compares the experimental data 14, the results of the analy- 
tical model 15 and the results from the present study. Further 
results from a beam finite element model, which were 
reported in 15, are also presented. As mentioned in 15, this 
two-dimensional finite element technique is as accurate as 
a full three-dimensional finite element model for the 
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Figure 6 Twist angle of cross ply beam under 1 lb.-in, tip moment Figure 8 Bending induced twist of symmetric 15 ° beam under 1 lb. tip 
bending load 
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Figure 7 Bending slope of symmetric 15 ° beam under 1 lb. tip bending 
load 
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Figure 9 Bending slope of 30 ° symmetric beam under 1 lb. tip bending 
load 

particular beams studied in this paper. From Figure 5, it is 
seen that all three modeling techniques underpredict the 

0.020 - 
bending slope of the cross-ply beam. This can be attributed 
to fiber alignment problems that are typically encountered 
during fabrication and curing of the beam. A slight shift ~ 0.015 
from the desired 0 ° and 90 ° ply orientation can introduce 
additional coupling terms which will reduce bending stiff- =.~ 
nesses, thereby increasing the bending slope. Overall, there ~ 0.010 
is still good correlation between all three modeling techni- 
ques in this case. The twist angle of the cross-ply beam due ~ 0.005 
to a 1 lb in tip moment is shown in Figure 6 and excellent 
correlation is observed for both the analytical model 15 and 
the present approach. 0.000 

Symmetric beams. The bending slope of the symmetric 
15 ° beam under a 1 lb tip bending load is presented in 
Figure 7, where good correlation is observed for both mod- 
eling techniques. There are two sets of experimental data 
presented in this figure owing to the fact that two separate 
beams were tested in 14. The induced twist due to tip bend- 
ing load is presented in Figure 8, which shows that the 
present approach slightly overpredicts the twist angle at 
the tip compared with the analytical model of 15. Overall, 
however, there is good correlation with the experimental 
data for both models. 

A Experimental 

.... sm'ii iii   

" P '  ' ' ' i ' ' ' ' I ' ' ' ' I ' ' ' ' i ' ' ' ' I ' ' ' ' I 

0 5 10 15 20 25 30 
Spanwise coordinate, x (in) 

Figure 10 Bending induced twist of 30 ° symmetric beam under 1 lb. tip 
bending load 

The bending slope of the symmetric 30 ° beam is 
presented in Figure 9. This figure also shows the results 
from the beam finite element method presented in 15. From 
the figure it is observed that the analytical technique slightly 
underpredicts the behavior and the present approach slightly 
overpredicts the bending slope. The beam finite element 
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Figure 12 Bending induced twist of [45°]6 thin-walled beam under 1 lb. 
bending load at tip 

method ~5 overpredicts the slope more significantly than the 
current approach. Once again, good correlation exists 
between all techniques. The induced twist due to bending 
load is presented in Figure 10. The analytical technique 
again underpredicts the response. The results from the 
present study correlate extremely well with the experi- 
mental data in this case. 

The results from the symmetric 45 ° beam subjected to a 
1 lb tip bending load are presented in Figures 11 and 12. As 
shown in Figure 11, the bending slope is slightly over- 
predicted by the present model although the correlation with 
experimental data is still very good. The analytical 
technique 15 also correlates well. In case of the induced 
twist due to the bending load, the trends are significantly 
different (Figure 12). The analytical method grossly 
underpredicts the twist in this case while the present 
approach correlates extremely well with the experimental 
data. Further, the results are in excellent agreement with the 
variational asymptotical approach of Cesnik et al. 5 which is 
well suited for this thin-walled box beam. This approach 
reduces the cross-sectional properties into one-dimensional 
beam properties based on an expansion in terms of a small 
parameter which is defined to be the ratio of the beam height 
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45* 

Twist at x/R = 0.5 for 1 lb in. tip moment of symmetric beams 
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Figure 14 Bending slope at x/R = 0.5 for 1 lb in. tip moment of 
symmetric beams 

and length. This theory does include both in-plane and out- 
of-plane warping. 

The results from the 1 lb in. tip moment for all three 
symmetric beams are presented in Figures 13 and 14. Since 
the variation of the response is linear, only the results at the 
midspan location (x/R = 0.5) are presented. From Figure 13 
it is seen that there is scattered correlation with the 
experimental bending slope, but it must be noted that 
actual values of the slope are very small (of the order of 
0.0005 rad). In case of the 15 ° symmetric beam, both the 
analytical and the present approach overpredict the slope as 
does the beam finite element method. In the case of the 
symmetric 30 ° beam, the present approach and the beam 
finite element method again overpredict the slope, whereas 
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Table 2 Details of composite beams 15'16 

Flanges Webs 

Top BoUom Left Right 

Cross-ply [0 °/90°] 3 [ 0°/90°] 3 [ 0°/90°] 3 [ 0°/90°] 3 
Symmetric 15 ° [15°]6 [15°]6 [ 1 5 ° / -  15°]3 [ 1 5 ° / -  15°]3 
Symmetric 30 ° [30 °] 6 [30 °] 6 [30 ° / -  30 °] 3 [30 ° / -  30 °] 3 
Symmetric 45 ° [45°]6 [45°]6 [ 4 5 ° / -  15°]3 [ 4 5 ° / -  45°]3 
Antisymmetric 15 ° [15°]6 [ - 15°]6 [15°]6 [ - 15°]6 
Antisymmetric 30 ° [ 0°/30°] 3 [ 0°/ - 30 °] 3 [00/30 °] 3 [0 ° / -  30 °] 3 
Antisymmetric 45 ° [0 °/45°] 3 [ 0°/ -- 45°] 3 [0 °/45°] 3 [ 0°/ -- 45°] 3 

Length = 30 in, width = 0.953 in, depth = 0.53 in, ply thickness = 0.005 in, number of plies = 6, wall thickness = 0.030 in. Mechanical properties: EL = 
20.59 × 106 psi, ET = 1.42 × 106 psi, GET = 0.89 × 106 psi, get = 0.42 (cross-ply dimensions: width = 2.06 in, depth = 1.025 in) 

the analytical method 15 correlates well with the experi- 
mental data. Finally, in the case of the symmetric 45 ° beam, 
the analytical method greatly underpredicts the slope 
whereas the beam finite element method and the present 
approach correlate very well. Overall, however, there is 
good correlation with the experimental data for all three 
techniques, especially when the actual magnitude of the 
slope is taken into consideration. The twist angles are 
presented in Figure 14. In the case of the symmetric 15 ° 
beam, all three techniques show overprediction of the twist 
angle. However, for the symmetric 30 ° beam and the 
symmetric 45 ° beam, both the present approach and the 
beam finite element method correlate extremely well with 
the experimental data while the analytical technique 
significantly underpredicts the behavior. 

By examining Figures 5-14, it is observed that analytical 
model of 15 correlates well with experimental data for the 
cross-ply beam and the 15 ° symmetric beam. In hte case of 
the 30 ° symmetric beam, the analytical model begins to 
underpredict the behavior. This is particularly evident in 
Figure 8, which presents the induced twist due to a 1 lb tip 
bending load. The analytical method greatly underpredicts 
the behavior of the symmetric 45 ° beam for all cases 
studied, except the bending slope due to the I lb tip bending 
load. It is also observed from these figures that although the 
present approach slightly overpredicts the beam behavior 
for the lower angle plies, the present technique correlates 
very well with the experimental data for all cases, especially 
in cases with large ply orientations. Further, in cases where 
the present approach does overpredict the behavior of the 
beam, the beam finite element method 15 shows the same 
trend (Figures 7, 13 and 14). 

Antisymmetric beams. The results from the three antisym- 
metric beams (Table 2) are presented in Figures 15 and 16. 
Again, since the response is linear, only the results at the 
midspan location are presented. As in Figures 13 and 14, the 
actual magnitude of the twist angle must be noted in these 
figures. The twist angle due to a 1 lb in tip moment is seen in 
Figure 15. In the case of the 15 ° antisymmetric beam, the 
analytical model, the beam finite element method and the 
present approach all correlate very well with the experimen- 
tal data. For the other two antisymmetric beams, all three 
approaches show similar trends, slightly underpredicting the 
response compared with the experimental results. Similar 
trends are observed in Figure 14, which presents the twist 
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- - ~ 0 . 8  

i 0.6 

• 0.4 

0.2 
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beams 

[ ]  Experimental 

[ ]  Smith & Chopra 

[ ]  Beam F.E.M. 

• Present 

m 

I I I 
15  ° 0 0 / 3 0 0  0 0 / 4 5  ° 

Twist at x/R = 0.5 for 1 lb in. tip moment of anti-symmetric 

angle for a 1 lb axial tip load. For the antisymmetric 15 ° 
beam all three approaches slightly overpredict the twist. 
However, all three approaches predict the behavior very 
well for the antisymmetric 30 ° beam and the antisymmetric 
45 ° beam. 

Overall, both the analytical model of 15 and the present 
approach correlate well with the experimental data for the 
antisymmetric beams. Both techniques predict the same 
trends for all three beams. The results from the present 
approach are slightly better than the analytical results for the 
antisymmetric 15 ° beam. 

Static results: thick-walled beams 

To demonstrate the importance of including transverse 
shear in the beam formulation, results are now presented for 
a series of thick-walled beams. Because of the lack of 
available experimental data, only analytical results are 
presented. Two different composite lay-ups are used which 
correspond to the symmetric 15 ° beam and the symmetric 
45 ° beam (Table 2). The beams studied have a length-to- 
width ratio (L/c) of 2.5 and a width-to-height ratio of (c/d) of 
2. Since the goal is to investigate the effects of thick-walled 
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Table 3 Summary of thick-walled beam dimensions 

L (in) 
c (in) 
d (in) 
Wal l  thickness, h (in) 

5.0 
2.0 
1.0 
0.25 

0.8 

' ~  0.6 

~ 0.4 

0.2 

0 

A top wall 

O right wall 

- ~ -  bottom wall 

- O -  left wall 

0 1 2 3 4 5 
Spanwise position, x (in) 

Figure 17 Bending induced twist  of thick-walled 15 ° beam under 100 lb. 
tip bending load 

beams, the wall thicknesses used in this study are 0.25 in. As 
a result, the width-to-thickness ratio (c/h) of the horizontal 
walls is 8 and the height-to-thickness ratio (d/h) of the 
vertical walls is 4 (Table 3). These two beam configurations 
are subjected to a 100 lb bending load at the tip as well as a 
100 lb in. tip moment. 

Figure 17 presents the elastic twist for the thick-walled 
15 ° symmetric beam subjected to a tip bending load. From 

" P  I I I I I 
0 1 2 3 4 5 

Spanwise coordinate (in) 

Figure 18 Bending induced twist  of thick-walled 45 ° beam under 100 lb. 
tip bending load 

the figure it is observed that, in addition to the fact that the 
local twist in the four individual walls is nonlinear, the 
average twist in each of the four walls is also nonlinear. This 
is different from the trends observed in the case of the thin- 
walled beams where the local twists in the individual walls 
are nearly identical and linear. In general, the local values of 
twist are very nearly linear for the thin-walled beams and 
further the values are very close to the average values, 
which are presented in Figure 13. Thus the average twist is a 
good representation of the beam twist for thin-walled 
beams. In the thick-walled case, however, the local twist 
differs significantly in the individual walls and as a result it 
is difficult to designate a value of 'beam twist' for the entire 
cross-section. Figure 17 also shows that the twist in the 
vertical walls are not equal to each other, while the twist in 
the horizontal walls are equal. This is due to the fact that the 
ply angles in the horizontal walls are all + 15 ° and the two 
opposite walls are mirror images of each other. In the 
vertical walls, however, the stacking sequenc¢ in the 
opposite walls differs by a sign change (e.g. +- 15 ° in the 
right wall and ~ 15 ° in the left wall). This nonlinear trend is 
more observable in Figure 18, which presents the induced 
twist of the symmetric 45 ° beam subjected to a tip bending 
load. The nonlinear behavior of the vertical walls is more 
dominant in this case. 

A more complete explanation for this phenomenom is 
presented in Figures 19 and 20. Figure 19(a) shows how the 
tip bending load is applied to the individual walls of the 
beam. In Figure 19(b), the resulting displacements for 
unconnected walls (that is, individual plates) is shown 
where it is seen that displacements in the horizontal walls 
are described by a translation and a rotation. This is due to 
the fact that the plies in these walls are all of the same value 
(e.g. + 45 °) and therefore the laminate is unbalanced. Since 
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Figure 20 Deformation of cross section at tip due to tip bending load 
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Figure 21 Twist of thick-walled 15 ° beam under 1001b in. tip moment 
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Figure 22 Twist of thick-walled 45 ° beam under 1001b in. tip moment 

both of the vertical walls are balanced (e.g. _+ 45 °) there is 
no rotation in these walls and the displacement is purely 
translational. From Figure 19(b) it is seen that the rotational 
displacement of the horizontal walls restricts the transla- 
tional motion of the left vertical wall, whereas the rotational 
motion in the horizontal walls is complementary to the 
translational motion of the right wall. As a result, the 
horizontal walls become cambered which in turn induces 
large shearing stresses in the vertical walls. This type of 
bending behavior is shown in Figure 20, which presents the 
deformation (greatly magnified) of the tip cross-section for 
the 45 ° symmetric beam subjected to a tip bending load. The 
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shearing of the vertical walls and the cambering of the 
horizontal walls is seen from this figure. 

The twist angle due to a 100 lb in tip moment for the 15 ° 
symmetric, thick-walled beam is presented in Figure 21. 
Similar trends to those obtained with the tip bending load 
are observed. In this case, however, the average twist of all 
four individual walls is very nearly linear. By comparison, 
in the case of the thin-walled, symmetric 15 ° beam, the twist 
angle due to a 1 lb in. tip moment is linear in each of the four 
walls, except at the tip where the values are slightly larger 
for the horizontal walls compared with the vertical walls. 
The trend of the thick-walled beams is more observable in 
Figure 22, which shows the twist angle of the thick-walled, 
45 ° symmetric beam due to a 100 lb in tip moment. 

The results presented indicate the importance of includ- 
ing transverse shear effects in the beam formulation. 
Further, the results also show that, in general, the twist of 
a composite beam is a local quantity which can be defined 
only locally, at a point. The definition of the twist at the 
centroid of a beam (or some other arbitrary point) is an 
approximation which, in the case of thick-walled sections, 
can be erroneous. 

CONCLUDING REMARKS 

A new beam theory has been developed to model composite 
box beams with arbitrary wall thicknesses. The theory, 
which is based on higher-order composite laminate theory, 
approximates the three-dimensional elasticity solution 
rather than reducing the cross-sectional properties to one- 
dimensional beam properties. The developed theory auto- 
matically satisfies the stress-free boundary conditions on the 
inner and outer surfaces of the beam. Both in-plane and out- 
of-plane warping are included in the formulation. The 
following important observations are made. 

(1) Very good overall agreement is observed between the 
static results and available experimental data for thin- 
walled beams. 

(2) For large angle-ply laminates (e.g. 45°), the present 
approach predicts the behavior very well, and represents 
a significant improvement over a previously developed 
analytical method. 

(3) The results from the symmetric beams have better over- 
all correlation than those from the antisymmetric 
beams. This is probably due to the fact that the magni- 
tude of the twist measured for the antisymmetric beam 
correlation is very small. 

(4) The effect of transverse shear stresses is critical in the 
case of thick-walled sections. This introduces large non- 
linearities in the twist distribution. Further, the local 
twists in the individual walls are not equal as is the 
case for the thin-walled beams. 

(5) The 'beam' twist is a local quantity which can only 
be defined at a point in the cross-section. Arbitrarily 
defining the twist at a convenient point in the 
beam cross-section is inaccurate for thick-walled 
cross-sections. 
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APPENDIX 

A. Strain definitions 

The zeroth-order in-plane strains in the absence of pretwist 
are defined as follows: 

/320 ~ V0, 

0 u0, n -t- v0, x 

The first-order in-plane strains are: 

0 = - w0, .7 + ~'y, 

K ° - 2w0 xn + ~bx ~ + ~b,, x 

and the third components of the in-plane strain are: 

(A1) 

(A2) 

K~ --  3~ 2 @y,~ (m3) 

K 2 ~x,~ ~- ~Y,X 

The zeroth- and the second-order components of the out-of- 
plane strains are defined as follows: 

ego } (A4) 

K] 4 ~bv 
(A5) 
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